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Abstract

We consider the effect of numerical integration in finite element procedures applied to a nonlinear system of two coupled partial differential
equations describing the miscible displacement of one incompressible fluid by another in a porous meduim. We consider the use of the
numerical quadrature scheme for approximating the pressure and velocity by a mixed method using Raviart - Thomas space of index k and
the concentration by a standard Galerkin method. We also give some sufficient conditions on the quadrature scheme to ensure that the order
of convergence is unaltered in the presence of numerical integration. Optimal order estimates are derived when the imposed external flows

are smoothly distributed.
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1. Introduction

The miscible displacement of one incompressible fluid by another in
a reservoir Q C R? of unit thickness and local elevation z(x),x € Q,
with the Darcy velocity of the fluid mixture given by

_ —k(x)
p(e)

can be described by differential system that can be put in the slightly
more general form [6]

(VP =n(c)V2), (1

u-9=0, xedQrel0,T],(c)
ZDij((P:u)ﬁﬂi:Ov anQ, IE[O,T},(d)
i ox;

c(x,0) =co(x), xeQ. (e

(@3]

In the above, p is the pressure and the initial pressure, modulo an
additive constant, can be determined from (2a) and (2c¢); c is the
concentration, ¢ the initial concentration such that 0 < ¢p(x) < 1,
and the term ¢ must be specified where ¢ > 0 and ¢ = ¢ where ¢ < 0;
q = q(x,t) is the imposed external flow, positive for injection and neg-
ative for projection, ¥ is the exterior normal to d€Q; for compatibility

(g.1) = foq(x,t)dx =0, 1€1[0,T]: a=a(c)=a(x,c) = kx)

V”—*ii a'(xc)(@*V(XC)) =g¢,x€Q,1€0,T],(a)
Soa [ o, x2S,
dc

o

where k(x) is the permeability of the medium, ((c) the viscosity of
the fluid; ¥y is the density of the fluid and y(x,c) = % (c)Vz(x). The
diffusion coefficient D = D(¢,u) is a 2 x 2 matrix given by

D = ¢(x)[dnl+ | u| (dlE(”) +thL(”))L 3)

where ¢ is the porosity of the meduim and the matrix E is the projec-
tion along the direction of flow given by E(u) = (wu;,/|u|*),E+ =
1—E, d,, is the molecular diffusion coefficient, and d; and d; are
respectively, the longitudinal and tranverse dispersion coefficients.
The tensor dispersion is more important physically than the molecu-
lar diffusion; also, d; is usually considerably larger than d;.

The effect of numerical integration in finite element method for
solving elliptic equations, parabolic equations and hyperbolic equa-
tions has been analyzed by Raviart [2], Ciarlet and Ravaiart [3],
So-Hsiang Chou and Li Qian [4], Li Qian and Wang Daoyu [5] and
others. When numerical integration is not used the problem (2) has

+u-Ve—V-(DVc) = (6—c)g=g(x,t,c),x € Q,t € [0,T],(b)been studied by Jim Douglas Jr., Richard E. Ewing and Mary Fanett

Wheeler [6] where optimal order estimates are derived. In this paper
we consider the use of the numerical quadrature scheme and analyze
a continuous-time finite element method based on the use of a mixed
finite element procedure to approximate the pressure and the velocity
simultaneously, and a standard Galerkin method to approximate the
concentration. We shall also give some sufficient conditions on the
quadrature scheme which ensure that the order of convergence is
unaltered when numerical integration is used.

2. Notation and formulation of the finite ele-
ment procedures

The inner product on L*(Q) or L*(Q)? is denoted by (¢@,w) =
Jo owidx.

m,
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We shall consider W5 (Q), H™(Q) = W"2(Q),L*(Q) = H)(Q) =
W92(Q) and L*(Q) = W¥(Q) for any integer m > 0 and any num-
ber s such that 1 <5 < oo

, as the usual Sobolev and Lebesgue spaces on Q respectively. The

associated norms are denoted as follows: || - [|ms = [ - [[wns (@),
I+ [l = 11~ llzzm () or [l - [lm() as appropriate, |[-[| = [| - l2(q)
or || [|2(q)2 as appropriate, || - [leo = || - [|7=(q)-

