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Abstract

The flow of an unsteady incompressible electrically conducting fluid with uniform distribution of dust particles in a constricted channel has
been studied. The medium is assumed to be porous in nature. The governing equations of motion are treated analytically and the expressions
are obtained by using variable separable and Laplace transform techniques. The influence of the dust particles on the velocity distributions of
the fluid are investigated for various cases and the results are illustrated by varying parameters like Hartmann number, deposition thickness
on the walls of the cylinder and the permeability of the porous medium on the velocity of dust and fluid phase.
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1. Introduction

Advances in mathematical modelling of fluids with more than single
phase continue to be of crucial importance in many diversified prob-
lems like fluidization, purification of crude oil, centrifugal separation
of matter from fluid, petroleum industry, dust in gas cooling systems,
performance of solid fuel rocket nozzles and blood flow in capillaries
and other suspended particles in seas and oceans.

A number of studies associated with flow of fluids embedded with
particles have appeared in literature. Saffman [1] carried out pioneer-
ing work on the stability of a laminar flow of a dust gas in which
the dust particles are uniformly distributed. Michael and Miller [2]
have studied the motion of dusty gas with uniform distribution of the
dust particles which occupied in the semi-infinite space above a rigid
plane boundary. Sleep [3] discussed the modelling transient organic
vapour transport in porous media with the dusty gas model. P. Mitra
and P. Bhattacharyya [4] have studied the unsteady hydromagnetic
laminar flow of a conducting dusty fluid [5] between two parallel
plates started impulsively from rest. Chamkha [6, 7] has studied the
unsteady flow of electrically conducting dusty gas in a channel due
to an oscillating pressure gradient. Lokenath and Ghosh [8] have
studied the unsteady hydromagnetic flows of dusty fluid between
two oscillating plates. A magnetohydrodynamic convection flow of
an electrically conducting heat generating fluid past a semi-infinite
vertical porous plate with variable suction was studied by Nicholas et
al. [9]. Dusty fluid flow in Frenet frame field system was studied by
Bagewadi and Gireesha [10, 11] by applying differential geometry
techniques. Further, fluid flow in a constricted channel is encoun-
tered in many practical problems like narrowing of pipeline network
in drinking water distribution systems and sewage systems. Analysis
of fluid flow in systems with constriction helps one to understand
the mechanism of migration of suspended heavy organic particles

towards the walls in oil-producing wells and pipelines. The Mathe-
matical modelling of blood flow through constricted channels has
drawn serious attention of researchers because of recent advances in
understanding the effects of stenosis in blood flow and the optimal
design of artificial organs [12, 13]. Bio-mathematicians like Pralhad
et al. [14, 15], Ponalagusamy [16], Chaturani et al. [17, 18] and
Mishra [19, 20] have studied the blood flow through a stenosized
artery by using mathematical techniques. Recently, an analytical
solution for the fluid flow through a narrowing system was derived
[21, 22]. It is of interest in this paper to derive solutions for an
electrically conducting dusty fluid flowing in a channel which is con-
stricted due to the deposition thickness on the wall and thus analyze
the velocity distributions of the fluid and dust phase.

2. Equations of Motion
The Naviers - Stokes Equations for an incompressible conducting

dusty fluid flow through a porous medium are [1]:
For fluid phase
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For dust phase,

Vi=0 (3)
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Figure 1: Geometry of the flow : Ry = distance from the axis of the cylindri-
cal boundary, z = distance from z = 0 to the point of calculation P.

We have following nomenclature:

u—velocity of the fluid phase, v—velocity of dust phase, p — the fluid
pressure, m — mass of the particle, K = 6z r— Stokes resistance
coefficient with 1 being the viscosity of the fluid and r the radius
of the spherical particle, N — number density of the particle, r —

the time , p — mass density of the particle, v = & — the kinematic

p
viscosity of the fluid, J and B are given by Maxwell’s equations

VxH=4n], VxB=0, VXE=0, f:c[ﬁ—i—ﬁxﬁ],

where H— magnetic field, B— magnetic flux, J— current density,
E— electric field and 6— the electrical condcutivity of the field.

It is assumed that no external electric field is applied and the effect of
the induced magnetic fields produced by the electrically conducting
fluid is negligible. The magnetic field J x B simply reduces to
fGB(z)ﬁ, where By is the intensity of the imposed transverse magnetic
field.

