International Journal of Applied Mathematical Research, 7 (2) (2018) 37-41

International Journal of Applied Mathematical Research

Website: www.sciencepubco.com/index.php/IJAMR
doi: 10.14419/ijamr.v7i2.9694
Research paper

SPC

Lie symmetry analysis for the solution of first-order linear and
nonlinear fractional differential equations

Mousa llie 12, Jafar Biazar > 3*, Zainab Ayati *

! Department of Mathematics, Guilan Science and Research Branch, Islamic Azad University, Rasht, Iran
2 Department of Mathematics, Rasht Branch, Islamic Azad University, Rasht, Iran
3 Department of Applied Mathematics, Faculty of Mathematical Sciences, University of Guilan,
P.O. Box. 41335-1914, Guilan, Rasht, Iran
4 Department of Engineering sciences, Faculty of Technology and Engineering East of Guilan,
University of Guilan, P.C. 44891-63157, Rudsar-Vajargah, Iran
*Corresponding author E-mail: biazar@iaurasht.ac.ir

Abstract

Obtaining analytical or numerical solution of fractional differential equations is one of the troublesome and challenging issues among
mathematicians and engineers, specifically in recent years. The purpose of this paper is to solve linear and nonlinear fractional differential
equations such as first order linear fractional equation, Bernoulli, and Riccati fractional equations by using Lie Symmetry method, based
on conformable fractional derivative. For each equation, some numerical examples are presented to illustrate the proposed approach.
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1. Introduction

Fractional calculus is as old as the usual calculus. In the past several
years, many of researchers have been trying to generalize the con-
cept of the usual derivatives. Nowadays there are many definitions
for the fractional derivative. Two the earliest of definitions are as
follows (see [1]):

i) Riemann-Liouville definition: If n is a positive integer and
o € [n — 1,n) the a-th derivative of f is given by

DE(F)(x) = —— X0 __q¢

[(n—a) dx?’a (x—t)@-n+1 =~

ii) Caputo definition: For a € [n — 1, n) the a-th derivative of f
is

1 fx f(t) dt.

Dg(f)(x) = I'n-a) Ja (x—t)a-n+1

The presented definitions are attempted to satisfy the usual proper-
ties of the standard derivative (see [1]). The only property inherited
by all definitions of fractional derivative is the linearity property.
But there are some disadvantages that caused their application con-
front with difficulty (see [1]).

One of the definition that have been presented recently is conform-
able fractional derivative that removed some of drawbacks the pre-
sented definitions.

Consider a function f:[0,) - R. Then conformable fractional
derivative of f of order « is defined by

_ i fOctext TN f(x)
To(f)(x) = lim .

forall x > 0, € (0,1]. If fis a- differentiable in some (0,a),a >

0, and lirg+ To(f)(x) exists, then one can define T,(f)(0) =
xX—

Jlim T, () @).

If the conformable derivative of f of order a exists, then we simply

say that f is a- differentiable (see [1], [2]).

One can easily show that T, satisfies all the following properties:

Let @ € (0,1] and be a-differentiable ata point x > 0, Then (see

(1D
1) Fora,beRTy(af + bg) = aT,(f) + b T,(9),
2) Forall peR T, (xP) = pxP~%,
3) For all constant functions f(x) = 1,T,(1) =0,

4) Ta(f'g) =g-Ta(f)+f-Ta(g),

f 9Ta(H)-f Talg)
5) Ta(g) = PE !

6) T.(f)=x"*L.
Whereas solving fractional differential equations is very important,
there are many fractional differential equations which can’t be
solved analytically. Due to this fact, finding an approximate solu-
tion of fractional differential equations is clearly an important task.
In recent years, many effective methods have been proposed for
finding approximate solution to fractional differential equations [6-
20]. The purpose of this paper is solving fractional equation by Lie
Symmetry method, based on conformable fractional derivative.

Ot
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The organization of this paper is as follows: In Section 2, Lie invar-
iance condition will be described. In subsection 3.1, 3.2, and 3.3,
respectively the method will be used to solve first order linear frac-
tional equation, Bernoulli fractional equation, and Riccati fractional
equation. For each equation there are some examples, as well. Fi-
nally, discussion will be given, in section 4.