Let X be any of L* or Sobolev spaces; for a function f(x,7) defined

on Q% [0,7) we set [[£12: 5, = Ji [FC-0)lFdt, 1]l z-x) = ess
sup {1/ (-»1)l|x-

0<I<T

Set H(div; Q) = {v,v € L*(Q)?,V-v € L*(Q)}, provided with the

norm

1
2

2
VIl aive) = {Z HW”%,Q“‘ ||V'V|(2),Q} ;

i=1

and let
V={v;iveH(div;Q),v-9=0 on 9JQ}
and W = L%(Q),/{¢ = constant on Q}.
Assumptions (A)

(1) The external flow is smoothly distributed, and the coefficients
and domain are sufficiently regular as to allow a smooth solution
of the differential problem.

(ii) The functions a;(x,c), (¢ € [0, 1]) are bounded above and below
by positive constants and there exist a uniform positive constant
M such that | g(x,7) | + | Vz(x) | + | 10(x,¢) |< M; and the
matrix D should be uniformly positive-definite:

2

Y Dij(¢,u)&i&j > Do | & [*,& €R?,

=1

with Dy being independent of x and u.

(iii) g is Lipschitz continuous and the various bounds that are used
for the coefficients and their derivatives need hold only in a
neighborhood of the solution of the differential problem.

Let h = (h¢,hp), where he and h), are positive, and different in
general. Let M, =M, CH 1 (Q) be a standard finite element space of
index at least [ associated with a quasi-regular polygonalization 7},
of Q and having the following approximation and inverse hypotheses:

inf || 2=z ;i< MR || 2 )lie1,2€ HTHQ),  (a)
2 EM)

@
1z ln< MR [ 2 |, 1 Sm < I+ 1zp €My (D)

Suppose that Q is a polygonal domain. Let V;, x W}, be one of
the Raviart-Thomas spaces of index at least k associated with a
quasi-regular triangulation or quadrilateralization 7}, of € such that
the elements have diameters bounded by /,,.

SetV,={veV,:v.-0=0 on 0Q}
and W, =W, /{¢@ = constanton Q}.

The approximation properties of V;, x W), are given by the following
relations:

: k+1
anf v =i e MV leap 5T (@)
Vi

. k+1 .
St = <0 w ey 1 (@

inf (| v =y Iy <M{V e o + 11V a5 (6) - (5)

whenever the norms on the right-hand side are finite.
The weak form of (2) is defined by finding the map {c,u,p} :
[0,T] — H' x V x W such that

(@cr,2) + (u-Ve,z) + (D(u)Ve,Vz) = (g(c),z), z€H'(Q),0<t<T,(a)

A(ciu,v)+B(v,p) = (y(c),v), veV, 0<r<T, (0.1)
B(u7(P):_(Q7(P)7 (PGW-, 0<[<T7 (bz)
¢(0) = co, ()
(6)
where ¢(0) = ¢(x,0);D(u) =D(¢,u); ¢ = %; u-Ve € L2(Q),

A(0:00.B) = (g .8) = X (g7 B) = [ X g i

i=1 i=1

o,Bev, 6e€L”(Q),

B(oc,<p):—(V~oc,<p):—/QV-a<pdx, oew.

Following [1], we now give a general description of the correspond-
ing formulation of (6) when numerical integration is present.

In what follows let f be ¢ or p as appropriate, and s be [ or k as
appropriate.

Let T;, be a quasi-regular polygonalisation of the set Q with
elements (Kf,PKf,):K/) with diameters < /1.

The following assumptions shall be made

(i) The family (Ky,Pr, Y ), Ky € T, for all hy is a regular affine
family with a single reference finite element (If f,ﬁf, )jf)

(ii) 15f =P(K r), the set of polynomials of degree less than or equal
to s.

(iii) The family of triangulations or quadrilateralizations U Ty, sat-

hy

isfies an inverse hypothesis.

(iv) Each polygonalization Tj, is associated with a finite-
dimensional subspace M}, or V, or W}, of trial functions which
is contained in H'(Q)NC%(Q).

We now introduce a quadrature scheme over the reference set K A
Ly

typical integral |, X ¢ (%)d# is approximated by Z @y, 9(by, ), where
’ Ir=1

the points l;[f S K} and the numbers d),f >0, 1<Iy<Lyare

respectively the nodes and the weights of the quadrature.

