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Abstract

Our aim in this article is to study the existence and the uniqueness of solution for Cahn-Hilliard hyperbolic phase-field system, with initial
conditions, homogeneous Dirichlet boundary conditions, polynomial potential in a bounded and smooth domain.
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1. Introduction

G. Caginalp introduced in [3] the following phase-field system

du

- 2 _ i —

> Au—Af(u) A6 (1)
20 du
Erite A @

where u is the order parameter and 0 is the (relative) temperature.

These systems model phase transition processus such as melting
solidification processes and have studied ( see [1] and [9]) for a
similar phase-field model with a nonlinear term.

These Cahn-Hilliard phase-field systems are known as conserved
phase-field system (see [7] and [14]) based on type III heat
conduction and with two temperatures (see [13]), the authors
have proven the existence and the uniqueness of the solutions, the
existence of global attractor and exponential attractors.

In [18], Ntsokongo and Batangouna have studied the following
Cahn-Hillard hyperbolic phase-field system

du  , B da da

o PAA) = -A(5E-BATE) )
?a  J*a  do du
2 A Ay A = Ty @

where B = 1, u is the order parameter and « is the temperature.

They have proven the existence and the uniqueness of solution with
3

Dirichlet boundary condition and the regular potential f(s) = s> —s.

In [13], Jean De Dieu Mangoubi and al. have studied the following
Cahn-Hillard hyperbolic phase field system

2
e(—A)%+%+A2u—Af(u) = —A%—‘f in Ry xQ(5)
2a Jda  da ou .
W_FW_AW_AO‘ = —E mn R+XQ (6)
ulgg =Aulgo =lyo = 0
u(0,x) = up(x), %(O,x) = u(x) VxeQ
do
o(0,x) = ap(x), g(o,x) = o x)VxeQ.

They have proven the existence and the uniqueness of the solution
with Dirichlet boundary condition and the potential f(s) = s> —s.
In this paper, we consider the following Cahn-Hilliard hyperbolic

phase-field system

92 d d d .
e(fA)?ZM n a—? FA2u—Af() = -A (a—(tx an—(:) in R: x Q7)
?2a Jda  da du ) .
S5 AG da = —u-%L in RixQ (@®)
ulgg =Aulgo =alpe = 0 C)]
u(0,x) = up(x), %(07)() = u(x), VxeQ (10)
@09 = (), 2X0.%) = @l VreQ 1

where € is a relaxation parameter and Q is a bounded and regular
domain of R” withn = 1,2 or 3 and f is a polynomial potential of
order 2p — 1.

2p—1

fls)= 'Zl ais', azp—1 >0, p>2.
i=
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In this paper we prove the existence and the uniqueness of solution
of the hyperbolic system (7)-(14).
The potential f satisfies the following properties

1 2 3 2
ayp—157 —c1 < f(s)s < F@2p-15 i

2

+c1,¢1 >0, VseR, (12)
2p—1

k<P azp_ 157772 —cy < f'(s) < 3pag,_ 15772

4c;k>0,c0>0VseR, (13)

1 3

Eazp,lszl’ —c3<F(s) < Eazp,lszl’

4c3,c3>0,VseR (14)

where F(s)=

Jo f(r)dt
2. Notations

We denote by (.,.) the scalar product in L>(€), ||.|| the associated

norm usual and ||.||-; = || (—A)%] .|l, where —A denotes the minus
Laplace operator Dirichlet boundary conditions. More generally,
|I]lx denote the norm of Banach space X.

Throughout this paper, the letter C; > 0, denote (generally positive)
constants which may change from line to line, or ever or same line.

3. A priori estimates

Multiplying (7) by(—A)—‘% and (8) by (‘;‘f Aaa—‘f), inte-

grating over Q and adding the two resulting differential equalities,

we find
d 2 a5 da  do
ZE +2 2—7A— = 2(u A
Lr 42 2402, 42 || s at
805
< 2 ——
< 2l 2 -a%%
Jo
< 2 7_A72
< ulP+15 a5
d o 805
R L e\

where
314 2 2 306 2
E| =¢||= v 2(F 1 -
L=l oI+ 19l + 2 (F ) +c3,1)+ | S |
o,
v 521+ IVal? + aal.
Thanks to the propertie (14), we have

(F(u)+c3,1) >0,

which implies

d 2 Jda  da 2 ¢
—E;+2 fA— < KE.
Lo 2 22, 112 A% P < ki
Applying the Gronwall’s lemma, we obtain
B0 +2 [ 15 e [ 15 - A% P < 0)KT
1 < E(0)e
forallt € [0,T].
Using again the propertie (14), E; satisfies
E >
<8H 12+ laell 71 + Nl ‘|L2;;+HV7H2+HAO‘H2> +C', >0

Finally, we deduce that

u€ L (0,T;L°P(Q)NH}(Q)), a € L™ (0,T; H*(Q) NHY (Q))

? €L*(0,T;L2(Q))NL? (0,T:H 1(Q))

and

9% € = (0,T; HY (@) NL? (0,7 HX(Q)NHY(Q)), VT > 0.

