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Abstract

In this paper, we generalize and obtain common fixed point of multifunctions in cone metric spaces. Our theorems
improve and generalize of the results ([3],[9] and [10]).
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1 Introduction

Recently, Guang and Xian [1] introduce the notion of cone metric spaces. He replaced real number system by ordered
Banach space. He also gave the condition in the setting of cone metric spaces. These authors also described the
convergence of sequences in the cone metric spaces and introduce the corresponding notion of completeness. In the
setting of cone metric spaces, we improve and generalize multifunctions theorems and obtained common fixed point
with normal constant K = 1.

2 Preliminaries

Let E be a real Banach space and P a subset of E. P is called a cone if and only if

i) P isclosed, non-empty, and P # {0},

i) ax+ by € P forall x,y € P and non-negative real numbers a, b,

iii) xePand—x € P = x =0.

For a given cone P < E, we can define a partial ordering < with respect to Pby x < yifand only ify —x € P.x <
y will stand for x < y and x # y, while x < y will stand for y — x € int P, intP denotes the interior of P [1].

The cone P is called normal if there is a number K > 0 such that forall x,y € E
0<x<y impliesllx IS K Iyl
The least positive number K satisfying the above is called the normal constant of P [1]. Itis clear that K > 1.

In the following, we always suppose that E is a hormed space, P is a cone in E with normal constant K = 1, int P = @
and < is partial ordering with respect to P.

Definition 2.1. Let X be a non-empty set. Suppose that the map d: X X X — E satisfies

(M 0<d(x,y)forallx,y € X, and d(x,y) = 0 ifand only if x = y;
(i) d(x,y) =d(y,x) forall x,y €X;

(iii) d(x,y) <d(x,z) +d(z,y) forall x,y,z € X.

Then d is called a cone metric on X, and (X, d) is called cone metric space [1].

Example 2.2 (see[1]). Let E = R%,P = {(x,y) € E:x,y = 0} c R, X = R,and d: X x X — E defined by
d (x,y)=(I x =y |,«| x —y |), where x> 0 is a constant. Then (X, d) is a cone metric space, and the normal constant
of PisK =1.
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Example 2.3 (See[11]). Let E = ', P={{x,}.=1€ E: x,> 0 for all n}, (X, p)a metric space and d: X x X — E defined
by d (x,y) = (p(x’ y)/zn) . Then (X, d) is a cone metric space and the normal constant of P is K = 1.
nz1

Clearly, the above example show that class of cone metric spaces contains the class of metric spaces.

Definition 2.4 (see[1]). Let (X, d) be a cone metric space, x € X and {x, }.>1 a sequence in X. Then

(i) {xn}n>1 converges to x whenever for every ¢ € E with 0 «< ¢ there is a natural number N such that
d(x,,x) < cforalln = N. We denote this by lim,,_,,, x,.= x or x, = x.
(i) {xn}u=1 IS @ Cauchy sequence whenever for every ¢ € E with 0 « ¢ there is a natural number N such that

d (Xp,xy) L cforalln,m = N.
(iii) (X, d) is a complete cone metric space if every Cauchy sequence is convergent.

Most familiar cones are normal with normal constant K = 1. But, for each k > 1 there are cones with normal constant
K > k. Also, there are non-normal cones [2].

Lemma 2.5 (See[3]). Let (X, d) be a cone metric space, P a normal cone with normal constant K = 1, and A a compact
setin (X, t.). Then, for every x € X there exists a,€ A such that

Il d(x, a,) II= inf d(x,a) .

Lemma 2.6 (See[3]). Let (X,d) be a cone metric space, P a normal cone with normal constant K = 1, and 4, B two
compact sets in (X, t.). Then,
supd (x,A) < o,

XEB

Where
d'(x,A) = inf lld(x,a) I.
a€cA

Definition 2.7 (See[3]). Let (X, d) be a cone metric space, P a normal cone with normal constant K = 1, H.(X) the set
of all compact subsets of (X,t.)and A € H.(X). By using Lemma 2.6, we can define
hy: He(X) = [0,0) and dy: H.(X) X Hc(X) — [0, 0)
By
ha(B) =supd (x,B)and d (4, B) = max {h4(B), hs(A)}
XEA
respectively.

Remark 2.8 (See[3]). Let (X,d) be a cone metric space with normal constant K =1, Define
p: X XX = [0,00) by p(x,y) = I d(x,y) Il. Then, (X, p) is a metric space. This implies that for each 4, B € H.(X)
and x,y € X, we have the following relations

Q) d'(x,A) <l d(x,y) Il +d'(y,4),

(i) d'(x,A) <d'(x,B) + hg (4),

(iii) d'(x,A) <l d(x,y) | +d'(y,B) + hg(A).

3 Main results

Theorem 3.1. Let (X,d) be a complete cone metric space with normal constant K = 1, and the multifunctions
T,,T,: X — H.(X) satisfy the relation

dy(Tyx, Ty) < c(d'(Tyx, x) + d' (T, ¥))

Forall x,y € X, where c € (0,%) is a constant.
Then, T, and T, have a common fixed point.