Let F, : £ € Ky — x = Fx, (%) = By, £+ b, be the inversible affine

mapping from K + onto Ky with the Jacobian of Fk,, det(Bg,) > 0.

Any two functions ¢ and ¢ on Ky and K ar related as ¢ (x) = ¢ (£)

for all x = Fi, (£), £ € K.

The induced quadrature scheme over K is

S Ly
[ 9 =det(Bi,) /Kf $(R)di ~ z,.; o, 0(b1,,,),

with @, =det(Bg,)@,. and by, = Fx, (b)), 1<I5<
Lf.

Accordingly, we introduce the quadrature error functionals

Ex (9)= [ oL Y 0,90 ™
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/¢dw2w, ®)

lr=1
which are related by
Ex, (9) = det(Bk)E($). ©

The quadrature scheme is exact for the space of functions ¢, if
E() =0,v¢.

If the approximations for the concentration, the velocity and the
pressure are denoted by C,U and P, respectively, then using these
quadrature formulas, the continuous-time approximation procedure
of (6) is given by finding the map {C,U,P} : [0,T] — M}, x V;; x W},
such that

C(0) =co small: L?(Q)-or H' (Q)-projection of cg
into M), or some interpolation of cg into M),
(9Ci,2)n+ (U -VC,2)p + (DU)VC,V2);, = (8(C),2)ns ()

ZE€My, t€]0,T]
Ah(C;U,V)‘FBh(V,P) = (Y(C)vv)ha Ve Vh7 € [OvT}/(bl)
Bh(U>(P) = _(q7 (P)l’u (A Wl’u re [0>T]7 (b2)
(10)
where
CHIEEDY Z @y, (0B) (bry )
K,eTh/ =1
A(0:0,B) = (B = Y (o ai )
h\Y, W, - a(e) ) h*izzl a,-(@) iyPi)h
Lf 2
=Yy Y Oy, (XY( Ohﬁl )iy, )
KfeThflf 1 5w
Ly
By(a,9)=—(V-0,@)y=— Y, Zwlfk (V-a)(biy, )-
Ky€Ty, 1;=1

The analysis of the convergence of finite element methods will make
use of two useful projections.
Let the map {i, p} : [0,T] — Vj, X W}, be the projection of the pres-
sure solution {u, p} given by

A V) +B,P) = (e) V), VeV (@) a
B(i, ¢) =—(q,9), ¢ EW. ()
Then, by [6] , the map exists and (5) implies that
— i —p < i _ i _
=l +llp — Bllw <M jnf lu—vllv+ inf [}~ lw}
< M| pllg= (g ! (12)

where M depends only on uniform bounds for ;(c), but not on ¢
itself.

Next, let é: [0,T] — Mj, be the projection of ¢ given by
(D@)V(E ), V2) + 0),0) =

(u-V(@—c),z)+(A(c— 0,z € My,

13)
where A =1+g".

Then, at any point x € Q, decomposing V& into orthogonal compo-
nents @ and B, respectively parallel to u and orthogonal to u, and
using the assumption that d; > d;, by [6],

(D(M)V57V€)+(M'V§’é)"‘(lévé) = (¢'(dm+dt|”|)vévvé)+

(14)

<dEW)VE+dEVE VE >m=d;| o |> +d; | B |*>d; | VE *,

15)

lle el +helle =l < Mlleli1hets (16)
9 & I

I5; (e =2l < M{lellier +llerlliayaet (17)
where M depends on the L”-norm of u and u,; and the ellipticity
constant associated with dy, ¢ (x). There exists a constant M 6.9, 12]
such that
VAl = (=) + IVl = (=) + 1€l =y <M (18)

3. Lemmas

We point out that the general point of view in Ciarlet [1] for elliptic
problems has provided a guide line for our development here. In
what follows, let S;, denote M}, or V}, or W), as appropriate.