4. Existence and uniqueness of the solution

Theorem 4.1. (Existence) We assume that (ug,uy, 0, &) €

(L% (Q)NH(Q)) x LX(Q) x (H*(Q)NH(Q)) x HY(Q). Then
the system (7)-(14)

possesses at least one solution (u,a) such that u €
L (0,T;L°P(Q) NH (Q)),

a € L7(0,T:HX(Q)NHY(Q),

L*>(0,T;H 1 (Q))
and
9% € 17 (0,T; H (Q)) NL* (0,3 H*(Q) NH (), VT > 0.

du

oo .72
oy L= (0,T:L*(Q)) N

The proof is based on a priori estimates obtained in the previous
section and on the standard Galerkin scheme.

Theorem 4.2. (Uniqueness) Let the assumptions of theorem 4.1
hold. The system (7)-(14) possesses a unique solution (u, o) such
that u € L (0,T;L?P(Q) NH (Q)),

a € L=(0,T;H*(Q)NHH(Q)),

L?(0,7:H(Q))
and
9% ¢ L7 (0, T Hy () NL? (0,T; HX(Q) NHY (Q)) VT > 0.

du

o [ .72
5 €L (0,7:L2(Q)) N

Proof. Let (v,a!) and (w,a?) be two solutions of the system
(7)-(14), with initial data (vo,vl,(xo,(xl) and (wo,w],ag,(x%) S
(L (Q)NHL(Q)) x L*(Q) x (H*(Q)NH} (Q)) x H (Q), respec-
tively.
Wesetu=v—wand x =«
following system

' — a2, then (u, ) is a solution of the

2%u  Ju 5 Jo 0
e(-8) 57 + 5 +A%u—AF() ~Af(w) = A(at Aé%é)
2’a Jdo  Jdoa u
W+W7A§7Aa = 71475 (16)
ugo=AMgo=0clya = 0
I T
U0 =Vo— W0, 5oli=0 = VI—Wi
Jdo
0‘\;:0:06(}—053 :7|r:0 = 0‘11—0512~
t
Multiply (15) by (—A)f1 % and (16) by %—? —Aa—a, integrate

over Q and add the two resulting differential equalities. We find

du
) =—dx +2|\ 8t

—Ez+2H SI2y +2/ )3,

805 2 do do
|| -2 (”7 2 —ATI)

du 2, 19% 2 2 2 2
By = el 412+ [l 4 ) 2 4 19 S + vl + A

where

Applying Holder and Young inequalities, we get

d
dt

do
H2Ea%%p<a [ 1

E2+2” at Hz

Wl D+ P17y
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We know that

2p—1

fO) =fw) = ¥ a(*—wh)

k=1

2p—1

k—1

= ew(atamrn+ ¥ oa Y A

which implies

[f0) = fw)] < Iul(\all+ |az|(Jv]+|wl)

p—1

2 _
+ L \ak|z|v|k ).

Applying Young’s inequality, we obtain

L
< k;j;l‘ ‘k,
which implies
k—1 kflk

. . —i—1
YO < Y =

i=0 i=0

1

lfi) A’:l

i

1

P+

k=3 i=0

i
k—1

kfh"‘kil

k
< E (|V|k71 + |W‘k71> )

Then we obtain

(Iw)™

1

k=1
‘V‘k7]+z4‘w|k7]
~f—1

1 _
[FO)—fw)| < \Ml(\al\+\a2|(2p_ v 2
271
+2p |w|2”2+C+Z vt
Rk k=1
+ ¥ Sladlwi")
k=3
< clul (o] +3 20 vpr2
| a2 | 2p—2
+2p_2|w|
®! ) 2p—2
+ X ol gy (v P
+lw )+ 1)
1
< Clul (5,5 VPP wPr)

v |2p72 +lw ‘2])72 2p—1

4(p—1)

which implies

k=3

1) = FO)] < Clal (2 w72 1),

k(k—l)—i—l),

Hence
L) =l St < [ (w2 4 wPr 2 4 1]
ot dr

In order to continue we consider two following cases.

Ifn=1.

We know that H'(Q) c L*(Q). Since ww €

L~ (0,T;H}(Q)), then v,w € L= ((0,T) x Q),

there exists Cy,C, > 0 such that sup | (t,x)] < C; and
(t.x)€(0,T)xQ

sup [w(t,x)| <G,

(1,x)€(0,T)xQ
then
2p—2
PR N (T
2p—2 u
IR+ 1) [l S las
du
< Clall 5
du
< Clulll 51
If n=2or3.
We have

5, 0u _ Jdu
_/Q\M\IV\zp z\g\dXQ\MHmIHVIZ” z\lmllg\\
and

2p—2 2p—2
V1Pl = IVl e -
1
Since 3(2p —2) < 6p, |[Vllzsr = [|[v|"|| /s and H'(Q) C L5(Q) (the

1
continuous embending), we have ||v||zs, < C|||v[P]|? < |||z
Since v € L™(0,T; HJ} (Q)), we have

5, 0u 2p_2 Jdu
b2 s < I sl e

du
< Cllullsli57
du
< Cllull i1
We have the same estimate for w.
Finally, we have forn=1, 2 or 3
du
L=l e < Clullall 51

IN

¢ (Iulf +1517).