Proof. Let x, € X be givenn = 1. By Lemma 2.5, choose x, € T;x, and x, € T,x,, such that
d’(xotTlxo) =l d(xo'xl) I
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Simllarly d’(xl, szl) :” d(xl, xz) ”.
If x,,,1 and x,,,,, have been given, then choose x,,,5 € T1X2541 aNd X543 € ToX2n4, SUCh that

d’(x2n+1'T1x2n+1) =l d(Xzn+1, Xonse2) (3.1)
Similarly
d’(x2n+2'T2x2n+2) =l d(Xzn42: Xons3) (3.2)

Now from (3.1),
Il d(Xzn415 X2n+2) 1= d'(Xans1, TiXone1)
< hry x,, (TiXone1)
< dy(Tyxan, Ty Xon41)
=< C(d'(Tlen: Xon) + d'(T1x2n+1,x2n+1))
= c(l d(xans1,%2n ) I 11 d(Xans1, Xans2) ),
For all n> 1. Hence;

Il d(Xans1,Xons2) 1S 7 I d(onis, Xon) 1, (33)

For alln > 1. PutA = é in (3.3). Then, for n > m, we have

I dCaner Xome) IS Eilomaz 1 (i, xi-0) |
< (AZTL 4 - ——— = + A2m+1) I d(xo!xl) I

2'2

m+1
< 7 (e, x1) .

This implies that
mhnrgw Il d(X2n41, X2m+1) 1= 0.
By [1,Lemma 4], {X3,+1}:=1 1S @ Cauchy sequence in X. Thus there exists x* € X such that x,,,,; = x*. Now by using
Remark 2.8, we have
d,(x*,TﬁC*) < d'(x*, TiXon41) + hT1x2n+1(T1x*)

< d'(x", T1Xn41) + dy(TyXop4q, T1x™)

<Id(x", xzn42) |l +C(d'(T1 Xon+1 Xone1) + d'(Tlx*rx*))
For all n>1. Hence,

! * * ! 1 *
d(x",Tix") < id (T1X2n41, Xone1) + T Il d(x”, xam42) |l
1 *
== 1 dCnaz Xonen) I+ 1dG Xans0) I,
Forall n > 1. Therefore d'(x*, T;x*) = 0. By Lemma 2.5, x* € T;x".
Similarly, it can be established that x* € T,x*, that is, x* is a common fixed point of pair of T, and T,.

Theorem 3.2. Let (X, d) be complete cone metric space with normal constant K = 1 and the multifunctionsT;, T,: X —
H.(X) satisfy the relation
dy(Tix, Ty) < c(d (Tyx,y) + d (T2y, %))

For all x,y € X, where c € (0, %) is a constant. Then T; and T, have a common fixed point.

Proof. Letx, € X be given and n>1. By Lemma 2.5, choose x; € T;x, and x, € T,x; such that
d'(xo'Tlxo) =l d(xo'xl) I

Similarly
d'(xliszl) =l d(xq,x2) II.

If x55,41 @and x,,4, have been given, then choose x,,42 € TyX2p41 AN X205 43 € ToXon4 SUCh that

d'(x2n+1' Ti1Xan41) = d(X2n41, X2n42) |l (3.4)
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Similarly

d'(Xzni2: ToXonez) =l d(Xaniz, X2nss) | (3.5)

Now from (3.4),
Il d(Xzn41, X2n42) 1= d'(Xons1, TiXone1)
< thxZn (T1x2n+1)
< dy(Ty X0, Ti Xon41)
< c(d' (T1Xz2n, X2n41) + d (T1 X041, X20))
< c(ll d(xzn41,%2n ) I+l d(X2ns1, X2ne2) 1),
Forall n = 1. Hence;

I d(Xans,X2ns2) 1S 7 I d(onis, Xon) 1, (3.6)

Forall n=1. Put A=—= in (3.6). Then, for n>m, we have
Il d(Xzn+1,X2me)IS 1‘2:24-1}&2 Ihd (i, xi-1) |l
<SP+ -————- + 22 L d (x4, x1) |l

12m+1
I d(xy,x) Il

<
1-1

This implies that
lim || d(X2n41, X2m+1) 1= 0.
m,n—-o
By [1,Lemma 4], {x,,+1}:11S @ Cauchy sequence in X. Thus there exists x* € X such that x,,,,; = x*. Now by using
Remark 2.8, we have
d(x",Tix") < d (x", TiXone1) + hpyny,,, (T1X7)

<d ", Tixpne1) + dH(,T1x2n+1' Tyx") ,

<l d(x", X2n42) | +c(@ (T X2p41, X7) + A (T1 X", X2n41)) '

<Id(x”, Xan42) I+l d(x™, X2p42) | +1l d(Xznsq, x™) | +d (Tix7, x7))
For all n>1. Hence

' 1+c 1
d(x",Tix*) < 1-¢ Il d(x, xam42) |l +1—_C I dCzps1, ™) Il

For all n>1. Therefore, d'(x*, T;x*) = 0. By Lemma 2.5, x* € T;x".
Similarly, it can be established that x* € T,x*, that is x* is a common fixed point of pair of T; and T.

