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of semi-compatibility and weak compatibility of pair of self maps.

Keywords: Non- Archimedean fuzzy metric space, common fixed point,
semi-compatibility, weak-compatibility.

1 Introduction

The concept of fuzzy sets was coined by Zadeh [7] in his seminal paper in 1965.
Since then, to use this concept in topology and analysis many authors have
expansively developed the theory of fuzzy sets and application. Zadeh [8]
anticipated that medical diagnosis would be the most likely application domain of
Fuzzy set theory. The theory of fuzzy set is of fundamental
importance in Medical diagnosis, effect of drugs, diagnosis process.
Recently, a number of fixed point theorems and their applications in fuzzy set
theory have been proved by several authors. George and Veeramani[l] and
Kramosil and Michalek[6] have introduced the concept of fuzzy metric spaces. The
concepts of semi-compatibility and weak-compatibility in fuzzy metric space are
given by Singh and Jain [3] which is generalization of commuting and
compatible maps. Many authors [2, 4, 11] have proved fixed point theorem in
fuzzy(probabilistic) metric spaces. Recently, Dorel Mihet[5] proved a common
fixed point theorem in Non- Archimedean fuzzy metric space. The purpose of this
paper is to prove common fixed point theorems in Non- Archimedean fuzzy
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metric space using the concept of semi-compatibility and weak compatibility of
pair of self maps.

2 Preliminary Notes

Definition 2.1 A binary operation * : [0, 1] x [0, 1] — [0,1]

IS a continuous t-norm if it satisfies the following conditions:

(1) * is associative and commutative,

(2) * is continuous,

(3)a*1l=aforalla e [0, 1],

(4)a*b<c*dwhenevera<candb=d, foreacha,b,

c,d e [0,1]

Two typical examples of continuous t-norm are a * b = ab

and a* b =min(a, b).

Definition 2.2. The 3-tuple (X, M, *) is called a non-Archimedean fuzzy metric
space (shortly, N.A. FM-space) if X is an arbitrary set, * is a continuous t-norm
and M is a fuzzy set in X * x [0,00) satisfying the following conditions:

For all x,y,z € X and s,t >0,

(NFM-1) M(x,y, 0) =0,

(NFM-2) M(x,y,t) =1, forallt>0ifand only if x =y,

(NFM-3) M(x, y, t) = M(y, X, 1),

(NFM-4) M(x, y, t) * M(y, z, s) < M(X, z, max{t, s})

Or equivalently M(x, y, t) * M(y, z, t) < M(x, z, t)

(NFM-5) M(x,y, .) : [0, ©) — [0, 1] is left continuous.

Definition 2.3. For t €(0,) , we define the closed ball B[x, r, t] with centre xe X
and radius r €(0,1) as

Blx,r,f] ={y eX M(x,y,t)>1-r}

Definition 2.4. Let (X, M, *) be a non-Archimedean fuzzy metric space:

(i) A sequence {xn} in X is said to be convergent to a point xe X (denoted by

lim . lim
X, = X), if M( x
n— o n— o

(ii) A sequence {x, } in X is said to be Cauchy sequence if
lim
M( x
n— o
(iii) A non-Archimedean fuzzy metric space in which every Cauchy sequence is
convergent is said to be complete .
Definition 2.5. A N.A. FM-space (X, M, =) is said to be of type (C)g if
there exists a geQ such that
g(M(xy, t)) <g(M(x,z, t)) + g(M(z)y , 1))
for all x,y,z € Xandt>0, where Q={g: g:[0,1] — [0,) is continuous,

x,t) =1, forallt>0.

n

X, ,t)=1,forallt>0, p>0.

n+p?
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strictly decreasing, g(1) =0 and g(0) <« }.

Definition 2.6. A N. A. FM-space (X, M, *) is said to be of type (D)g if
there exists a g €Q such that g(* (s,t)) < g(s) + g(t) for all s,t € [0,1].
Definition 2.7. Let A and B be mappings from N.A. FM-space (X, M, *) in
to itself. The mappings A and B are said to be compatible if

|
™ 4(M(ABx, , BAXy, 1)) = 0,
—

for all t > 0, whenever {x,} is a sequence in X such that

lim lim

AX, = Bx, =z for some z € X.

