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Abstract

In this paper, a numerical method for solving Linear-quadratic optimal control problems (LQPs) is presented. A method
is provided for approximating the system dynamics, boundary conditions, and the performance index. The control and
state variables are approximated by Legendre orthogonal polynomials. The method is based on using orthogonality of
Legendre polynomials to get rid of the integration of the performance index. The problem is then reduced to a
constrained optimization problem which is solved by Genetic Algorithms (GAs). Numerical results and comparisons are
given at the end of this paper.
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1 Introduction

Optimal control problems (OCPs) pose many problems in engineering which have a large number of applications in
many different fields, e.g., mechanical system [2], automotive vehicle design [8] and manufacturing process [6]. Linear-
quadratic optimal control problems (LQPs) are a class of OCPs and there is an extensive literature about them [11]. The
general characterizations of their solutions and useful numerical algorithms to compute them are now available,
allowing models with fairly large state spaces, complicated dynamic linkages, and a range of alternative informational
assumptions to be handled [5]. In the current study, a review of many papers which give methods for solving LQPs is
provided. For example, spectral method [10], time-domain decomposition iterative method [7], and Bézier control
points [4]. On the other hand, a substantial literature has discussed the useful notion of orthonormal polynomials such as
the use of Legendre polynomials which we have recently dealt with to looking for formulas of Gaussian quadrature.
The aim of this paper is to present a new algorithm for solving LQPs. The proposed algorithm is based on reducing the
given OCP to a constrained optimization problem which can be solved by using GAs. This technique aims to use the
orthogonal property for Legendre polynomial to eliminate the integration in the performance index without using
operational matrix of integration. In order to eliminate the integral operations, the algorithm expands the solution of
state x(t) variable and control variable u(t) by a finite series of Legendre polynomials up to degree N.

The main advantage for using a Legendre series is the equation error decreases very fast with increasing approximation
degree N [14]. Thus, by using few terms of these series, the L,-norm of the equation error will presumably become very
small.

Our problem is described in R by the dynamical linear system:

x(t) = a(®)x(®) + b(Ou(t), te€ [to,tr](1) M

The boundary conditions are:
x(ty) = xo,x(tf) = Xr 2
The performance measure to be minimized is:

J = [la@®x*® + r(Ou?©)]dt @3)
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where (t) = 0, r(t) > 0.

Essentially, the LQP formulation (1)-(3) translates the difficulty of the classical control problems, where specifications
are typically given in terms of settling times, stability and phase margins, into the choice of the coefficients of the cost
matrices. The cost matrix coefficients are approximated in this example, by depending on the observed performance,
which is based on Legendre polynomials. Once these matrices are chosen, the approximation of the performance J is
free of integration. In practice, GA procedure is typically followed where the properties of the synthesized LQPs are
approximated with respect to the given coefficients.

The organization of this paper is as follows: In section 2, we describe the basic formulation of the quadrature and
Legendre orthogonal polynomials. In section 3, the Legendre coefficients method for LQPs is presented. We analyze
the error upper bounds of the method in section 4. In section 5, GA is presented to solve the resulted optimization
problem. Numerical examples are presented in section 6. Finally, conclusions are submitted in section 7.

2 Quadrature and Legendre orthogonal polynomials
In this section, some results concerning the Legendre polynomials are introduced. Consider the Legendre Gauss—Lobito
(LGL) node points. There is no need for additional nodes with LGL since the endpoint —1 and +1 are collocation points.
Thatis, to=—-1<t; <. <ty=1,forty=—1,ty =—1andt, € (-1,1),k = 1,.. ,N — 1 are the zeros of B,(t),
where B, (t), is the derivative of the nth order Legendre polynomial P, (t), i.e.

{t: (1 —tHP,(t) =0,i =0,1,...,N},

where (1 — t2)Py11(£) = (n + 1(P,(£) — tPry1 (D).
The three terms of recursive formula are:

2n+1 n
Pn+1(t) = n—+1t Pn(t) - n—HPn_l(t), n=12,..

with initials P,(t) = 1 and P;(t) = t. The orthogonality condition is

1 2 .
T Lo

f&aﬁxﬂm= ‘

-t 0 , i#j.

