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Abstract

The objective of this paper is to study the dynamical behavior of an aquatic food web system. A mathematical model that includes nutri-
ents, phytoplankton and zooplankton is proposed and analyzed. It is assumed that, the phytoplankton divided into two compartments
namely toxic phytoplankton which produces a toxic substance as a defensive strategy against predation by zooplankton, and a nontoxic
phytoplankton. All the feeding processes in this food web are formulating according to the Lotka-Volterra functional response. This
model is represented mathematically by the set of nonlinear differential equations. The existence, uniqueness and boundedness of the
solution of this model are investigated. The local and global stability conditions of all possible equilibrium points are established. The
occurrence of local bifurcation and Hopf bifurcation are investigated. Finally, numerical simulation is used to study the global dynamics

of this model.
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1. Introduction

Nutrient—phytoplankton—zooplankton NPZ models have been used
in oceanography for at least three decades, and are still a common
research tool. The NPZ model incorporates one of the simplest
sets of dynamics that usefully describe oceanic plankton dynamics
[1]. Phytoplankton-zooplankton models have been studied by
many authors [2-10]. Some type of phytoplankton produce toxin
as a defensive strategy against the predation by zooplankton, these
types are known as toxic phytoplankton. In [2], models of nutri-
ent-plankton interaction with a toxic substance that inhibit either
the growth rate of phytoplankton, zooplankton, or both trophic
levels are proposed and studied. In [3], authors have dealt with a
nutrient-plankton model in an aquatic environment in the context
of phytoplankton bloom. Roy [4] has constructed a mathematical
model for describing the interaction between a nontoxic and a
toxic phytoplankton under a single nutrient. Saha and Bandyo-
padhyay [5] considered a toxin producing phytoplankton—
zooplankton model. Since the phytoplankton is a base of all the
aquatic food chain and food web systems and most of zooplankton
organism depends directly on the phytoplankton in its feeding
process. Therefore toxic substances released by toxic phytoplank-
ton play an important role in this context see for example [11].
Phytoplankton organisms are the dominant primary producers in
the pelagic environment. They convert inorganic materials into
new organic compounds by the process of photosynthesis, starting
there by most aquatic food webs [12]. Fan et al. [7] constructed a
model to study a NPZ food chain ecosystem involving nontoxic
phytoplankton. Rashid and Naji [13] proposed and analyzed NPZ
food chain ecosystem model with a toxic phytoplankton. The ob-
jective of our model is to determine the interaction between (toxic,
nontoxic) phytoplankton and zooplankton under single nutrient in
food web ecosystem.

2. Formulation of a mathematical model

In this section, a food web system that contains nutrient, toxic
phytoplankton, nontoxic phytoplankton and zooplankton is pro-
posed and analyzed. It is assumed that the density of the nutrient
at time T is denoted byN(T), the density of toxic phytoplankton at
time T represents byP; (T), while P,(T) represents the density of
the nontoxic phytoplankton at timeT. Finally the density of the
zooplankton at time T denote byP;(T). Now, in order to formulate
the interaction in the above system among these species mathe-
matically the following assumptions are obtained:

1) There is a constant concentration of nutrient inter to the sys-
tem Ny > 0 with constant rate of dilution D > 0. The nutri-
ent uptakes by toxic phytoplankton P; and nontoxic phyto-
plankton P, according to Lotka-Volterra type of functional
response with consumption rates a; > 0 and a, > 0 respec-
tively, and conversion rates k; > 0 and k, > 0 respectively.
On the other hand a portion of the dead toxic phytoplankton
P;, non-toxic phytoplankton P, and zooplankton Psreturn to
the nutrient due to the decomposition operation with rates
0< m; <1,0< m, <1 and 0< mj3 <1 respectively.

2) In the absence of nutrient the toxic phytoplankton P; and the
non-toxic phytoplankton P, decay exponentially due to dilu-
tion and natural death rates e; >0 and &, >0 respectively.
Further decay facing the toxic phytoplankton P; and the
non-phytoplankton P, due to the feeding process by zoo-
plankton P;.

3) The zooplankton feeds on the toxic phytoplankton P; and
the non-toxic phytoplankton P, according to Lotka-Volterra
type of functional response with consumption rates §; >0
and B, > 0 respectively, and conversion rates k; > 0 and
k, > 0 respectively. Further it is assumed that the zooplank-
ton affected by the toxin produced by the toxic phytoplank-
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ton P; during the predation process, with 6 which stand for

the liberation rate of toxin substance, 6§ the maximum zoo-

plankton in gestation rate for the toxic substance.
Consequently, the dynamics of the above system can be formulat-
ed mathematical by the following set of equations: An easy way to
comply with the paper formatting requirements is to use this doc-
ument as a template and simply type your text into it.