N — oo N — oo
Definition 2.8. A pair of maps A and B is called weakly compatible pair if
they commute at coincidence points i.e., Ax = Bx if and only if ABx = BAX.
Definition 2.9. Let A and S be mappings from an N.A. FM-space (X, M, *)
into itself. Then the mappings are said to be semi-compatible if

i g(M(ASXxn , Sx, 1)) = 0, for all t > 0,whenever {x, } is a sequence in X
—> 00

such that
lim lim
AXxp = Bx,, = x for some x € X.
n— o n— o

It follows that if (A, S) is semi-compatible and Ay = Sy, then ASy = SAy.
Thus if the pair (A, S) is semi-compatible, then it is weak compatible. The
converse is not true as shown in Example 3.2.

3. Propositions and Lemmas

These are some propositions and lemmas useful in proving the main results of the
paper.

Proposition 3.1 : Let A and S be self-maps on an N.A. FM-space(X, M, * ).

If S is continuous, then (A,S) is semi-compatible if and only if (A, S) is
compatible.

Proof : Consider a sequence {xn} in X such that {Ax,} and {Sx,} converges

to u e X. Suppose that (A, S) is compatible, then

d(M(ASx, , Su, t)) < g(M(ASxn, SAxn , t)) + g(M(SAxn, Su t))

letting n—o0 , Since (A, S) is compatible, we have

im
. g(M(ASxn, Su, t)) = 0. Hence ASx, — Su ,i.e., (A,S) is semicompatible.
—

Conversely, Suppose that (A,S) is semi-compatible, then

g(M(ASX, , SAXp, 1)) <g(M(ASX, , Su, t)) + g(M(SAX, , Su t)).

letting n—oo , Since (A, S) is semi-compatible and S is continuous, we have
SAX, — Su and this implies
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lim
g(M(ASxn, Su, t)) = 0.
— 0

Hence the pair (A, S) is compatible.

The following is an example of a pair of self-maps (A, S) which is compatible but
not semi-compatible. Further, it is also seen here that the semi-compatibility of the
pair (A, S) need not imply the semi-compatibility of (S,A).

Example 3.2: Let X = [0, 1] and let (X, M, =) be the N.A. FM-space with

x-y]

-1
gM(x, y, 1)) = g[exp T} for all x, y eX, t > 0. Define self-map S as

follows:

X if OSan
Sx = 2

1

Let | be the identity map on X and x, = % —1. Then, {Ix,} = {x,}— 5
n

And {Sx,} = {X,}— % Thus {ISx,} = {an}—>% # S[%j Hence (I, S) is not

semicompatible.
Again as (I, S) is commuting, it is compatible. Futher, for any sequence {x,} in X
such that {x,} > X, we have {SIx,} = {Sx,}— x = Ix. Hence (S, I) is always
semicompatible.

Remark 3.3: The above example gives an important aspect of semicompatibility
as the pair of self-maps (1,S) is commuting, hence it is weakly commuting,
compatible and weak compatible yet it is not semi-compatible. Further, it is to be
noted that the pair (S, 1) is semi-compatible but (1,S) is not semi-compatible here.
The following is an example of a pair of self-maps (A, S) which is
semicompatible but not compatible.

Example 3.4 : Let (X, M, =) be the N.A. FM-space, where X = [0, 2], with t-

norm defined by a*b = min{a, b}, forall a, be[0, 1] and
ag(M(x, y,t)) =g v for all t > 0 and g(M(X, y,0)) < oo, for all x, ye X.
t+d(x,y)

Define self-maps A and S on X follows :
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2if 0<x<1 2if x=1
AX= lif 1n xsl  SX = X—+3 otherwise
2 2 5

And x, =2 —Zi . Then we have S(1) = A(1) =2 and S(2) = A(2) = 1. Also
n

SA(1) = AS(1) = 1 and SA(2) = AS(2) = 2. Thus (A, S) is weak compatible.
Again,
AXp = 1—i, SXp = 1—i.