Suppose that H = L2[0,1] and {P,, P,, ..., P,} € H,m € N U {0}, be the set of Legendre polynomial,
Y =span{P,, Py, ..., B},

and f be an arbitrary element in H. Since Y is a finite-dimensional vector space, f has the unique best approximation
out of Y such that for every y € Y there exist y, € Y;

If = yollz < IIf =yl

where |[fll, =< f.f >.

On the other hand, for f(t) € Y, there exist unique coefficients c;, j = 0, ..., m such that

f®) =ZTLociPi(6) = CT, ©)
where 3 = [Py(t), Py (t), ..., B, (t)]" and the coefficients c; are given by
g =22 fOP®d, j=12,..,m ®)

Now, consider the following assumptions to obtain error estimates:
(i) The function K is Lipschitz with respect to x with Lipschitz constant L, ,
ie.
IK(E, xq,u) — K(&, %0, W < Lg, 1% — x2]l, (7
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forevery x;,x, EX,YVueUandVte[-11].
(i) The function u(t): [-1,1]— U is satisfied in a Lipschitz condition with Lipschitz constant L,

lu(ty) —ut)l < Lylty — 6,1,V &, 8, € [-1,1] )
(iii) The function K is jointly Lipchitz with respect to x and u, with Lipschitz constant Ly, . i.e.,

1K (E, %0, uy) — K(& x5, up) |l < ka,u{"x1 = x|l + lluy —ull}, ©)
forvx,,x, eX,YvueUandVvte[-11].

(iv) Let
max {||

ak(;f'u)” XEXu€EUteE [—1,1]} =K,. (10)

Suppose that the set X of relevant values of x(t) is defined as follows:
Xret = {x € RY; [[x]| < My}
where
max{ |[K(t,x,w)|,x € X,u € U,t € [-1,1]} = My.

The set of X,..; relevant values of x(t)is described generally in [1].

The Legendre coefficients method used in the next section consists of reducing the given LQPs to a set of algebraic
equations. We expand the state x(t) and control u(t) variables with the Legendre orthonormal polynomials basis with
unknown coefficients. At this moment, the performance index (3) and dynamical system (1) will be in terms of the
unknown coefficients.

3 Legendre coefficients method for LQP

Consider LQP in equations (1)-(3). The state and control variables have been expand by the Legendre basis y(t),
respectively, as follows:

Dx(t) = CTP(t), (11)

x(t) = CTY(1), (12)

u(t) = UT(t), (13)
where

C" = [cg, €1y e Cml, (14)

UT = [ug, Uy, ..., Uy, (15)

Also by using (5) and (6), we approximated the functions a(t), b(t), q(t) and r(t) by the Legendre basis as follows:
a(t) =A"Y(®), b() =B"P()
q(t) = Q"P(t), r(t) =R"P(t)

where
AT = [ao, all ey am]: BT = [bO' bl' LAl bm]' (16)
QT = [qO: qli ey qm]; RT = [r()' rl' ""Tm]l (17)
with, ' .
;=221 a@Pdt, by =221 b0, (18)
g, =22 aPtdt, 1 =2= [ r(OP0adt, (19)

forj=0,1,..,m
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By using equations (11), (12) and (17), the performance index J can be approximated as:

Jn = L2 L@TY®))CTP(OP(E)C + (RTHOIUT YY) U]dt. (20)
The dynamical system (1) is also approximated as follows:
CT"p — ATPYP"C — BTYyp U = 0. (21)
The main reason for the use of Legendre orthogonal expansions is that it results in the simplification of the cost function
J, this is due to the fact that the integral of the multiplication of non-identical orthogonal terms is zero.
In the following three cases, we studied the integral elimination of performance index:
Case 1: If q(t) = r(t) = a (a is constant), then the performance index (3) takes the form:
N
2
= 2 42
In —azozj_l_l[c] + us]
j=

where Jy is approximated value of performance index ] due to the approximation of the state and control variables by
N™ order Legendre polynomials.