3—? =D(Ng —N)—0a1NP; —ap NPy + mye1Py + moeoPy + mge3P3
dP
= KaNPL= (D +&1)Py —ByPiP3 )

dp
TTZ =koapNPy — (D +22)Pp —B2P2P3

% = k3P1P1P3 + k4B2PoP3 — (D +£3)P3 — 03P P3

Note that the above proposed model has eighteen parameters in all,
which make the analysis difficult. So, in order to simplify the
system, the number of parameters is reduced by using the follow-
ing dimensionless variables and parameters:

Q1 m3ée3

t= DT,x=N10 =3P,z =2, W= B,
_myE _ myE, _ kyoyNg _ (D+gy)
ul_alNO'uz_azNo' 37" p 4~ " p
us = B1N0’ 6= kzazNo' , = (D+g,) 6= %’
mse; D D mz€3
Ug = szl »Ugo = k;_(jz JUpg = (D+Dsz) yUiz = %

Then the non-dimensional form of system (1) can be written as:

%= 1-x—xy—xz2+wy+uz+w=FEyzw)

dy _

Te = UsXY — Ugy — Usyw = F,(x,y,2, W) )
dz

T U6XZ = U7Z — UgZw = F3(x,y,2,w)

1—‘: = S,yW + Ug0zZwW — U W = Fu(x,y, 2, w)

Where s; = ug —uy, , with initial condition x(0) = 0,y(0) >
0,z(0) = 0 and w(0) > 0. It is observed that the number of pa-
rameters have been reduced from eighteen in the system (1) to
twelve in the system (2). Obviously the interaction functions of
the system (2) are continuous and have continuous partial deriva-
tives on the four dimensional space

R = {(x,y,z w) € R*:x(0) = 0,y(0) = 0,z(0) = 0,w(0) = 0}

Therefore these functions are Lipschitizion on R% , and hence the
solution of the system (2) exists and is unique. Moreover, the
boundedness of the solution of the system (2) in R% is established
in the following theorem.

Theorem 1: All the solutions of system (2) which initiate in R
are uniformly bounded as t goes toco.

Proof: Let (x(t), y(t), z(t), w(t)) be any solution of the system (2)
with non-negative initial condition (x, yo, Zg, Wo) € R4 .

Define the function:M(t) = x(t) + y(t) + z(t) + w(t), and then
take the time derivative of M(t) along the solution of the system
(2) we get:

dMm
I <1—x—(uy —uy— (u; —up)z— (uy; — Dw

Then‘z—l\:+sM <1, wheres=min {1,us —u; ,u; —uy , Uyq —
1}

Now, by using the comparison theorem on the differential inequal-
ity for the initial valueM(0) = M, we get:

M(o) < §+ (M, — i) e st
1

Thus, lime,, M(1) < 2 and hence 0 < M(t) < S vt> 0. So,
all the solutions of system (2) are uniformly bounded ast —» co. m

3. Existence of equilibrium points

It is observed that, system (2) has at most seven biologically feasi-
ble equilibrium points, namelyE;, i =0,1,2,3,4,5,6. The existence
conditions for each of these equilibrium points are discussed in the
following:
e The single species equilibrium point E, = (1, 0, 0, 0) always
exists.
e The first planar equilibrium point E;= (x4, y1, 0, 0), where:

Us—Uus

X, = 3— andy, = (3)

Ujlz—Uy

Exists uniquely in Int. R% (interior of R%) of xy —plane under the
following necessary and sufficient condition:

uusz < Uy < Uz Orugug > Uy > Ug (3b)
o The second planar equilibrium point E,=(x,, 0, z,, 0),
where:

=% = Wl
X, = Fand z, = i (42)

Exists uniquely in Int. R of xz —plane under the following neces-
sary and sufficient condition:

UyUg < Uy < Ug OF Uyl > Uy > Ug (4b)
. The first 3D boundary equilibrium point E; = (x3, y3,
0, ws), where:

__ UsS1—Us(ugugg+s;) — Ui
X3 = u3s;—us(Us1+s1) Y3 = sy
wy = Ug(ug1+81)—usz(usugg+s;) (5a)

u3s;—Us(Uy1+S;)

Exists uniquely in Int.R3 of xyw —space under the following
necessary and sufficient conditions:

5, >0 (5b)
With
uy(u11451) > uz(ugugq + 1)
uys; > us(ugugqg + 1) (5¢)
uzs; > us(ugg +81)
Or
Uy (uy1451) <ug(ugugg + 1)
uss; < us(uyugg +s1) (5d)
uzs; < us(ugp +81)
. The second 3D boundary equilibrium point E, = (x4,

0, z4, w,), Where:
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xy = rta0TUs(Ualintiig) o Uiy s2(urg +51) <uguggsy +s1(s3 + s4)} (8¢)
UgUzo—Ug(UzotUas) Uio U3S1S4 + Uq10Sy < S1S; + UqUq0Ss
uy(uggtu —Uug(uugq+u
W4 — 7( 10 11) 6( 2411 10) (Ga)