4n

Thus, Ax, ->1, Sx, —>1.

Hence u = 1.
Further,
SAX, = f—i, ASX, = 2.
5 20n
Now,
lim

9(M(ASxn, Su, 1)) =g(M(2, 2, 1)) = 0,
n— oo

lim lim
g(M(AS,, SAXy, 1)) = aM@, 2Ly =gl L | <0, forall
n— o n— o 5 20n t+§
5

t > 0.Hence (A, S) is semicompatible but it is not compatible.

Remark 3.5: (1) If a N.A. FM-space (X,M, =) is of type (D)q then (X,M, =) is of
type (C)g.

(2) If (X, M, =) is a N.A. FM-space and =* > =*., where = (s, t)=
max{s + t-1,0}, then (X,M, =) is of type (D), for g € Q defined by

gt)=1-t.

Throughout this paper, let (X,M, *) be a complete N.A.FM-space of type (D)g
with a continuous strictly increasing t-norm = .

Let ¢ : [0,+ o) — [0,+ o) be a function satisfying the following condition (®) :
(D) ¢ is upper semi-continuous from the right and ¢(t) <t forall t > 0.
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Lemma 3.6[10] : If a function ¢ : [0,+o0) — [0, + o) satisfies the condition (®),
then we have

(1) Forall t > 0, limy_,., ¢" (t) = 0, where ¢" (t) is the n-th iteration of ¢(t).

(2) If {t,} is a non-decreasing sequence of real numbers and t,+; < ¢(t,), n =1,2,...,
then lim,_,t, = 0. In particular, if t < ¢(t) forall t> 0, thent = 0.

Lemma 3.7[9]: Let {y,} be a sequence in X such that lim,_,. F(y, Yn+1,t)=1 for all
t > 0. If the sequence {y,} is not a Cauchy sequence in X, then there exist e¢> 0,
to >0, two sequences {m;}, {ni} of positive integers such that

(A)mij>n;+1,and nj > asi— oo,
(B) F( ymi , yni ,to) <1-egand F( ymi—l’ yni ,to) >1-eg,i=1,2,.

4. Main Results

These are the main results of the paper.

Theorem 4.1 Let A, B, S, T :X—X be mappings such that
(1) A(X) < T(X) and B(X) < S(X),
(2) 9(M(AX, By, 1)) < ¢(max{g(M(Sx, Ty, 1)), M(Sx,Ax,1)),9(M(Ty,By.1)),

1/2(g(M(Sx,By, t))+ g(M(Ty, Ax, t)))}) for all t > 0,

where a function ¢ : [0, «) — [0,0) satisfies the condition (@) .
(3) the pair (A,S) is semi-compatible and (B,T) is weakly compatible
(4) one of A or S is continuous
Then A, B,S and T have a unige common fixed point in X.
Proof : Let xo € X, then by (1), there exists a point x; € X such that Axg = Txy,
since A(X) < T(X). Since B(X) < S(X), for this point x;, we can choose a point x,
e X such that Bx; = Sx, and so on. Inductively, we can define a sequence {y,} in
X such that
(5) Yon = AXon = TXon+1 and Yon+1 = SXon+2 = BXon+1 forn= 0,1,2...
Now we prove the sequence {y,}, defined by (5), such that
limne g(M(Yn, Yns1, £))=0 for all t >0 is a Cauchy sequence in X.
Since g € @2, it follows that limn_,.. M(Yn, Yn+1,t) =1 for all t > 0 if and only if
limne g(M( Yn, Yns1, t))=0 for all t > 0. By Lemma 3.7, if {yn} is not a Cauchy
sequence in X , then there exist € >0, to > 0 and two sequences {m;}, {n;} of
positive integers such that
(A)mij> ni+l andnj—> o asi— o,
(B) g(M(ym;, yni to)) > g(1-€o) and g(M(ymi.1, yni o)) < g(1- €o) , i=1.2,....
Thus we have
9(1-€0) <g(M(Yy, . ¥y, » 10))

