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Abstract

In this paper, the Adomian decomposition method is used to construct the solution of integral equations and the choice
of the first term of the series solution in the algorithm of Adomian is different of the usual one.
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1 Introduction

The Adomian decomposition method (ADM) is useful to get the solutions of various kinds of problems of ODEs and
PDEs [1]-[11]. Here, we use ADM, to investigate the nonlinear integral equations. We construct the series solutions,
but the choice of his first term is different of usual procedure.

2 About Volterra and Fredholm integral equations

An integral equation is equation of the following form:

ﬂ(x)u(x):_‘.k(x,t)g(u(t))dt+f (x) (1)
G

Where g (u) and f (x )are given functions; K (x,t)the kernel of the integral equation; and u(x ) the unknown

function in a certain domainG c R".

Remark-1: If ﬂ(x):o, vx €G, (1) is an equation of this kind. Ifﬂ(x):&O,Vx eG, (1) is an equation of second
kind. If 2(x)=0inacertain subset D of G, (1) is an equation of third kind.

2.1 Classification of integral equations

A Fredholm integral equation of the first kind has the following form:
b
jk (x.t)g(u(t))dt =f (x)
a @)
a<x <h;ac<t<b

or
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!k(x,t,u(t))dt =f (x) ®)

a<x <b;ac<t<b

A Fredholm integral equation of second kind has the following form:

u(x)=f (x)+ﬂjk(x,t)g(u(t))dt @

{u(x): ()+2[ K (x 4 t))de )

A Volterra integral equation of the first kind has the following form:

{f:k(x,t)g(u (t))dt = (x) ©)

a<x <b,t<x

or

{j:k(x,t,u(t))dt —f (x) @

a<x <b,t<x

A Volterra integral equation of the second kind has the following form:

{uix)i(:):zj:k(x,t)g(u (t))dt @
{uix):;(i():ij:k(x,t,u(t))dt -

Remark-2: The Volterra integral equation can be considered like a Fredholm integral equation where
k(x,t)=0,vt >x.

3 The Adomian decomposition method
Suppose that we need to solve the following equation:
Au =f (10)

In a real Hilbert space H, where A:H — H isa linear or a nonlinear operator, f H and u is the unknown function.
The principle of the ADM is based on the decomposition of the nonlinear operator A in the following form:
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A=L+R+N

where L +R is linear, N nonlinear, L invertible with L™ as inverse. Using that decomposition, equation (10) is
equivalent to

u=60+Lf —L'Ru—-L"Nu (11)

Where 0 verifies LO=0.(11) is called the Adomian’s fundamental equation or Adomian’s canonical form. We look

-0 +x
for the solution of (10) in a series expansion form u =Zun and we consider Nu =2An where A are special
n=0 n=0

polynomials of variables u,u,,...,u, called Adomian polynomials and defined by [1], [2], [3], [4]:

A= 9 IN[S || =012,
ntdA" = o

Where A is a parameter used by “convenience” and we obtain:

iun =0+L7'f -L'R (iunj—LlN (EAJ 12)
n=0 n=0 n=0

We suppose that the series Zun and ZAn are convergent, and obtain by identification the Adomian algorithm:
n=0

= n=0

Uy =0+L7'f

u, = -L7R (uy) - LA, 13

u,,=-L"Ru,-L"A ;n>0

In practice, it is often difficult to calculate all the terms of an Adomian series, so we approach the series solution by the
n
truncated series: ¢, = Zu . Where the choice of n depends on error requirements. It this series converges, the solution

i=0

of (10) is:

n—+x0

u=lim (Zn:uij (14)

3.1 Application of the ADM to the integral equations
3.1.1 The Adomian algorithm for nonlinear Fredholm integral equation of the second kind

Let’s consider the following equation:
b

u(x)=f (x)+A[k(x.t)g(u(t))dt (15)

wheref ,g and k are given functions; and u the unknown function. Let’s put
b
Au =u(x)—ijk(x,t)g (u(t))dt (16)

a

and we obtain :
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Au =f

We suppose that g is nonlinear, we denote Nu =g (u ) (17) can be rewritten in the following form:

Au=f (x)
=Lu —xlj'k (x,t)N (u (t))dt

a

Where L is the operator identifying. From (18), we have:
b

Lu=f (x)+A[k (x,t)N (u(t))dt

a

From (19) we have:

u=L7" (x)+L‘1[/1]:k (x,t)N (u (t))dtJ

=f (x)+A[k (N (u(t))dt

a

We suppose that the solution of (15) has the following form:

n=0
and
Nu :iAn
n=0

From (20), we have:

