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Abstract

In this paper, we present the generalization of contractive type mappings in the setting of cone metric spaces.
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1 Introduction

Recently, many authors have established and extended different types of contractive mappings in cone metric spaces,
see for instance [1],[4],[5],[61,[8].[9] and [10]. The author [4] proved fixed point theorems for generalized contractive
mappings on cone metric spaces.

We obtained the generalization of results in [1,3,4].

2 Preliminaries

Definition 2.1 : Let (E, t) be a topological vector space and P c E. Then P is called a cone whenever
i) P is closed, non-empty and P # {0};

i) ax + by € P for all x,y € P and non-negative real numbers a, b;

iii) x€EPand —xeP=>x=0 Pn(-P) ={0}.

Given a cone P c E, a partial ordering is defined as < with respect to P by x <y if and only if y—x€P. 1tis
denoted as x «< y will stand for y — x € int P, where int P denotes the interior of P.

Definition 2.2 [1]: Let X be a non-empty set, a mapping d:X x X — E is called cone metric on X if the following
conditions are satisfied:

(i) 0<d(x,y)forall x,y € X,and d(x,y) = 0 ifand only if x = y;

(i) d(x,y) =d(y,x) forall x,y € X;

(iii) d(x,y) <d(x,z) +d(z,y) forall x,y,z € X;

From now on, we assume that E is a normed space, P is a cone in E with int (P) # @ and < is a partial ordering with
respect to P, and (X, d) is called cone metric space.

Definition 2.3 [1]: Let (X, d) be a cone metric space and {x,,} be a sequence of points of X. Then

(M {x,} converges to x € X and denoted by lim,,_,,, x, = x or x,, = x, if for any ¢ € int (P), there exists N such
that for all n > N,d(xnlx) K c.
(i) {x,} is called Cauchy if for every ¢ € int (P), there exists N such that for all n,m > N, d (x, x,,,) < c.

(iii) (X, d) is complete if every Cauchy sequence in X is convergent.

Definition 2.4 [4]: A function F: P — P is called « - increasing if, for each x,y € P;x « y if and only if f(x) «
f).
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Let F: P — P be a function such that

(F1) F(t) =0ifandonly if t = 0;

(F2) Fis « — increasing;

(F3) F is surjective.

We denote by Y (P, P) the family of functions satisfying (F1), (F2) and (F3).

Lemma 2.5 [8]: Let E be a topological vector space. If c,eE and c, — 0, then for each c € int (P) there exists N such
that ¢,, « c for all n>N.

3 Main results
Theorem 3.1: Let (X, d) be a complete cone metric space. Suppose that mappings T, T,: X — X satisfy
F(d(Tyx,T;y)) < k{F(d(x, T1x) + d(y, T,3))} 3.2)

Forall x,y € X; where k € [0%) and F € Y(P, P) such that
(1) F is sub-additive;
(2) if, for {c,} c P,lim,_F(c,) = 0 then lim,_ ¢, = 0.

Then T, and T, have a unique common fixed in X. For each x € X, the iterate sequences {T2"*1x} and {T#"*%x} are
converge to the common fixed point.

Proof: Let x, be an arbitrary point in X. Define the sequences,

Xoni1 = TiXon = T{™x, And

Xoniz = ToXons1 = T3 2%,

Forall n € N.

From (3.1), we have

F(d(X2n41,%20)) = F(d(Ty X0, T2Xon-1))
< k{F (d(x2n,T1x2n) + d(xZn—l,TZxZn—l))}
= k{F (d(xZn,x2n+1) + d(x2n—1,x2n))} < kF (d(x2n+1,x2n)) + kF(d(XZn,XZn—1))
Which implies
F(d(xXz2n+1, X21)) < hF(d(x2n, X2n-1)) foralln € N
Where h = —— .

-k
Hence '
F(d(xan41, X2n)) < RF(d(x2n, Xan-1)) < h2F(d(Xan_1,X2n-2)) v wov vee vee weee < REVF(d (21, %,)).