(6) <gM(Yy s Vi1 1)) + 9(M(Y,, 40 Y, 1))
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< g(M( ymi ) ymi—l’ to)) + g(l- 80)

Letting i —oo in (6), we have

(M) limn. gMC(y,, . ¥, 10))= 9(1-€0) -

On the other hand, we have

9(1- €o) < g(M(ymi, yni ,t))

@)  <gM(y,, . Yo.t)+ G(M(Y, 10 Vi, 10))

Now, consider g(M(y,, .;, Yy, to)) in (8).Without loss of generality assume

that both n; and m; are even.
Then, by (2), we have

g(M( yni+l’ ymi ,to)) = g(M(A Xm, , B Xni+l ,to))
< ¢ (max{g(M(Sx,, . Tx, .1, 1)),

g(M(S Xmi ! A Xmi yto))’g(M(T Xni +17 B Xni +1 ,to)),

12(g(M(S X, B X, .1 t)+g(M(T X, ,;, A, ,0)))})
(9) = (I)(maX{g(M( ymi—11 yni ’to))! g(M( ymifl’ ymi 1t0))! g(M( yni ) yni+1 !to))1

12(g(M(Y 11 Yre1:10)) + I(M(Y,, 2 Y 10)))3)
By (7), (8) and (9), letting i —c in (9), we have
9(1-€0) < ¢ (max {g(1-€0), 0,0, g (1-€0)})
= ¢ (9(1-€0)) <9(1-<0)

which is a contradiction. Therefore, {y,} is a Cauchy-sequence in X .
Now, we prove limy_,. g(M(Yn, Yn+1 ,10)) =0 forallt> 0. In fact, by (2)

and (3), we have
a(M(yzn, Y2n+1,1)) = 9(M(AXzn, BX2ns1,1))

< d(max{g(M(Sxzn, TXzn+1,t)),
g(M(Sxan, AXen, 1)),9(M(TXz2n+1, BXons1, 1))
1/2(g(M(SX2n, BXon+1, 1))+g(M(TX2n +1, AXon,1)))})
= ¢(max{g(M(yzn-1, Y2n 1)), I(M(Y2n-1, Yon,t)),
9(M(Y2n,Yan+1,1)),1/2 (9(M(Y2n-1, Yan +1, 1)) + 9(1))})
< ¢p(max{g(M(yzn-1, Yan ,1)), 9(M(Yzn, Yan+1 1))
172(g(M(Yan-1, Yan ,1)) + 9(M(Yan, Yans1,1)))}) -

If g(M(Y2n-1, Y2n ,t)) < 9(M(Y2n, Yan+1 ,t)) forall t > 0, then ,by (2),
g(M(Y2n, Yan+1 51)) < & (9(M( Yan, Y2n+1, 1)) which means that , by Lemma 3.6,
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9(M(Y2n, Yons1 1)) =0 forall t> 0. Similarly, we have
d(M(Y2n+1, Yons2 ,t)) =0 forallt>0.
Thus we have lim_,. g(M(Yn Yn+1,t)) =0 forallt>0.
On the other hand, if
g(M(yZn-l, y2n,t)) =g (M(yZn, y2n+11t)) , then by (2)’ we have
g(M(Yzn, Yans1,1)) < ¢ (G(M(Yon-1, Yan 1)) forall t>0.
ﬁimilarly, d(M(Yan+1, Yons2, 1)) < 0(Q(M(Y2n,Y2n+1 ,1))), for all t > 0 .Thus we

ave
g(M(Yn, Yns1 ,D) < d(@(M(Yn-1, Yo, ) forallt>0andn=1,2,3,.. Therefore
by Lemma 3.6, limn_.. g(M(Yn, Yn+1, 1)) =0 for all t >0, which implies
that {yn} is a Cauchy sequence in X by Lemma 3.7. Since (X, M, *) is complete,
the sequence {y,} converges to a point ze X and so the subsequences {AXan},
{BXon+1}, {Sx2n) and {Txon+1} Of {y,} also converges to the same limit z, i.e.,
Iimn_m AXop = Iimn_,w TXon+1 = Iimn_,w Bxon+1 = Iimn_m SXon+2 = Z. (a)
Case I (S is continuous). In this case, we have
SAXsn — Sz, S% Xon —S2.
The semi-compatibility of the pair (A, S) gives