S, -1 8 [ na

n=0\_ 3

and we obtain the following Adomian algorithm:

191

(17

(18)

(19)

(20)

1)

(22)

(23)

(24)

Remark-3: If in (24), one replaces b by x , we obtain the Adomian algorithm for nonlinear Volterra integral equation

of second kind.
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3.1.2 The Adomian algorithm for nonlinear Fredholm equation of first kind

Let’s consider the following equation:

Ik(x,t)g(u(t))dt:f(x)
as<x<bja<t<b

Remark-4: The equation (25) can be considered like Volterra or Fredholm integral equation. Let’s make the following
transformation:

:[k(x,t)g (u(t))dt=g (u(x))_:fk(x,t)dt +ik(x,t)[g (u(t))-g(u (x))}dt (26)
We denote
h(x):ik(x,t)dt 27)

h(x)g(u(x))=f(x)+[k(xt)[g(u(x))-g(u(t)) it 28)
We denote

v(t)=g(u(t)) (29)

From (28), we have:

h(x)v(x)= f (x)+j‘k(x,t)[v(x)—v(t)]dt

(30)

We suppose thath(x) = 0, and we obtain:

v(x)= h((XX)Mﬁ k(% )[v(x)-v(t)]dt 31)

D —y T

(31) is an integral equation of second kind in relation tov (x ) . So we can get v (x) and u(x)=g ' (x)) .

3.1.3 The Adomian integral equation for linear integral equation of second kind

Let’s consider the following equation:

u(x)=f (x)+/1't|)‘k(x,t)u(t)dt

as<x<bha<t<b

(32)

Remark-5: The equation (32) can be considered like a Volterra or Fredholm equation. We suppose that the solution of
(32) has the following form:
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Taking (33) in (32), we have:

2un = f (x)wiijk(x,t)un (t)dt

and we obtain the following Adomian algorithm:

Uo(x)= f (X)

b

ul(x)=/1.[k(x,t)uo(t)dt

a

b

urHl(x):/iJ'k(x,t)un (t)dt;n>0

a

3.1.4 The Adomian Algorithm for linear Fredholm equation of the first kind

Let’s consider the following equation:

ik(x,t)u(t)dt

a<x<h a<t<b

Remark-6: The equation (35) can be considered like a VVolterra equation or Fredholm integral equation.

Let’s make the following transformation:

b b b

a a

We denote:

h(x)zj.k(x,t)dt

Taking (37) in to (36), we can rewrite (35) in the following form:

h(x)u(x)= f (x)+ik(x,t)[u(x)—u(t)]dt

We suppose that h(x) # 0, and we obtain:

(0, 1
u(x)= h(x)+®

D —— T

k(xt)[u(x)-u(t)]dt

.[k(x,t)u(t)dt :u(x)jk(x,t)dt +_£k(x,t)[u(t)—u(x)]dt

193

(33)

(34)

(3%)

(36)

@37)

(38)

(39)
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(39) is an integral equation of second king in relation to U ().

4  Application’s examples

Examplel:

Let’s consider the following nonlinear Volterra integral equation of second kind
. 1. 1. 17
u(x)=smx+—sm(2x)——x+—ju2(t)dt (40)
8 47" 24
Let’s use the Adomian method. We suppose that the solution of (40) has the following form:

u(x) =2 u,(x) (41)

n=0
And
Nu=u?(t)=3 A (t) (42)
n=0
From (41) and (42) we have:
& o1 1. 1t
> u, =sin x+—sm(2x)——x+—jZA1(t)dt 43)
n=0 8 4 2 a n=0

. 1. 1
According to the standard Adomian algorithm (24), we need to choose U, (X)=sin X+§S|n (2x) 7 X. Here we

choose U, (X) =SiNn X, so we have the following Adomian algorithm:

Uy (X) =sinx
(x) = sin(26) - xSy () @)
u, (x) =%.X[A]l(t)dt;Vn >2

0

We obtain:
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A, =g

A = 2u4u,

A, =2u,u, +u’

A, =2u,u, +2u,u,

A, = 2u,U, +2u,u, + U’ (45)
A =2u,U, +2u,U, + 2U,U,

A, = 2U,U, + 2U,U, + 2U,U, + U

A, =2u,U, + 2u,u, + 2u,U; + 2U,U,

Uy (X) =sinx

ul(x):%sin(ZX)—%XJr%Isinz(t)dt:O (46)
0

A =0,vn>1=u,=0,vn>1

So the solution of (40) is:

u(x)=iun(x)=sinx (47)

n=0

Remark-7: The ADM gives us the exact solution, but we need to make a good choice of the first term of series
solution.