Case 2: If q(t) =t and r(t) = a, then the objective function (3) takes the form

N N N
In zzzcicfm1+“22 1Y
i=0 j=0 Jj=0
where
1
W = ftPP dt = 26
b T Qi+ DR+
-1
and

6 =1qi+1 ,j>ili—jl=1
0 ,otherwise

Case 3: If q(t) = t? and r(t) = a then the objective function (3) takes the form:

N N N 2
]N= : ZCLC]ELJ+(X22]+1%2]
=0 j=0 Jj=0
where
1
Eij = JtZPin dt = 2611
-1
and

JG+1
(42 - 1D(2j +3)

Ji> i li—jl =2

1 (i+1)2 i? L
- - + 1=
i+1D?|2i+3 2i—-1
i(i+1)
(42 — 1)(2i + 3)

0 ,otherwise
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The algorithm that solves the LQP in equations (1)—(3) is shown in Table 1.

4 Error estimation
We denote the error in x(t) by e = [|x — x,,,]l.
4.1 Error estimation for the derivative of Legendre polynomial

The calculated error of the derivatives of Legendre polynomials can be obtained as follows: [12]

, i (i + k) 2L (3 4m)
leo, S(2‘+1)kz=1|(i—k)!k!(k—1)!|< N
0<i<m.

where e, is the upper bound error for of the differentiation matrix D in terms of Gram determinant G(t* 1, Py, ..., B).

3.

1
2
) G(tk_l,Po, ---va)v

4.2 Error estimation in the dynamic system
Assume ([—1,11,]| . [|) to be the space of all continuous functions with the norm:
If @Ol = max|f(©) vt € [-1,1].
Let
max{|[|K (ty, Xm, Um) — K(t2, X, W, X0 € X, Uy € U, t5,t, € [-1,1]} = My . (22)
Under the above hypothesis in (7)-(10), we have the following theorem.
Theorem 4.1: If the conditions (7)-(10) are satisfied, then for every u(t) € U, the error estimate in Eq. (1) satisfies:
lx—xull <o+ H
where
o=a+ MKm,

H =K, + Lg,,(Ky + K).
Proof: Let a = [|% — %, ||, we have

llx — x|l = max|x(£) — xpm (O]
< a +max (K, x(t), u(t)) — K(t, xn (), um ()
< a + max(||K(t, x(0), u(t)) — K(ti, % (£), umn )|
+]|K (5, x(©), u@®) — K (t5, % (), wum (&))||
K (i %m (), um () — K (&, 2% (8), um ()]

< a+ Mg, +max((K; + LKX’u(MK + L))
<o+H

for sufficiently small o the proof is complete.

4.3 Error estimation of objective functional

Now for the purpose of error estimation in Eq. (3), we suppose the following conditions:
(i) Let

max{|
(i)  Let

|%|| XEXuEULE [—1,1]} = F,. (23)
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(iii)
maX{”F(tl,xm, um) - F(tZ! X, u)”l'xm € X! um € U! tl! t2 € [_1!1]} = MFm' (24)

(iv) The function F is jointly Lipschitz with respect to x and u, with Lipschitz constant L _, ,

v)
IF (t1, X um) = F (b2, 2, W < L, {llxg =2l + llug—u2ll} (25)

For every x;,x, € X,Vu,,u, € Uand vVt € [-1,1] .

Theorem 4.2: If the conditions (23)—(25) are satisfied, then for every u(t) € U, the error estimation in Eq. (20) satisfies:
I/ =Jmll SV +F
where
Y =2Mg,,,
F=F;+ Lp,,(My + M,).

Proof: Consider:

I/ —]mlll = max|J(x(t), u(t)) = Jm(x (), u(®)|
< max ( f F (6, 2(0), w(®)) — F (6, % (8), wm (O] d)

1 1
< max(f”F(t,x(t),u(t)) — F(ty, X (), upn (1)) || dt + f”F(ti,x(t),u(t)) — F(t, xm(t), um () || dt
-1 -1
+ [P (o im0, () = P (0, )] @0

1
< 2Mg, + max((F; + LFx,u(Mx + M) flt —t;| dt
-1

<y+F
for sufficiently small y the proof is complete.