3. Formulation and Solution of the Problem

Consider an unsteady laminar flow of an incompressible conducting
dusty fluid with uniform distribution of dust particles through porous
medium in a long circular cylinder in which the fluid is at rest initially.
The flow is due to the influence of time dependent pressure gradients
imposed along the axis of the cylinder. It is assumed that the dust
particles are spherical in shape and uniform in size and number
density of the dust particles is taken to be constant throughout the
flow. Let z be the direction of the axis of cylinder along which the
flow takes place and let r be the radial direction outward from the
z axis. Assumption is made that the channel is narrow due to the
depositions of thickness & on the wall of the cylinder. The elevation
of thickness due to deposition is given by [21]

R:Ro—g(l—kcosE). 5)

<0

The axis of the channel is along z axis and the velocity components
of both fluid and dust particles are respectively given by:

u=0; wug=0; u;=(r,0,t) v,=0; vg=0; v,=(r,0,r). (6)

By virtue of 6 we can rewrite 2 and 4 as
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The initial and the boundary conditions imposed on the system are

1<0; u(n0,t)=0, v(r6,:)=0, )
t>0; u(rn,0,r)=0, v(r,0,)=0; at r=R, 6 =+a. (10)
By introducing the following nondimensional quantities
2
r*:L’ R*:i, Z*:i,p*:pRO, *217 M:MzRO7
Ry Ry Ry sz R% \%

, = Vo 5*:£ &=
v’ R()7 0 RO.

7 and 8 can be expressed as (after dropping the *),
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Accordingly, 5, 9 and 10 assume a nondimensional form

R=17§(1+COSB),
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Let g(t) be the time dependent pressure gradient to be imposed on
the system. So we can write

t>0; u(r,0,t)
u(r,6,1)

at r=R,

=0
=0 at 6==a«a.

Applying Laplace transform to 11 and 12 one arrives at

1
r2 de?

gfg 1 du

27—_
a2 T rar —Qu=—¢(s), (13)

where Q2 = (s—I—M2 + % +Pr) .
where u and v are the Laplace transforms defined by
= / e *'udt and v= / e Stvdr,
0 0
and ¢(s) is the Laplace Transform of f&(¢).
After Laplace transform, the boundary conditions become

u(r,0,t)=0, v(r,0,t)=0 at r=R,0==a.
Let the solution of 13 be of the form
u(r,0) = wi(r,0) +wy(r). (14)
Then, 13 becomes
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The solutions of 15 are

- = aiem

with Ip(Qr) being the modified Bessel function of the first kind.
The solution for 16 is assumed to be

15)

— Q2W1 = 0.

(16)

wa(r) 17)

wi(r,0) =X(r)Y(0), (18)
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with the conditions

W1(079) :finitev W](}’,(X) = _WZ(V)v
Wl(r79):0> Wl(r>_a):_w2(r)' (19)
One arrives at,
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4. Particular Cases

4.1. Case-1: Impulsive motion

In the case of impulsive motion, the pressure gradient is given by
#(t) = pod(t), where 6(¢) is Dirac delta function and py is a con-
stant.

The equations 21 and 22 become

_ po (1o(QR) —1y(Qr)\ [cosna —cosn6
g (e ) )
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Laplace inverse of the of # and v give the velocity profiles
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where (m = 1,2,3,...) are the positive roots of Iy(k) = 0.

Shear stress (Skin friction) The shear stress at the bound-
ary at r = R and 6 = to for impulsive motion is given by
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4.2. Case-2 : Transition motion

We have, @(1) = poH(t)e " where H(t) is Heaviside step function.

The solutions take the form
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Shear stress (Skin friction) The shear stress at the boundary at
r=Rand 0 =+«
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4.3. Case-3 : Motion for a finite time

In this case, we consider g(r) =
obtained in this case are
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4.4. Case-4 : Periodic motion

Here, the pressure gradient is (1) = pgsinwz. The solutions are
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5. Conclusion

Considering that the flow takes place in a porous medium, an ana-
lytical solution for the velocity distributions for both fluid and dust
in a constricted channel has been derived. Based on the solutions
obtained in the form of modified Bessel functions, various plots are
depicted below for different values of Hartmann number M, depo-
sition thickness & and porosity number 1. It is evident from the
graphs that the velocity distributions are paraboloid in nature and
the flow of fluid is parallel to that of dust. It is observed that in all
the four cases, the velocities of both the fluid and dust decrease as
the Hartmann number increases. The increase in the porosity of the
fluid however, seems have no effect on velocities of the fluid and
the dust expect in the case of impulsive motion where the velocities
increased with the increase in porosity factor. As expected, when the
deposition thickness increases, the fluid and dust velocities increase
in accord with the principle of continuity.