Example2:

Let’s consider the following nonlinear Fredholm integral of second kind:

o 1 10
=X"——+=[tu"(t)dt 8
u(x)=x 12+20u() (48)

Let’s use the ADM. We suppose that:

u(x)=2> u,(x) (49)

Nu=u?(t)=>_A(t) (50)

(48) - (50) give us:

+00 B 2_i EX +00
nz:(;un(x)_x 12+2£t§An(t)dt (51)

According to the standard Adomian algorithm (24), we have:
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! (52)

Which yields
1
_y2_ _—
Up(x)=x o
37
%)= 576
185
UZ(X)_13824
0y (x) = 5069
3 1327104
0, (x) = 39035
N 31850496

So the approached solution of (48) is:

Unp (X ) =ug (x )+uy (X )+U, (X )+ug (X )+...
, 21325
X224
31850496
~x?-0.00067 +...

(33)

Let’s make another choice (a good choice) of the first term u, of the series solution. We use the following Adomian
algorithm;

Uy (X )=——+=[tA (t)dt (54

1
u (x):%J‘tAH(t)dt;Vn >2
0

We obtain:

{uo(x):x2
(55)
u,(x)=0;vn=>1

The solution of (48) is:
U(X )= U, (X) =X =g (%) (56)

Conclusion: We see that |uAp (X)) =Ugyeee (X )| =0.00067 ~ 0. We remark that the standard Adomian decomposition

method approaches enough well the exact solution. We remark too, the ADM gives us the exact solution, through a
good choice of the first term of series solution.
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Example 3;

Let’s consider the following nonlinear Fredholm-Volterra integro-differential equation:

dud_g(x):f (x)-2xu (x)+1(x +t)u (t)dt +i(x —t)u (t)dt
u(0)=1
Where

2

f(x)=|-=x 1 1) +(2x +1)e* + 4 elx+8
3 9 3 9

Let’s use the ADM.

From (57), we have:

u(x)=u (O)+£f (s)ds —ZIsu (s)ds +I@(s +t)u(t )dtst +1.U;(s —t)u (t )dtst

0

We suppose that the solution of equation (57) has the following form:

Nu=u®(t)=> A, (t)

n=0

From (59)-(61) we have:

According to the standard Adomian algorithm (24), we must take:

2 8 17

U, = _2y 1 1) +(2x —1)e* + 2_Lole 8 Y
9 9 3 2 9 9

Here we make another choice of u,, and use the following Adomian algorithm:

197

(67)

(58)

(59)

(60)

(61)

(62)

(63)
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Up(x)=e"
2 1) ., L (21 8 17

ul(x):(—gx +§Je3 +(2x —2)e +(§—Eejx Xty (64)
X X (s x (1

un(x):—zjsu ds+j[.[s+t o dtjds+IUst aa dtst vn > 2
0 0 0\o0

Where

A, =l

A :3u

A, =3uu +aJu

A, =u 3+6uuu , +3ulu,

2
A, =3ulu, +3uuZ +6uu,u, +3ulu,

— 2 2 2
A, =3U U, +6ugu,u, +3u,U; +6UuLU, 43U,

A, =3u2u, +6uu,u, +6Uuu, +6uu,u, +us +3uuZ+3ulu,
We obtain:
ul(x):(—zx +1je3X +(2x —2)e” +(
9 9
2jsu s)ds +J(j s+t)A (t)dt}ds +J
0 0

So, we get:

ul(x)z(—gx +%je3x +(2x —2)e” —Zfsesds +[§—%ejx2+
8 17 X S X S

3 +?+I[£(s +t)e3tdtjds +j(£ s—t)e dt}

0

u, (x) =2 su, ds+]@s+t }1 j(j(s ) ()dt}is:
and we can easily get :

{An (x)=0;vn=>1 (©5)

u, (x)=0;vn>1

So the solution of (57) is:

u(x)=>u,(x)=e (66)



International Journal of Applied Mathematical Research 199

5 Conclusion

In this paper we showed that the Adomian decomposition method is useful so solve the integral equations. In some
cases, this method gives us the exact solution. However, the choice of the first term in the algorithm of Adomian is not
standard; this choice is sometimes determinant for the convergence of the approached solution to the exact solution.
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