We now show that {x,,} is a Cauchy sequence in X. For m > n we have

From F(d(xzn, X2m)) < F(d(X20, X2n4+1) + A(Xapi1, Xone2) + — — — — d(Xpm—1,X2m))
<F (d(xZn,x2n+1)) + F(d(x2n+1:x2n+2)) +— — — = +F([d(x2m-1,%2m))
< k?"F(d(xy,x,)) + k2" F(d(xy,x0)) + — — — — — + k2™ 1F (d(xq, X))

2m
< I;_—kF(d(xl, Xy)) = 0.

Hence limy, ;00 d (X210, X2,) = 0 by (2). By Lemma 2.5, {x,,} is a Cauchy sequence in X. Since X is complete, there
exists z € X such that lim,,_,, x5, = z.
Let ¢ € int (P) be given. Choose N € N such that

_1 (c(1-K)
d(Xzn41,X2n) K F71 (C(T) and

d(xyp,2) K F71 (@) foralln > N.
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By (F2) and (F3),
F(d(xzn41,%20)) K C(;k)
F(d(xzn,2)) « T2 foralln > N.
Then we have
F(d(Tyz,2)) < F(d(Tyz, TyX2n) + d(T1x2p, 7)) < k{F(d(2,T12) + d(x2p, T1X20) )} + F(d(T1x2n,Z))
= k{F(d(z,T1z) + d(X2p, X2n+1) )} + F(d(x2n+1,z))

and

Hence we have
F(d(Ty2,2)) < == F(d(anar, Xon)) + 7 F(d(x2n41,2)) K5+ =c.
Thus, F(d(Tyz,2)) < %for alln € N, and so % — F(d(Tyz,2)) € P. Since% — 0and P is closed, —F(d(T,z,z)) € P.
Hence F(d(T,z,z)) = 0.
By (F1),d(T,z,z) =0andso z = T,z
Assume that u is another fixed point of T;.
Then from (3.1) we have

F(d(z,w) = F(d(Tyz, Tyw)) < k{F(d(z,T,z) + d(u, T;u))}

= k{F(d(z,2) + d(w,u))} = 0.

Hence F(d(z,u)) € —P, and hence F(d(z,u)) = 0.

By (F1),d(z,u) = 0,and so z = u.
Therefore, T; has a unique fixed point in X.
Similarly, it can be established that z = T, z, thatisz = Ty z = T, z.
Thus z is the unique common fixed point of T; and T5.

Theorem 3.2: Let (X,d) be a complete cone metric space. Suppose that mappings T;, T,: X — X satisfy
F(d(Tyx, Toy)) < k{F(d(y,T1x) + d(x, Toy))} (3.2)

Forall x,y € X; where k € [0%) and F € Y(P, P) such that
(1) F is sub-additive;
(2) if, for {c,} c P,lim,,_,,F(c,) = 0thenlim,_ c, = 0.

Then T, and T, have a unique common fixed in X. For each x € X, the iterative sequences {T2"*'x} and {T#"*%x} are
converge to the common fixed point.
Proof: Let x, be an arbitrary point in X. Define the sequences,

— — T2n+1
Xont1 = T1Xon = T4 nz xg and
— — +
Xon+z = ToXonsr =157,
Forall n € N.
From (3.2), we have

F(d(X2n41,%20)) = F(d(TyX20, T2X2n-1)) < k{F (d(xZn—l,Tlen) + d(XZn,TZxZn—l))}
= k{F (d(xZn—l,x2n+1) + d(xZn,xZn))} < kF (d(x2n—1,x2n)) + kF(d(xZn,x2n+1))
Which implies
F(d(x2n+1,X2n)) < hF(d(x3p, X2p—1)) foralln € N,
Where h = ——

-k
Hence '
F(d(x2n+1'x2n)) < hF(d(xZnﬂxZn—l)) < th(d(xzn—pxm—z)) S han(d(xon)).

As in proof of Theorem 3.1, {x,,} is a Cauchy sequence in X. Since X is complete, there exists z € X such that
lim,_ Xonp = Z.
Let ¢ € int (P) be given. Choose N € N such that

d(xn,z) <« F71 (@) foralln > N.
By (F2) and (F3),

F(d(x2p,2)) < @for alln>N.