Further, it is observed that if the dust is very fine , i.e., mass of the

dust particles is negligibly small then the relaxation time T = % of

the dust particles decreases and as 7 — 0, fluid and dust velocities
will be same. Also, the fluid particles reaches the steady state earlier
than the dust particles. This difference is due to the fact that the
time dependent pressure gradient is directly exerted on the fluid.
The notations used during the above discussion are given by the
following expressions

—X1 + X —X1 — X
i = 712 2 »m= 712 2 X =AR 4 BRP+ MR —
X2 = \/x§ —4R2 (M AR% + AK2), Q% = Re(—w— )Lﬁ%w + A1),
{ = ntanna.
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Figure 6: Variation of fluid velocity with r (for M = 0.5, Case-2)

Figure 3: Variation of dust phase velocity with r (for M = 0.5, Case-1) Figure 7: Variation of dust phase velocity with r (for M = 0.5, Case-2)

Figure 4: Variation of fluid velocity with » (for M = 1, Case-1) Figure 8: Variation of fluid velocity with » (for M = 1, Case-2)

Figure 5: Variation of dust phase velocity with r (for M = 1, Case-1) Figure 9: Variation of dust phase velocity with r (for M = 1, Case-2)
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Figure 10: Variation of fluid velocity with r (for M = 0.5, Case-3) Figure 14: Variation of fluid velocity with r (for M = 0.5, Case-4)
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Figure 11: Variation of dust phase velocity with r (for M = 0.5, Case-3) Figure 15: Variation of dust phase velocity with r (for M = 0.5, Case-4)

Figure 16: Variation of fluid velocity with r (for M = 1, Case-4)
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Figure 13: Variation of dust phase velocity with r (for M = 1, Case-3) Figure 17: Variation of dust phase velocity with r (for M = 1, Case-4)
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Figure 18: Variation of fluid velocity with r (for § = 0.2, Case-1)

Figure 19: Variation of dust phase velocity with r (for § = 0.2, Case-1)

Figure 22: Variation of fluid velocity with r (for 6 = 0.2, Case-2)

Figure 23: Variation of dust phase velocity with r (for § = 0.2, Case-2)

Figure 20: Variation of fluid velocity with r (for 6 = 0.4, Case-1)

Figure 24: Variation of fluid velocity with r (for 6 = 0.4, Case-2)

Figure 21: Variation of dust phase velocity with r (for 8 = 0.4, Case-1)

Figure 25: Variation of dust phase velocity with r (for 8 = 0.4, Case-2)
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Figure 26: Variation of fluid velocity with r (for 6 = 0.2, Case-3) Figure 30: Variation of fluid velocity with r (for 6 = 0.2, Case-4)

Figure 27: Variation of dust phase velocity with r (for § = 0.2, Case-3) Figure 31: Variation of dust phase velocity with r (for § = 0.2, Case-4)

Figure 28: Variation of fluid velocity with r (for 6 = 0.4, Case-3) Figure 32: Variation of fluid velocity with r (for 6 = 0.4, Case-4)

Figure 29: Variation of dust phase velocity with r (for 8 = 0.4, Case-3) Figure 33: Variation of dust phase velocity with r (for 8 = 0.4, Case-4)
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Figure 34: Variation of fluid velocity with r (for n = 0.4, Case-1)
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Figure 35: Variation of dust phase velocity with r (for n = 0.4, Case-1

)
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Figure 38: Variation of fluid velocity with r (for n = 0.4, Case-2)

Figure 39: Variation of dust phase velocity with r (for n = 0.4, Case-2)

Figure 36: Variation of fluid velocity with r (for n = 0.8, Case-1)

Figure 40: Variation of fluid velocity with r (for n = 0.8, Case-2)

Figure 37: Variation of dust phase velocity with r (for n = 0.8, Case-1)

Figure 41: Variation of dust phase velocity with r (for n = 0.8, Case-2)
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Figure 42: Variation of fluid velocity with r (for n = 0.4, Case-3)

Figure 43: Variation of dust phase velocity with r (for n = 0.4, Case-3)

Figure 44: Variation of fluid velocity with r (for n = 0.8, Case-3)

Figure 45: Variation of dust phase velocity with r (for n = 0.8, Case-3)

Figure 46: Variation of fluid velocity with r (for n = 0.4, Case-4)

Figure 47: Variation of dust phase velocity with r (for n = 0.4, Case-4)
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Figure 48: Variation of fluid velocity with r (for n = 0.8, Case-4)
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Figure 49: Variation of dust phase velocity with r (for n = 0.8, Case-4)
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