Theorem 3.3 Let (X,d) be a complete cone metric space with normal constant K =1 and the multifunctions
T,, T,: X = H.(X) satisfy the relation
dH(Tlxl TZy) < a[d’(x! T1X) + d’(y! sz)]
+b[d (x, T,y) + d'(y, T;x)]
+c[d'(x,y) + d'(Tyx, T,y)]
Forall x,y € X and a+b+c<§ a,b,ce [0, %) are constants. Then T, and T, have a common fixed point.

Proof. Let x, € X be given and n>1. By Lemma 2.5, choose x; € T;x, and x, € T,x; such that
d,(xorTlxo) =l d(xo,x1) |l

Similarly
d,(xl, szl) =” d(xll xZ) ”

If x55,41 @nd x5, have been given, then choose x,,42 € TyX2p41 AN X905 43 € ToXopn42 SUCh that

d' (Xpns1, TiXzns1) = d(Xoni1, Xona2) |l (3.7)
Similarly

d’(x2n+2'T2x2n+2) =l d(X2n42) X2n43) |l (3.8)
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Now from (3.7),

Il d(X2n+1, Xone2) 1= d'(Xons1, TiXons1)
< thxZn (T1x2n+1)
< dy(Tyxon, T1X2n41)
< afd'(xzn, Taxan) + d'(Xn41, TiXons1)]
+b[d”(x2n, T1Xon41) + d'(X2ns1, T1X2n)]
+cld §x2n’x2n+1) + d'(T1x2n, T1X2n41)]
< a[d (Xzn, X2n+1) + d' (X241, Xon42)]
+b[d:(x2n,x2n+2) + d'(Xzn41, X2n+1)]
+cld (x2n Xone1) + d'(Xons1, Xan42)]
= a[d”(x2n1x2n+2)] + b[d'(X20) X2n42)]
+cld (x2n1x2n+2)]
< (a+b+c)[d (xXn X2n42)]
< (@a+b+)[d (Tyx2n11,X20)]
< (a+b+ )l d(xzns2,X20) )
< (a+b+ )l dlxzp Xane1) | +Hll d(X2n41) Xane2) 1D

For all n>1. Hence

+b+
I dCans1 Xans2) 1S Ty | d@ansn, X2n) | (3.9)
Forall n>1. Put 1 = —22*¢_jp (3.9). Then, for n>m, we have
1-(a+b+c)

I d(X2n41,X2ms IS iz 1d (s x21) |l
<A+ —-———- + A2 Y | d(x,, %) |l

12m+1
— 1 d (o x1) I

<
1

This implies that
mlggw Il d(Cx2p 41, X2me1) 1= 0.
By [1,Lemma 4], {x,,.1}:>11S @ Cauchy sequence in X. Thus there exists x* € X such that x,,,,; = x*. Now by using
Remark 2.8, we have
d'(x*, Tyx*) < d'(x*, Ty Xop41) + Rryxyneq (T1X7)
<d'(x* Ty Xopn41) + dy(TiXzn4q, T ™)
I d(x*, xan42) |l +a[d,(x2n+1,T1x2n+1) + d’(x*'TﬁC*)]
+b[d (Xon41, Tix™) + d'(x", T1 X 41)]
+C[d’(x2n+1,x*) + d'(TyX2n41, T1X7)]
<N d(x*, Xane2) | +ald (Xone1Xom42) + d (67, Tix")]
+b[d (Xzni1,x*) +d' (%, Tyx*) + d' (X", X2n42)]
+eld (xane1, ") + d'(toniz Tix")]
<l d(x*, xn42) |l +a[d'(x2n+1,x2n+2) +d'(x*, T1x*)]
+b[d (Xzni1,x*) + d'(x%, Tyx*) + d' (X", X2n42)]
+eld (xane, Tix") + d (2%, Tix™) + d'(Tyx", X2n42)]

(1-(@+b+0)d'(x"Tix") < (a+b+)|d (x2n41,X2ms2)]
+d(x", X2n42) |l

' a+b+c
d(x*Tix*) < T(atbto) I d(Xzn+1, X2n+2) |l
1 *
b A )

For all n>1. Therefore, d (x*,T;x*) = 0. By Lemma 2.5, x* € T;x".
Similarly, it can be established that x* € T,x”, that is x* is a common fixed point of pair of T; and T5.
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Corollary 3.4. Let (X, d) be a complete cone metric space with normal constant K = 1 and the multifunctions
T,,Ty: X — H.(X) satisfy the relation

dy(Tix, Toy) < a[d"(x, Tix) + d'(y, T2y)]
+b[d (x,T,y) + d'(y,T1x)]

Forall x,y € X and a, be [0,%) are constants. Then T; and T, have a common fixed point.
Proof: The Proof of the corollary immediately follows by putting ¢=0 in the previous theorem 3.3.
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