2. Lie symmetry method

Let consider the invariance of

dy _

Under the infinitesimal transformation

¥=x+X(xy)e+ 0(e?),

y=y+Y(xy)e+0(e?). 2.2)

The derivatives transform under the infinitesimal transformations
(2.2) is as follows (see [3-5])

ay _ X dy dy

- ( e it 6 ) + 0(s2). 2.3)
Consider the following ODE

dy _ /= =

—=F&. (2.4)

Substituting the infinitesimal transformations (2.2) and first-order
derivative transformation (2.3) into (2.4) yields

dy oY 9y _ 0X]dy 09X (dyy, 2N
dx+ 6x+ 6y ox] dx ( ) )g-l— 0(8) F(x+

X(x,y)e +0(2),y + Y(x, y)e +0(e?)).

Expanding to order 0(&?) gives

Ay "_Y_"_Xd_y_"_x 2 2y =
dx+ ax+ dy Oxldx ())+0(€)

9F L yoF 2
F(x,y) + (X Fois Yay) £+ 0(e?), (2.5)
By using (2.1), Eq. (2.5) is satisfied to 0(?) if
oY oY _O0X]p 09X o _ yOF  0F
ax dy ox oy F=Xx ax tY oy’ (26)

This is known as Lie’s Invariance Condition. For a given F(x, y),
any functions X(x, y) and Y (x, y) that solve equation (2.6) are the
infinitesimals (see [3-5]).

A transformation can be constructed that would lead to a separable
equation involving r, and s. Consider

r=r(xy),s =s(xy) 2.7)

and require that (2.7) be invariant, that is,

x,9),5 = s(x, ). (2.8)

=i
Il
<

The separable equation

ds
= G(@r),

Is invariant under

r=r,S=s+e¢. (2.9)

Differentiating (2.8) with respect to & and setting € = 0, and using
Egs. (2.9), gives

a 0
X(x.y)é+Y(x.y)é= 0

7] a
X@y) 5 +Yy) g =1 (2.10)

Thus, if the infinitesimals X and Y are had, solving (2.10) would
give rise to the transformation that will separate the given ordinary
differential equation (2.1) (see [3-5]).

3. Applications of lie symmetry method

In this section by using lie symmetry method, presented a general
solution for linear and nonlinear first order fractional differential
equations.

3.1. Solving first order linear fractional differential equa-
tions

General form of a first order linear fractional equations is as follow,
Te (M) (x) + p()y(x) = q(x), 3.1
Where p(x), q(x) are a —differentiable functions, and y(x) is an

unknown function. By using the property (6), Eq. (3.1) can be writ-
ten as the following form

x17%y" () + p()y(x) = q(x)
So

y'(x) + P(x)y(x) = Q(x), (3.2)
Where P(x) = x* 1p(x) and Q(x) = x*1q(x). Eq. (3.2) is a

first order linear ordinary differential equation. This is invariant un-
der the Lie group

T=x,y=y+ee JPXax (3.3)
Gives
L _ eP(x)e=IPOIx 4 p(x)(y + ee~[PDIX) = Q(x).  (3.4)

dx

Expanding (3.4) gives
24 Py @) = Q).

From the lie group (3.3), we obtain the infinitesimals X = 0 and
Y = e~/ P(4x The change of variables are obtained by solving
(2.10), as follows

—fP(x)dxﬁ =1.

—fP(x)dxa_r —
e % 0,e P

Thus
r=R(x),s =yel P@dx L g(x),

Where R(x) and S(x) are arbitrary functions. Choosing R(x) = x
and S(x) = O results in

x=r,y=se JP@ar (3.5)

By calculating % , We obtain

45 o= [P@)Ar _ g p(r)e=SP@dr,
dx dar

And substituting into (3.2) and simplifying, the following result will
be given.
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d _ a _ a
d_i — Q(r)efP(r)dr_ (3.6) e 1) [ P(x)dx yné =0 'e(n 1) [ P(x)dx yn é =1.
Which (3.6) is a separable equation (see [3-5]). Example 3.3. Consider Bernoulli fractional equation
Example 3. 1. Consider the following equation Tay + % y=vxxy3. (3.15)
2
T2y 4+ Yxy =xix.
gy Y 37) By using property (6), in equation (3.15), leads to
By using property (6), Eq. (3.7), can be rewritten as follows y' +% y = xy°, (3.16)
vy +y=x (3.8)

That P(x) = 1,Q(x) = x, thereupon by Lie Symmetry method
x=r,y=se . (3.9)

d

L= per,
dr
Which is the separable equation having a general solution is as fol-
lows

s=re" —e" +C. (3.10)
y=Ce*+x—1.

Example 3.2. Consider the following equation

T%y —2Vxy =xVx. (3.11)

By using property (6), we derive

y' =2y =x.