Lemma 3.1. /] Assume that, for some integer s > 1,
mazm@)

(ii) the union U {blf } contains a Ps (Ief)—unisolvent subset
Ir=1
and/or the quadrature scheme is exact for the space Py (K 1)

Then
My |wllp < [Iwll < Ma|[wllp,  wE Sy,
(w1, w2)ul SMwillpllwalle,  wi,w2 €S, where  |[w|* = (w,w)y

Lemma 3.2. U] Assume ge CO(Kf). Then for all wi,wy € Sy,
|Ex; (gwiw2)| < M8l =k ) w11l 2k W2l 22 )
where EK/ (+) is the quadrature error functional in (7).

Lemma 3.3. ¥ Assume that, for some integer s >
and that E(¢) =0, V¢ € Py (Kyp).

Then there exists a constant M independent of Ky € T, and hy such
that for any

geWIT(Ky),

1,2 = P(Ry)

geP(Ky),q € P(Ky),

|Ex; (8Gx,dx,)| < M &8 llwserooe) 1l ()1 1 i, )
where  hy g, = diam(Ky).
Lemma 3.4. ¥ Under the same hypotheses as in Lemma 3.3. Fur-

thermore assume that there exists a number qq satisfying s+1 > —

0
Then there exists a constant M independent of Ky € Tj,, and hy such
that for any § € W19 (K ) and any w € Ps(K),

_ 1
90

(SIE

|Ek, (8w)| < MK (meas(Ky))

e 8 llws+1a0 (i) Wl (i) -

(€.8),
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4. Error Estimates We now turn to the examination of the concentration equation.
Letn=c—¢& &=C—cand E(wywy) = (wy,wp) — (wi,w2)s.

Theorem. Let {c,u,p},{C,U,P},{ii,p},¢ satisfy (6), (10), (11)  Subtract (2.3a) from (2.7a), apply (13), set z = & and use the follow-

and (13), respectively. ing relation

Let f denote c or p as appropriate and s denote | or k as appropriate. 1d

Assume that (0&,8)n = 55((1)575);, to obtain

(i) Pr=Py(Ky),
Ly

(ii) thequadratureschemefkfﬁ(ﬁ)dﬁw Z (f)lf(ﬁ(i)lf),cf)lf is exact %di(q)é S+ (U-VE &)+ (DU)VE,VE)y = (91:,8) — (AN, )+
Ir=1
for the space Px(Ky) and/or exact]{or the space P2<s,1)(1€f), —((U—u)-Ve, &)= ((D(U)—D(u))VE VE)+E(¢&E) +E(U-VeS)+

Ly
and the union U { by f} contains a Py(Ky)-unisolvent subset.
b=l +E(D(U)VEVE) +E(g(C)8) = Y Ri. 21
Then, if C(0) is determined in such a way that () $)+E((C)%) Z ' @0
1 C(0) —&(0) | <M || co llis1 B! thenfor 1>1, k>0 First, we shall bound the left-hand side of (19). As in [6], it follows
e o ’ from Lemma 3.1 and (15) that

and h sufficiently small,

22
le = Cll=(z2(ay) + 1t = Ul =) + 1P = Pll=w) 2)

Using the argument of [6], it follows from Lemma 3.1 that

M[{I-Q-”CHLw(HH])(Q)+HCt|| )}hé+1+

r(E@ (U-VE.E)n= 3 (a8 £~ 3Balu—U.E~9), 9cW, and

k
+HpHLeo(Hk+3(Q))hp+l}'
q)lgf [(V-(u=U),8> =) [<Mhy, || V- (u=U) ||| V(%) [l (@)

, o SMhp{ | V- (=) o+ || V-(@=U) |« HIEN [ V(E) |
Proof. With (12) and (16) known, the convergence analysis will
have only to bound

<M{1+EIP}IEN? +€lVE]*.
U—i, P—p, and C-—c¢.

Thus
Let E(wiwa) = (wi,w2) — (Wi, w2)p. ) 2 2 2
We first consider the estimate of U — i and P — jp. Manipulation of I(U-VE,El <M{1+H§” }”5” +el Vel 23)
(2.3b), (2.7b) and (11) leads to Hence
(a)
3 (08 LN+ (U VEVE), + (DW)VEVE), > 5 (96,80t
ANCU = ,v) + By(v,P— B) = Alcst,v) — A(Cit,v)+ +({9(dn+di|U|) — €} VE,VE) —M{1 + [EP}IE] @4
Now, we need to bound the right-hand side of (21). By using (18),
we have
+(r1(€)—v(c) )+E(a( )ﬁV)+E(—V-Vﬁ)—E(Y(C)V), VeV,
19) [R1|+ |Ra| + |Rs| + [Rs| < M |||+ [|m | +
[ Velloolu = Ull 2@y + lle = CII]IE]
(b)  By(U—it,9) =E(q9) +E(-V-ip), ¢ €W, <M[Inell? + 01 + llu = Ul 72 + 1E1°]-