lim ASXxy, = Sz.
n— oo

Step 1. By putting X = SXzn , Y = Xon+1 in (2), we obtain that
g(M(ASX2n, BXan+1, 1)) < d(max{g(M(SSxzn, TX2n+1 , 1)),

g(M(SSXZn ,ASXgn,t)),g(M(TX2n+1 ,BX2n+1 ,t)),
1/2(g(M(SSx2n ,BXan+1 , 1))+ g(M(TX2n+1 , ASXon, 1)))})

Letting n—o0 , we have
g(M(Sz, z, 1)) < dp(max{g(M(Sz,z , t)),

9(M(Sz ,Sz,1)),9(M(z .z .1)),
172(9(M(Sz .z , )+ 9(M(z , Sz, 1)))})
=g(M(Sz, z, 1)) < d(max{g(M(Sz,z , 1)), 0, 0,g(M(Sz ,z, 1)))})
=9(M(Sz, z, 1)) < ¢{9(M(Sz.z , )}
= g(M(Sz, z,t))=0.i.e., M(Sz,z,t) =1
=2z =Sz

Step I1. By putting X =z, Y = Xan+1 in (2), we obtain that
g(M(AZ! BX2n+11 t)) < (b(max{g(M(SZ!TXZI‘Hl ) t)),

g(M(Sz ,Az,1)),0(M(TXzn+1 ,BXon+1 ,t)),
1/2(g(M(Sz ,Bxans1 , 1))+ g(M(TxXans1 , Az, 1))}

Letting n—o0 , we have
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9(M(Az, z, 1)) < p(max{g(M(z,z , 1)),
9(M(z \Az,1)),9(M(z .z 1)),
172(gM(z .z, )+ 9(M(z , Az, 1)))})
=g(M(Az, z, 1)) < ¢(max{0, g(M(z,Az , 1)), 0, 1/2(g(M(z , Az, 1)))})
=0d(M(Az, z, 1)) < ¢p{g(M(Az,z , 1)}
= g(M(Az,z,t))=0.i.e, M(Az, 2, 1) =1
=z =Az

Hence, Az=1z=Sz.

Step 111. As A(X) < T(X), there exists a point we X such that

Az =Sz =z = Tw. By putting X = X2y, y = w in (2), we obtain that
g(M(AXan, Bw, 1)) < d(max{g(M(Sxzn, Tw , 1)),

g(M(SX2n ,AXon,1)),a(M(Tw ,Bw 1)),
1/2(g(M(Sxzn ,BW , 1))+ g(M(TW , AXzn, 1))}

Letting n—o0 , we have
9(M(z, Bw, 1)) < ¢(max{g(M(z, z , 1)),

9(M(z 2 ,1)).9(M(z, Bw 1)),
172(g(M(z Bw, 1))+ g(M(z, z, 1)))})
g(M(z, Bw, t)) < ¢(max{0, 0,g(M(z, Bw 1)), 1/2(g(M(z ,.Bw , t)))})
= g(M(z, Bw, 1)) < ¢(9(M(z, Bw 1))
= g(M(z, Bw, 1)) =0 .i.e., M(z, Bw, t) = 1
=7 = Bw.

Therefore Bw = Tw = z. Since (B,T) is weakly compatible, we get that
TBw = BTw, that is, Bz = Tz.

Step IV. By putting x =z, y = z in (2), we obtain that

g(M(Az, Bz, t)) < ¢(max{g(M(Sz,Tz, 1)),

g(M(Sz ,Az,t)),0(M(Tz ,Bz ,t)),
1/2(g(M(Sz ,Bz, t))+ g(M(Tz, Az, t)))})
g(M(Az, Bz, t)) < ¢(max{g(M(Az,Bz , t)),
9(M(z ,z,1)),9(M(Bz ,Bz 1)),
1/2(g(M(Az ,Bz, t))+ g(M(Bz, Az, t)))})
g(M(Az, Bz, t)) < ¢(max{g(M(Az,Bz, t)), 0, 0,g(M(Az ,Bz, t))})
= g(M(Az, Bz, 1)) < ¢(g(M(Az, Bz ,t))
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= g(M(Az, Bz, 1)) =0.i.e., M(Az,Bz,t) =1
= Az = Bz.