5 Implementation of genetic solver for LQP

Genetic Algorithm (GA) is a heuristic search technique based on the evolutionary ideas of natural selection. It is usually
used to solve optimization problem of the form:

max(min) f(x)

Subjectto x € M. (26)

The function f:R™ — R is the objective function and the set M c R™ is the feasible set of (26). Based on the
description of the function f and the feasible set M, the problem (26) can be classified as linear, quadratic, non-linear,
semi-infinite, semi-definite, multiple-objective, discrete optimization problem etc.

The algorithm to solve a problem must have five components [9, 13]:

A genetic representation of solutions to the problem,

A way to create an initial population of solutions,

An evaluation function that plays the role of the environment, rating solutions in terms of their “fitness”,
Genetic operators that alter the genetic composition of children during reproduction,

Values for the parameters that the GA use (population size, probabilities of applying genetic operators, etc.).

arwbdE

Table 2 shows the code of the general GA algorithm.

In GA, there are many parameters and operators that have to be adjusted. The following parameters should be carefully
chosen: namely, Population type, Population size, Crossover rate, Mutation rate, Selection operator and Crossover
operator. The parameters adopted in the implementation of the proposed algorithm are listed in Table 3.



146 International Journal of Applied Mathematical Research

Table 1. LQP algorithm

LQP algorithm

Step (0) Initialization: Set k = 0, choose N, ,¢.
Step (1) Use the approximation of the state variable x(t) and the control
variable u(t) as in equations (11)-(13).
Step (2) Eliminate the integration the performance index as in cases 1-3.
Step (3) Solve the constrained optimization problem by GA.
Step (4) Stop if :
Unsr —Inl <&
Otherwise, k = k + 1 and go to Step (3).

Table 2. GA algorithm

GA algorithm

Generate an initial population;
Evaluate fitness of individuals in the population;
Do:
Select parents from population;
Recombine (mate(crossover and mutation operators)) parents to
produce children;
Evaluate fitness of the children;
Replace some or all of the population by the children;
while a satisfactory solution has been found.

Table 3.The algorithm parameters.

Population type double Vector
Population size 100
Crossover rate 0.9
Mutation rate 0.1
Selection operator Stochastic uniform
Crossover operator Scattered

6 Numerical examples

In this section, we apply the proposed method to solve LQPs. Numerical results of these examples are given to clarify
the accuracy of the proposed method. All computations were carried out by MATLAB 2010a.

Example (1): Consider the following LQP:

Minimize
1
1= [@@ @
Subject to -
2x(t) = u(t), and
1) = 1+ 3e
(=D =505

By applying the Legendre coefficients method, the problem can be converted to the following constrained optimization
problem: Minimize

_1i % 2 4 g2
]N_Z_OZj—l(Cj w)
]:

Subject to
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N N
Jj=0 j=0

1+ 3e
Xl(—l) = m

Legendre coefficients method gives the following numerical solution:

and

x = —1.946 + 0.449t — 0.244t2 + 0.02¢> — 0.004t*,
u=0.899 — 0973t + 0.114 t* — 0.04 ¢t3.

147

x(t)

28

05

0
t

06 1

u(t)

05

K

05

0 05
t

Fig.1: The state x(t) and control u(t) variables for Example (1) with N = 6

Table 4: Results provided by Penalty method and our approach of Example (1)

No. of J*calculated by GA method J*calculated by
unknowns | No. of iteration J*No. Penalty method
50 5.4002
100 5.3990
10 500 5.3990 54048
1000 5.3988
50 5.4002
14 100 5.3991 54048
500 5.3990
1000 5.3989
50 5.4004
18 100 5.3996 54048
500 5.3989
1000 5.3990

In Table 4, the Legendre coefficients method with GA is applied to Example (1) with different values of N. It is obvious
that with increase in the number of the iteration our approach has a successful rate of minimization more than the

Penalty method. Finally, Fig.1 present the optimal states and control variables.
Example (2) Consider the following LQP:
Minimize

1= @@+
1

Subject to
231 (t) = x,(0),
23,(8) = —x(t) + u(t),
and
x,(—1) = 0,x,(—1) = 10.