Then we have
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F(d(Tyz,2)) < F(d(T,2,Tyxan—1) + d(T2X2p-1,2)) < k{F(d (X251, T12) + d(2, T3X3,-1))} +F(d(T2x2n—1,Z))
= k{F (d(x2n-1,T12) + d(2,%,,))} + F(d(x21,2)) < k{F (d(x2n-1,2) + d(2,T12) + d(z, %))} + F(d(x31,2))
F(d(Ty2,2)) < 7 {F(d(zn-1,2) + d(2,220))} + = F(d(3z0,2)) K S+Z+Z=c.

As in proof of Theorem 3.1, we have - F(d(T,z,z)) € P, and so F(d(T,z,z)) = 0. By (F1), d(T,z,z) = 0. Hence
T,z = z.
Suppose that u is another fixed point of T; such that u # z.
Then from (3.2) we have
F(d(z,w) = F(d(Tyz, T,w)) < k{F(d(u, T,z) + d(z, Tyu))}
= k{F(d(u,2) + d(z,u)) } < 2kF(d(u,2)) < F(d(u,2))

which is contradiction. Therefore, T, has a unique fixed point in X.

Similarly, it can be established that z = T,z. Hence T,z =z = T,z. Thus z is the unique common fixed point of
T, and T,.

Theorem 3.3: Let (X,d) be a complete cone metric space. Suppose that mappings T;, T,: X — X satisfy
F(d(Tyx,T,y)) < kF(d(X. y)) + IF(d(x, Tz)’)) (3.3)

For all x,y € X; where k,l € [0,1) and F € Y(P, P) such that
(1) F is sub-additive;
2 if, for {c,} c P,lim,,,,F(c,) = 0thenlim,_ c, = 0.

Then T, and T, have a common fixed point in X. For each x € X, the iterative sequences {T2"*1x} and {T#"*2x} are
converge to the common fixed point.

Moreover, if k + 1 < 1 then T;and T, have a unique common fixed point in X.

Proof: Let x, be an arbitrary point in X. Define the sequences,

Xons1 = TiXam = T{™x, and

Xonsz = ToXoner = T32%,

Forall n € N.

From (3.3), we have

F(d(xzn41,%2n)) = F(d(TyXan, ToXon-1)) < kF (d(xzn,xZn—l)) + lF(d(XZn,TZxZn—l))

= kF (d(Xzn,X2n-1)) + IF(d(X20,X3n) ) < KF (d(Xo,n-1))

Thus we obtain

F(d(X3n41,X20)) < kF(d(x3n, X35—1)) foralln € N,

Hence
F(d(x2n41,%20)) < kF(d (X2, Xan-1)) < k*F(d(X2n-1, X2n-2))-- .- < k*F(d(x1,%,)).

As in proof of Theorem 3.1, {x,,} is a Cauchy sequence in X. Since X is complete, there exists z € X such that
lim, 0 Xon = Z.

Let ¢ € int (P) be given. Choose N € N such that d(x,,_q,2) < F‘lg for all n>N. By (F2) and (F3),
F(d(x3n_1,2)) < § foralln > N.

Thus, for all n > N, we obtain

F(d(z,T,2)) < F(d(z,x5p_1) + d(x3p_1,T12)) < F(d(2,x35-1)) + F(d(Tlen—z,le))
< F(d(2,%2n-1)) + kF (d(x2n-2,2)) + IF (d(2, TyX3p-2))
= F(d(z,%n-1)) + kF (d(x30-2,2)) + IF(d(2, X2n-1)) < §+ g + § =c.
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As in proof of Theorem 3.1, we have T;z = z. Suppose that u is another fixed point of T; Then from (3.3) we have

F(d(z,w) = F(d(Tyz, Tyu)) < kF(d(z,w)) + IF(d(z, Tyw))
= kF(d(z,w)) + IF(d(z,w))
=(k + l)F(d(u, Z)).
Thus (k +1—1) F(d(u,z)) €P. Since0< k+1< 1,
(k+1—1) F(d(u,z)) € —P. Hence, F(d(u,z)) = 0. By (F1),d(z,u) =0, and so z = u.
Therefore, T, has a unique fixed point in X. Similarly it can be established that z = T, z. Thus z is the unique common
fixed point of T,and T5.

4  Conclusion

Many fixed point theorems have been established in metric spaces or in the setting of topological spaces. In this work
attempt has been made to extend such results in cone metric spaces with different type of contractive conditions.
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