Therefore, z= Az =Sz =Bz = Tz, that is, z is a common fixed point of A, B,
SandT.

Case Il (A is continuous). In this case, we have

ASxo, —> Az

The semi-compatibility of the pair (A, S) gives
ASxz, — Sz.

By uniqueness of limit in N.A. FM Space, we obtain that Az = Sz.
Step V. By putting X =z, ¥ = Xon+1 in (2), we obtain that
g(M(Az, Bxans1, 1)) < d(max{g(M(Sz,TXzn+1 , 1)),

g(M(Sz ,Az,1)),0(M(TXzn+1 ,BXon+1 1)),
1/2(g(M(Sz ,BXan+1 , £))+ g(M(TX2n+1 , AZ, 1))}

Letting n—o0 , we have
9(M(Az, z, 1)) < ¢(max{g(M(z,z , 1)),

9(M(z ,Az,1)),9(M(z .z 1)),
12(gM(z .z, )+ 9(M(z , Az, 1)))})
=0g(M(Az, z, 1)) < ¢(max{0, g(M(z,Az , 1)), 0, 1/2(g(M(z , Az, 1)))})
=09(M(Az, z, 1)) < d{g(M(Az,z, 1)}
= g(M(Az,z,t))=0.i.e., M(Az,z,t) =1

—z = Az and rest of the proof follows from Step 111 onwards of the
previous case.

Uniqueness. Let u be another common fixed point of A, B, Sand T.
Thenu=Au=Su=Bu=Tu.

Puttingx =z andy = u in (2.2), we have

g(M(Az, Bu, t)) < ¢(max{g(M(Sz,Tu, t)), g(M(Sz,Az,t)),g(M(Tu,Bu,t)),

1/2(g(M(Sz,Bu, 1))+ g(M(Tu, Az, t)))}),

=09(M(z, u, 1)) < ¢(max{g(M(z, u, 1)), 9(M(z, z, 1)),9(M(u, u, 1)),
172(g(M(z, u, 1))+ g(M(u, z, 1))}),

= g(M(z, u, 1)) < d(max{g(M(z, u, 1)), 0, 0, g(M(z, u, 1))},

=09(M(z, u, 1)) < ¢{g(M(z, u, 1)}

= g(M(z,u,t)) =0.ie, M(z,u, t) =1

—=Z=U.

Therefore, z is the unique common fixed point of the self- maps A, B, S and



230 Seema Mehra

T.
Corollary 4.2. Let A, B, S, T :X—X be mappings such that
(4.2.1) A(X) < T(X) and B(X) < S(X),
(4.2.2) g(M(AX, By, 1)) < ¢(max{g(M(Sx, Ty, 1)),g(M(Sx,Ax,1)),9(M(Ty,By.1)),
1/2(g(M(Sx,By, t))+ g(M(Ty, Ax, t)))}) for all t > 0,
where a function ¢ : [0, «) — [0,0) satisfies the condition (®) .
(4.2.3) the pairs (A,S) and(B,T) are semicompatible.
(4.2.4) one of A, B, Sor T is continuous
Then A, B,S and T have a unique common fixed point in X.
Proof. As semi-compatibility implies weak compatibility, the proof follows from
theorem 4.1.
On taking A = B in theorem 4.1, we have the following corollary.
Corollary 4.3. Let A, S and T : X—X be mappings such that
(4.3.1) A(X) < T(X)NS(X),
(4.3.2) g(M(AX, Ay, 1)) < §(max{g(M(Sx,Ty, 1)), g(M(Sx,Ax,1)),g(M(Ty,Ay1)),
1/2(g(M(Sx,Ay, 1))+ g(M(Ty, Ax, t)))}) forall t> 0,
where a function ¢ : [0, ) — [0,0) satisfies the condition (®) .
(4.3.3) the pair (A,S) is semi-compatible and (A,T) is weakly compatible
(4.3.4) one of A or S is continuous
Then A, S and T have a unique common fixed point in X.
Now, taking S=1and T = I in theorem in 4.1, the conditions (1),(3) and (4) are
satisfied trivially, and we get the following corollary.
Corollary 4.4. Let A, B :X—X be mappings such that
(4.4.1) g(M(Ax, By, 1)) < p(max{g(M(x, y, 1)), g(M(x, Ax, 1)),
g(M(y, By, 1)),1/2(g(M(x, By, 1))+ g(M(y, Ax, 1)))}) for all t> 0,