By applying the procedure described here, the problem can be converted to the following constrained optimization

problem:
Minimize
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1~ 2,
]N=ZZ)m(Cj+“j)
]:

Subject to

N N
j=0 j=0
N

N

N
j=0 j=0 j=0

x,(—1) = 0,x,(—1) = 10.

and

By using Legendre coefficients method, we get:

x; = 3.804 + 2.826 t — 0.822 t? + 0.170 t3 + 0.026 t*,
X, =5.652 —3.111 t + 1.026 t? — 0.21¢3,
u=—0.568 + 0.995 ¢t — 0.234 t2 — 0.21 ¢5.

—e— x1{t)
Ll

05

xit)
ui®)

15

0 ‘ ‘ : ; ‘ ‘ ;
- 05 ? 05 1 2 05 0 05 1
t

Fig.2: Values of states x(t) and control u(t) variables for Example(2) with N = 4

Table 5: Results provided by Penalty method and our approach of Example (2)

N No. of J*calculated by GA method J*calculated by
unknowns | No. of iteration J Penalty method
50 8.0460
100 8.0454
4 10 200 8.0434 8.0514
1000 8.0434
50 8.0486
6 14 100 8.0436 8.0514
500 8.04340
1000 8.04334
50 8.0459
8 18 100 8.0449 8.0514
500 8.0439
1000 8.0439

In Table 5, we note that using the GA reaches a near-optimal solution when a reasonable number of iterations increase.
Fig.2 shows the values of states and control variables with N = 4.

Example (3): Consider the following LQP:
Minimize

1
] =% f(xz(t) + u?(t))dt
-1
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Subject to

2x(t) =t x(t) + u(t), and

x(=1)=1.

149

By applying the Legendre coefficients method, the problem can be converted to the following constrained optimization

problem: Minimize

Subject to

and

N N N
ZZ C]PJ (t,_) - tlz C]'Xj P](tl) - Zu] P](tl) = 0, i = 0, v, N
j=0 = j=0

_1i 2 2 4 g2
]N_4'02j_1(cj w)
j=

=0

(1) =1.

Legendre coefficients method gives the following numerical solution;
x = 0.577 — 0.156t + 0.214t% — 0.225¢t3 + 0.031t*,
u=-—0.312 + 0.287t + 0.041t%> — 0.008 t3 — 0.009t*.
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Fig. 3: The state x(t) and control u(t) variables for Example (3) with N = 6

Table 6: Results provided by Penalty method and our approach of Example (3)

No. of J*calculated by GA method J*calculated by
unknowns | No. of iteration J Penalty method
50 0.2795
100 0.2794
10 500 0.2794 02802
1000 0.2794
50 0.2793
500 0.2793
1000 0.2793
50 0.2796
18 100 0.2794 0.2802
500 0.2793
1000 0.2793

In Table 6, we obvious that with increasing the number of the iteration our approach has a successful rate of

minimization more than the Penalty method. Fig.3 present the optimal states and control variables.
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7 Conclusion

A numerical method for solving LQPs with terminal state constraints on the states and controls has been presented. The
method is based on the orthogonality property of Legendre approximations. Therefore, our method prevents the need
for solving the backward integration of the matrix Riccati differential equation or inverting ill-conditioned transition
matrices. The method replaces the constrained OCP by a quadratic programming which is solved by using GAs. GAs
have a distinguishing feature which makes them very effective when considering linear optimization. GAs can be
especially effective when solving highly linear models. On the other hand GAs can also be used to provide quick, near
global-optimal solution. To sum up, it is the final aim of the study to achieve the optimal strategy and optimal trajectory.
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