Existence and uniqueness of U and P can be proved Use[6] and (18) to see that

based on ideas of [13, 14]. Hence, as in [6], it follows from

assumptions (A), the quasi-regularity of the grid combined o ~
=|— - : < x —

with the bound (12) and Lemmas 3.1, 3.3 and 3.4 that [Ra| == ((D(U) = D(u))Ve, VE)| < M|Vel|o [l — Ull 2 @ VE

<M|u—UlZqp +£lVE|.

1T —dlly +[1P—pllw < M[(1+ |l lle—Cll+h" (|[allyyrs10 +BY Lemma 3.4 and (18)

2I+1)

[Re| = [E(9&&)| < MI &l 1§l < MR + e[}

HIplli1 + 17O lwrrao + lallyrra + V)

Observe that R = E(U - V&) = E((U —u) - V&) + E(u-Vek)
< M[ le—cC| Jrh£+l] (20) Thus, using Lemma 3.2 and (18), we see that

Ry| S M[||Vélleo+ U — ull 2 €I +RE ENNIE N
where the constant M depends only on constants in (A). d [H | | HL el Il |”

2(1+1
<M[|U ~ul?q z+|\é|\2+h< N+elel?

(O8Nt (DU)VE,VE), > 5 (98 )i+ (9dn+d, | UVEVE),

SM{|pllirshy +lle=CITIENIVE < M{1+[le—CIPHIE N + el VE (>
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Similar as in estimation of R7, we have

Ry = E(D(U)VEVE) = E(D(U) — D(u))VEVE) + E(D(u)VEVE)
<M||VE]wllU = ull 20 [ VEI + R VE]
MU —ull gy + 2] + 2| VE|2.
Note that
Ry =E(g(C)&) = E((3(C) — 8(¢))€) + E(8()&).
Thus, using Lemma 3.4 and (2.1b) to see that
[Ro| < MAIIE 141 + 1@ 1] I1E N
< MIE [he COE N+ 1@ e IE D
<MD 1P + el €.

Then, combine the above estimates |R;|, 1 <i <9, and use (12), (16),
(17) and (20) to obtain

9
2(1+1 2(k+1
YR <M{1+ el +lleelF 32 +l1pl2 it €12 +

i=1

+e||VE|? (25)
Then, (24) and (25) imply that

908,80+ (91w +aU]) — €} VE V)

1
2

2(1+1
<ML+ EIPHIEN? + {1+ llelPey + el 320+

2(k+1
HIplE sy 1€ 26)

where M depends on certain lower norms of the solution of the
differential problem but not on the solution of the approximation
problem.

Make the induction hypothesis that

1€ll=(2(0)) < 1; 27)

certainly, for any reasonable choice of the initial condition (27)
holds for t = 0. Thus (27) will hold for r < 7}, for some 7}, > 0; we
shall show for i = (hc,h),) sufficiently small that 7;, = T and that
convergence will take place asymptotically at an optimal rate.
Integrate (26) in time and assume that

IE(O)]| < Mllcollp1hEH! (28)

Then, it follows from (26), (27) and Gronwall’s Lemma that
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! ! 2(14+1 ! 2(k+1
1812 <M1+ [ elide+ [ aldebid s [l sams ™ + g )P,

(29)
thus, use (28) to obtain

1€ 11 2=(z2(0) <M {1+ llollF 1+ llell g ) + ez e ) Y 1Pl 2 @) iy -

(30)

To complete the argument, note that (30) implies that the induction
hypothesis (27) holds for small &.

Therefore use (30) with the inequalities (12),(16), (20) and the trian-
gle inequality to obtain

lle = Cllz=@2()) + lu = Ullz=vy + |p = Pllz=(w)

<M {0 llelim e ) + el @ Ve + 1Pl e o ™

O

€1V
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