From (3.5) and (3.6) the general solution of equation (3.11) is as the
following

y=Ce* —-05x—0.25.
3.2. Solving bernoulli fractional equation

The Bernoulli fractional differential equations have the following
general form,
Tey +p(0)y = q(x)y",n# 0,1 (3.12)

Where a —differentiable functions, y(x) is an unknown function.
By using property (6) Eq. (3.12) leads to

x4y + p(0)y = qCoy™,
So,

y'(x)+P(x)y = Qx)y™, (3.13)
Where P(x) = x* 'p(x) and Q(x) = x*1q(x), equation (3.13)

is the Bernoulli equation.
Assuming X = 0, Lie’s invariance condition becomes,

242 QCIY" — PCIY) = Y(Q(y™ —P().  (3.14)

That
Yy = e(n—l)fP(x)dx yn’

Satisfies (3.14). To obtain a change of variables, it is necessary to
solve

Here P(x) = % ,n =3, choosing R(x) = x and S(x) = 0 which
gives

-1

TZX,SZW.

(3.17)

Under this change of variables, the Bernoulli equation (3.17) turns
to

ds _ 1
_I
r

E_

Which is the separable equation and a general solution to this equa-
tion is as the following form

s=lInr+C.

So the general solution of fractional equation (3.16) can be pre-
sented as follows

2x2y?(Inx+C)—1=0.

Example 3.4. Consider the following equation

Tzy = 2Vxy +xVx y2 (3.18)
Similar to previous example, we have

y' =2y =xy* (3.19)
Choosing R(x) = x,and S(x) = 0, leads to

r=x,5s=— (3.20)

- ye—2x "

Under this change of variables, the Bernoulli equation (3.19) be-
comes

ds 2r
— =T .
dar €

The general solution of fractional equation (3.18) is as the following
form

Y= cereson

3.3. Solving riccati fractional equation

The general form of a Riccati fractional equation is as the following
Toy = p(0)y? + q(x)y +1(x), (3.21)

Where a —differentiable functions and y(x) is an unknown func-
tion. By using property (6), we obtain

%" = p(x)y? + q(x)y +r(x),

So,
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y' =P@)y*+Q(x)y + R(x), (3.22)

Where  P(x) = x* 'p(x),Q(x) =x*1q(x) and R(x)=

x%1r(x). Equation (3.22) is the Riccati equation. We will assume
X = 0, giving Lie’s invariance condition as

T+ (Pey? +Q()y + R() T = (2P()y + Q)Y (3:23)
One solution of (3.23) is

Y=@-y)?F),

Where y; is one solution to (3.22) and F satisfies
F'+ 2Py, + Q)F =0. (3.24)

Variables r and s, it is necessary to solve
0=y FOZ =0,y -y F) = =1
y Y1 ay , Y Y1 ay ’

From which we obtain

1

r=K(x),s =S(x)— oOF

Where K(x) and S(x) are arbitrary functions. Setting K(x) = x
and S(x) = 0,yields to

_ 1
SF(r)’

r=ry= (229

Thereby transforming the original Riccati equation (3.22) to

@5 _ a0
dr  F(r)’

It is interesting that the usual linearizing transformation is recov-
ered using Lie Symmetry method (see [3-5]).
Example 3.5. Consider Riccati fractional equation as follows

_ 2_ 1 1
T%J’—\/;y Y (3.26)
That has a solution such as y; = —x~1.
Clearly by using property (6), this equation changing to
, 1 1
y=y--y—-5. (3.27)

From (3.24) F is as the following form
F(x) =3,
Thus, under the change of variables given in (3.25), namely

(3.28)

The original ODE becomes

ds 1

dr r3’

Which is a separable equation having a general solution is as fol-
lows

s=- Lz +C,

2r
And the general solution of equation (3.26), can be presented as the
following form

1 1
y= -z

x Cx3-05x "

Example 3.6. Consider the following equation

3
T3y=Z—fy2+2§/§y—2Wex. (3.29)
3
A solution of this Riccati equation is y; = e*.

From (3.24), F and the change of variables from (3.25) are as the
following form

e47‘

Fx)=e™*,x=r,y=e" — =,

The original ODE becomes

ds
2 e37‘
dr

The general solution of the Riccati fractional equation (3.29) is as
follows

e4x

T .
—e3*+C
3

y=e'—

4. Conclusion

In this paper, Lie Symmetry Analysis method have been applied for
solving fractional differential equations, based on conformable
fractional derivative. First order linear, Bernoulli and Riccati frac-
tional differential equations, have been solved by the presented
method. For each cases some examples are given for more explana-
tion and clarification. The results showed that the presented method
is easily applicable for this kind of equations.
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