Inserting the above estimate into (17) we have

d

ZEy+2 2 —fA—2<KE K > 0.
Lt IIatH 1l l 2,

Applying Gronwall’s lemma, we obtain for all 7 € [0, 7]
Es(1) < E2(0)eXT.

Then we deduce the continuous dependence of solution which
respect to the initial conditions, and the uniqueness of the solution is
proven. O

The existence and the uniqueness of the solution of problem (7)-(14)
being proven in a larger space, we now establish the solution with
more regularity.

Theorem 4.3. Assume (ug,u;,t,01) € (L*(Q) N H(Q) N
H*(Q)) x HY(Q) x (H?(Q)NHH(Q)) x (H*(Q) NH (Q)).

Then the system (7)-(14) possesses a unique solution (u, o) such that
u € L°(0,T;(L*(Q) N HY(Q) N HX(Q)), o € L=(0,T;H>(Q) N

HY(Q)), du € L=(0,T;H (Q))NL2(0,T;L*(Q)),

ot
aa—‘;‘ € L=(0,T;H*(Q) N H}(Q)) N L*(0,T;H>(Q) N H(Q)),
*a 9%u
s € L2(0,T;L*(Q)) and 7€ L2(0,T;L%(Q) ¥V T>0.
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Proof. According to the theorems 4.1 and 4.2, the hyperbolic system
(7)-(14) possesses the unique solution (u, @) such that
u € L°(0,T;L%(Q) N HY(Q) NH*(Q)), o € L™(0,T;H*(Q) N

HL(Q)), a%t e L°(0,T:[4(Q)) N [*0,T:H'(Q)) and
aa—aeL (0,T; HY(Q))NL*(0,T;: H*(Q)NH}(Q), ¥ T>0.
Multiplying (7) by ¢ and integrating over Q, we have
au
( IIV ||2+HAM|| )+2|| H —2(Vf(),V5)
Bu da da
2V 5 V(5 A 0). (18)
Multiplying (8) by — (a—a — A%—?) and integrating over Q, we get
(HV H2+IIA*HZHIMHZHIVMH)
8a da. da  da
12Av(5E - AP = 2vu vV (5E - A5E)
du _, da do
“2AV V(5 A ). (19)

Now summing (18), (19) and applying Holder and Young inequali-
ties, we get

d do
55 +2||*H2+||V(*—A*)||2 [Vl
VvV -
42 [ V)V G 0)

where
du
Es=¢|v EHZ’L [ Au]|*+ ||v7||2+ HAfII2+ A
+[Vaa|?.
We know that
[ r@iv 2= [ 17w v 2 a
u —|dX = u u — |dX
Q Jt Q dt
Using (13), we have

) du
|17 vulvSiar <

0
< Gy [ PP vul v S las
Q ot
' du
Vul|lV—|d
+ex [ |Vul at‘x
e A\ e e
+Cz||V ||2
< G 219V 2+

+02||V ||2

Now, we need the estimate of
du
221wyl |V=—1d
[ P21 v 5

Similarly to the proof theorem 4.2 we have

ifn=1,
[P 2w e < 2wy
Q ot -
< vy
< Claul? +c|v P

d
[ Gpazyi[uPr 2 c)|Vul V 5

Ifn=2or3,
L2 wullv P < Vsl sl |
o ot = L BN o
< cnwnyuv “
< Claiv )

< (HAM\I2+CHVa I1%)-

Then for n = 1,2,3, (20) can be written as

d
dt

Ja

GE AR (5 -

8

(X> H2 < K1E3, K1 >0.
Applying the Gronwall’s lemma, we deduce that
ue L7(0,T;L*P(Q) N H*(Q) NHY(Q)), o € L7(0,T;H>(Q) N
HL(Q)), ait‘ L2(0,T;HL(Q)) N L2(0,T:L2(Q)) and %‘;‘ e
L2(0,T; H*(Q) NHL(Q))NL2(0,T; H* (Q) NHY (Q)).

o a
Multiplying (8) by Fr and integrating over Q, we get

d,  do da 2%a
AU H2+||V*H )+2|| ||2 2(Aa, 57)
82 ou d%a
+2(_MW)+ ( a atz )

Applying Holder and Young inequalities, we find the following
estimate

= (H %oy v o2 |\2)+\| %P <l + i +12417)
which implies
d 2 2
Sy el (O,T;L (Q)).

Multiplying (7) by (—A)~! % and integrating over Q, we obtain

d du,, 2 9%u do do d%u
L1, 2 TEE — o, T2 9% - a2,
2%u
_2(][(”)7?)
< C(l|Aul? + 1 f (u )||2+H7—A7|| )

2
+8H H

which yields, using the fact that u € L*(0,T; H>(Q)) and H>(Q) C
L>(Q),
32

7 € L*(0,T;L*(Q)).

Then the proof of theorem 4.3 is complete.
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