where a function ¢ : [0, ) — [0,00) satisfies the condition (®) .
Then A, B have a unique common fixed point in X.
Theorem 4.5. Let AB, S, T : X — X be mappings satisfying (1), (2) and the
following :
(4.5.1) the pair (A, S) is compatible and (B, T) is weakly compatible
(4.5.2) one of A or S is continuous
Then A, B, S and T have a unique common fixed point in X.
Proof. In view of Proposition (3.1) and theorem (4.1), it suffices to prove the
result when A is continuous. As in the proof of theorem 4.1, the sequence {y.}
—z e X and (a) are satisfied. As A is continuous, we have
ASXon, = Az, AAXo, > AZ.

- ) lim lim
The compatibility of (A,S) gives ASxo, = Az = SAXon.

n— oo n— oo

Step I. By putting X = AXzn , Y = Xons1 i (2), we obtain that
d(M(AAXzn, BXant1, 1)) < d(max{g(M(SAXzn, TX2n+1 , 1)),

g(M(SAXZn ’AAXZI’lyt)))g(M(TXZH‘*l ,BX2n+1 !t))y
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1/2(g(M(SAXzn ,BXans1 , 1))+ g(M(TXzns1 , AAXan, 1)))3)

Letting n—», using (a) we have
g(M(Az, z, 1)) < ¢(max{g(M(Az,z , 1)),g(M(Az ,Az,1)),0(M(z ,z ,1)),

12(g(M(Az ,z , 1))+ g(M(z , Az, 1))}
=g(M(Az, z, 1)) < p(max{g(M(Az,z, 1)), 0, 0,g(M(Az ,z, 1)))})
=0(M(Az, z, 1)) < d{g(M(Az,z, 1)}
= g(M(Az,z,t))=0.i.e., M(Az,z, 1) =1
=z =Az

Step I1. As A(X) < T(X), there exists a point we X such that Az =Sz =z = Tw.
By putting X = X5, Y =W in (2), we obtain that
g(M(AXan, Bw, t)) < d(max{g(M(Sxzn, TwW , 1)), g(M(SX2n ,AXan,1)),

g(M(Tw ,Bw 1)), 1/2(g(M(Sxzn ,Bw , 1))+ g(M(Tw , AXzn, 1)))})

Letting n—o0 , using (a), and the continuity of the t-norm, we have
9(M(z, Bw, 1)) < o(max{g(M(z, z, 1)),g(M(z ,z ,1)),9(M(z, Bw ,1)),

172(g(M(z .Bw , 1))+ g(M(z , z, 1)))})
g(M(z, Bw, t)) < ¢(max{0, 0,g(M(z, Bw ,t)), 1/2(g(M(z ,.Bw, 1)))})
= g(M(z, Bw, t)) < ¢(g(M(z, Bw 1))
= g(M(z, Bw, t)) =0 .i.e., M(z, Bw, t) = 1
=7z = Bw.

Therefore Bw = Tw = z. Since (B, T) is weakly compatible, we get that
TBw = BTw, thatis, Bz = Tz.

