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Abstract
The present paper is devoted to a proof of the existence and uniqueness of a third-order non-local problem with
boundary integral condition for a parabolic equation. The proof is based in two sided a priori estimates and the

fact that the range of operator generalized by the considered problem is dense.
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1. Introduction

In this paper we are concerned with the existence and uniqueness of a third-order non-local problem with boundary
integral condition for a parabolic equation. We first consider the problem
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(z,t) in (0,T) x (0,1) with the initial datum

lu=u(z,0) =px) e (0,1) (4)

and the nonlocal boundary condition

1
/0 u(x,t)dx = 0. (5)
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Throughout this paper we use the following abbreviation: ¢(x) € L2(0,1) is known function which satisfy the two
compatibility conditions given in (1.2) and (1.4).

In recent years, boundary value problems for parabolic and hyperbolic equations with nonlocal conditions have
been the subject of extensive study, see (Bouziani and Benouar[3], Denche [8], Yurchuk [13] and Al-kadhi [11]) and
references therein.

Our method is as follows.First we establish two-sided a priori estimates. Then, we prove that the operator L is a
linear homeomorphism between the spaces E and F'.

We associate to problem (1.1), (1.2), (1.3) and (1.4) the operator L = (£,1), defined from E into F, where E is the
Banach space of functions u € Ly (), satisfying (1.2) and (1.4), with the finite norm
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And F is the Hilbert space of vector-valued functions F = (f,¢) obtained by completion of the space Lo(£2) x
Wi (0,1) with respect to the norm
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Moreover,when solving this equation with nonlocal or classical boundary conditions by the energy integral method.

This method is essentially based on the construction of suitable multiplicators for each specific given problem, which
provides the a priori estimate from which it is possible to establish the solvability of the posed problem.

2. Two-sided a priori estimates
For any function u € E, there is the a priori estimate
[Lullp < cllullg (8)

where c is a constant which may depend on T but does not depend on w.

Proof Using (1.1) and the initial conditions (1.2), we obtain
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Combining the inequalities (2.2), (2.3), and (2.4) we obtain (2.1) for u € E.
For any function u € F, there is the a priori estimate

lullz < CllLull

with the constant

64 exp(—cT)
~ min(48; (3¢ — 51))

and c is such that
c>17.
To see this, the following lemmas are essential.

Lemma 2.1 For u € E satsfying the first condition in (1.2)
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Proof Starting from
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Then integrating by parts and using elementary inequalities, we obtain (2.8)

Lemma 2.2 For u € E satsfying the first condition in (1.2)
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Proof Starting from
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Then integrating by parts and using elementary inequalities, we obtain (2.9)

Lemma 2.3 For u € E satsfying the first condition in (1.2)
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With ¢ > 19.

Proof Integrating by parts the expression

T 1 77

ou
exp(—ct)u——dudt
/O/Ozexp( c)uatx

And using elementary inequalities yield (2.9).
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Proof Theorem 2.2

Let
Mu = xgj% (18)
and
1
T.= [ w0 (19)

We consider the quadratic form

Re /OT /01 exp(—ct)LuMu (20)

which is obtained by multiplying (1.1) by exp(—ct)Mu
Hence we have also
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Integrating by parts (2.13) with the use of boundary conditions (1.2),(1.3)
and (1.4), we obtain
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Now, from (2.14) we have
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Again, Integrating by report to x, and taking into account of the boundary conditions, we obtain
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Similarly we can handle other terms to obtain

)( Sjﬁu )dxdt

(22)

x3j% dxdt

T 1 1 (‘33 aQu 5
—RGA / €$p(_6t)7(ﬁ($(m))l’ j%dl‘dt:

//exp ct| |ddt

The most delicate term in the right-hand side of (2.15) is the third one, which is treated as follows.
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By using the proprieties of the modules and of the e-inequality, we obtain
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From where, and since (z < 1) we obtain
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From the equation (1.1) we have
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Combining inequalitie (2.22), and Lemma 2.3 we get
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Now, combining inequalities (2.9), (2.21), and (2.23), and lemmas, we get
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As the left-hand side of (2.24) is independent of 7, by replacing the right-hand side by its upper bound with respect
to in the interval [0,T], we obtain the desired inequality.

88t

3. Solvability of the problem.

From estimates (2.1) and (2.5) it follows that the operator L : E — F is continuous and its range is closed in
F. Therefore, the inverse operator L~! exists and is continuous from the closed subspace R(L) onto E, which
means that L is a homomorphism from E onto R(L). To obtain the uniqueness of solution, it remains to show that
R(L) = F. The proof is based on the following lemma.

Lemma 3.1 Let Do(L) = {u € D(L)/lu =0, % =0}. If for u € Do(L) and some w such that w € La(Q)), we
have

/ z*(1 — 2) Luwdzdt = 0 (32)
Q
then w = 0.

Proof. The equality (3.1) can be written as follows
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For w(zx,t) given, we introduce the function
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Integrating by parts with respect to &, we obtain
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Then we have
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which implies that

1
/ v(x,t)dz = 0.
0

Then from equality (3.2) we have
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Integrating by parts the second member of the right hand side of (3.5), we get
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When we introduce the smoothing operators J ! and (J1)*, with respect to [13] then these operators provide the
solution of the problems
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The solution have the following properties: for g € L(0,T), the functions g. = (J-1)g and g* = (J71)*g are in
W3(0,T) such that g(t).|;=0 = 0 and g*(t)c|s=7 = 0 . Moreover, J-* commutes with % , SO foT lge — g|> — 0 and
fOT|g;‘—g|2—>O7for8—>0.

Replacing in (3.6) u by the smoothed function (J!)u, using the relation
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And using properties of the smoothing operators we get
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Passing to the limit, (3.7) is satisfied for all functions satisfying the conditions (1.3)-(1.4) such that
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In addition v* satisfies the integral condition (1.4). Putting u = fo (z,7)dr in (3.6) and using (3.8), we obtain
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Integrating by parts each term in the right-hand side of (3.11), we have
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Now, using (3.12) and (3.13) in (3.11) we have
Re/ viNvdxdt <0 (45)
Q

then

Re/ vNvdzdt <0 as € approaches zero.
Q

Since [, 2*|v|*dzdt = 0, we conclude that v = 0, hence w = 0, what finishes the proof of the lemma. The range
R(L) of the operator L coincides with F'.

Proof. Since F is a Hilbert space, we have R(L) = F if and only if the following implication is satisfied:
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[ ateutaeit+ [ (GG 56D
+a(GH5E

for arbitrary v € F and F = (f,¢) € F, implies that f and ¢ are zero. Putting u € D(Lg) in (3.15), Taking
w = ﬁ, and using lemma 3.1 we obtain that (1fm) =0, then f = 0. Consequently, Vu € D(L) we have

(46)
) + 2% (lu)(P)dz =0

/ z* Lufdedt = 0.
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The range of the trace operator [ is everywhere dense in a Hilbert space with norm
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therefore ¢ = 0, and the present proof is completed.
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