Step I11. Again as z = Bw and B(X)c S(X), there exists v e X such that z =
Bz = Sv. By putting X = v, y = w in (2), we have

g(M(Av, Bw, t)) < d(max{g(M(Sv,Tw, t)), g(M(Sv,Av,1)),g(M(Tw,Bw,t)),

1/2(g(M(Sv,Bw, t))+ g(M(Tw, Av, 1)))}),
= g(M(Av, Sv, 1)) < d¢(max{g(M(Sv,Tw, t)), g(M(Sv,Av,1)),g(M(Tw,Sv,t)),
1/2(g(M(Sv,Sv, 1))+ g(M(Tw, Av, )},
= g(M(Av, Sv, t)) < ¢(max{0, g(M(Sv,Av,1)),0, 1/2(g(M(Sv, Av, 1))},
= g(M(Av, Sv, 1)) < d(g(M(Sv,Av,1))
= g(M(Av, Sv, t)) =0, that is, M(Av, Sv, t) =1
= Av =Sv. As (A, S) is compatible, we have ASv = SAvor Az=Sz=z.
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Also Az = Bz follows from Step 1V in the proof of Theorem 4.1 and it follows that
z is a common fixed point of four maps A, B, S and T. The uniqueness follows as
in the proof of theorem 4.1.

Corollary 4.6. Let AB, S, T : X — X be mappings satisfying (1), (2) and the
following :

(4.6.1) the pairs (A,S) and (B, T) are compatible,

(4.6.2) one of A, B, S or T is continuous

Then A, B,S and T have a unique common fixed point in X.

Proof. As compatibility implies weak compatibility, the proof follows from
theorem (4.5)

If we take A =1, the identity map on X in Theorem (4.5), we have the following
result for three self-maps, none of which is continuous and just a pair of them is
needed to be weak compatible.

5. Application

Theorem 5.1. Let (X, M, * ) be a complete N.A. FM-space and A, B, Sand T be
the mappings from the product X x X to X such that

(5-1.1) A(X x {y}) < T(X x {y}) and B(X x {y}) = (X x {y})
(5.1.2) g(M(A(T(x,y).y), T(A(X,Y).y).0)) < g(M(A(x,y), T(x.y). 1)),
6513 g(M(B(S(x.y).y).S(B(x.y).y).1)) < g(M(B(xy),S(x.y).1))fer all t> 0.

g(M(AXY),B(X"y").)< o(max{g(M(S(x,y), T(x"y"),0)),M(S(x.y),A(x.y).1)),
g(M(T(x"y"),B(x",y").1)),1/2(g(M(S(x,y),B(x",y').1)) + g(M(T(X".y").,A(x,y).h))})
for all t > 0 and x,y,x",y’ in X, then there exists only one point b in X such that
A(b,y) =S(b,y) =B(b,y) = T(b,y) forall y in X..
Proof. By (5.1.3),
g(M(AY).B(X"y)).D)< ¢ (Max{g(M(S(x,y), T(x",y")).0).9(M(S(x.y),A(x.y)).1)),
gM(T(x",y"),B(X"y")).1),
172(g(M(S(x,y),B(x",y)).1)) + g(M(T(x".y").,A(x,¥)).)))})
for all t > 0, therefore by Theorem 4.1, for each y in X, there exists only one
X(y) in X such that
AX(y)y) = S(x(y).y) = B(x(y).y) = T(x(y).y) = x(y) for everyy, y" in X
gM(x(y).x(y)).1)) = 9(M(AX(Y).y), A(x(Y).y)).1)
< ¢p(max {g(M(A(x,),A(x”y")).1)).9(M(A(X,y).A(X.y)).1)),
gM(T(Xy" ), AXY)).0),172(9(MAY),AXY)) D)+ 9MIAKXY).AXY)).D))T)
= g(Mx(y), x(y").1))
This implies x(y) = x(y") and hence x(y) is some constant b € X so that
A(b,y) =b=T(b,y) =S(b,y) = B(b,y) forall y in X .
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6. Conclusion

In this study we prove the common fixed point theorems in Non- Archimedean
fuzzy metric space using the concept of semi-compatibility and weak
Comepatibility of pair of self maps. In fact, the results presented in this paper
improve and extend some known results. The previous results such as
Chang(1985) are obtained in Probabilistic metric space, while we can get fixed
point theorems in more general space.
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