UglUgo—Ug(Uso+uUss)

Exists uniquely in Int.R3 of xzw — space under the following
necessary and sufficient conditions:

uy(ugo +uy1) > ug(uzugg + ugg)

Uzlige > ug(Uzuyg + Ugo) (6b)
Uglyg > Ug(ugo + uqq)
Or
u;(uyg + uyq) < ug(uyug; + ugg)
uzuig < ug(Uzuyy + ugo) (6¢)
Uglyo < ug(ugo + Uy1)
° The third 3D boundary equilibrium point E5 =
(X5, ¥s, Zs, 0), Where:
oo Wemustusupug
s = us’ Ys = U uz—uy !
2 = Mt (Uamuyug)ys -

UzUz—Uyg

Exists uniquely in Int.R% of xyz —space under the following nec-
essary and sufficient conditions:
(7b)

UgUe = UgUy

With
uy (1 + zg) > uz(1 + uyzg),and uguz > u4} (70)
us(1+ys) > uz(1 4+ uyys), and uyuz < uy

Or
uy(1 4+ z5) < uz(1+uyzg),and uuz < u4} (7d)
us(1+ys) <uz(l+uys), and uyuz < uy

Finally,
. The positive (coexistence) equilibrium point Eg =
(X1 Y61 Z6: We), Where:
L]
52 _ S4(upuqs+u49)+Uy083—S2 (U109 +U11)

X, = — =
6 Si Ye U251S4+U10S2—51S2—U1U 0S4

S2(Uy3+51)—UyU11S4—S1(S3+S4)

,
U3S1S4+U10S2—51S2 U U105y S4

— S3

Zg = (8a)

Here Sy = UsUy — UgUg , S3 = UzUy; — UylUg , Sy = UslUg — UgUg
exists uniquely in Int. R4 under the following necessary and suffi-
cient conditions:

Ugq > UqgZg (8b)
With

or
S, <0,s3<0ands, <0

S, >0,s3>0ands, >0
} (8c)

With

s2(Uy1 +51) > UyuysS, +51(s3 + 54)}
US1S4 + U10Sy > $1S; + UqUq0S4

(8d)

Or

4. Local stability analysis

In this section, the local stability analysis of system (2) around
each of the above equilibrium points is discussed through compu-
ting the Jacobian matrix J(x, y,z, w) of system (2) at each of them.
The general Jacobain matrix of system (2) can be written as fol-
lows:

-(1+y+2) up-x up —x 1
] = ugy U3zX—Ug —Ugw 0 —ugy 9)
ugz 0 ugX —Uyz —ugw -ugz
0 S u1gw S1y —U10Z -U11

The Jacobian matrix of system (2) at E, can be written

as:
-1 u -1 up-1 1
0 uz-uy 0 0
Jo = (10a)
0 0 ug—-uzy O
0 0 0 -Uu11

Clearly, J, has the following eigenvalues:
Aox = —1, Agy= Uz — Uy, Ag;= Ug — U7, Agy= —Uqq
Therefore all the eigenvalues have negative real parts and hence

the equilibrium point E, is locally asymptotically stable provided
that

Uy > Ug (10b)
u; > ug (10c)
Otherwise it will be saddle point.
. The Jacobian matrix of system (2) at E; can be written
as:
[ uz-uuz uuz—ug upuz-—uyg 1 )
ujuz —uyg usz usz
uz(ug —u3) 0 0 us(uz —u4)
_| Wuz-ug Ugu3 — Uy
Ihi= AU — Ul (11a)
us
0 0 0 M_Ull
L ujuz —uyg ]
The characteristic equation of this Jacobian matrix is given by:
s1(ug —u3) uqug —uguy
s B Y 40 ol )
{( Upug—ug LMW ™ 1z
2 _uz—uiu3 =
A ——=—=2)1+(ug-u =0
1 UpUz —Ug 1+(uz—ug) ]}
Therefore,
ug—uuz 1 [[uz—uju3 2
Mx. My = £ —4(uz—ug) ,
DY T g -ug) 2 (U1U3 —U4J (e 0a)
hpp = JAUe —U3u7 o SUs-Ul) (11b)

uz W Uz —ug
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Then all the eigenvalues have negative real parts and hence the
equilibrium point E; is locally asymptotically stable, if the exist-

ence condition (3b) along with the following conditions satisfies:

UzUy; > Uylg

5, S1(ug-u3)
ujuz —uyg

Ugg

(11c)

(11d)

e  The Jacobian matrix of system (2) at E, can be written as:

[ ug—uoug Ujug—u7  Upug-—uy 1
uglg —uy ug ug
ugu7 —Ugug
0 -1 =° 0 0
J2 = us (12a)
up(u7 —Up) 0 0 ug(ug —u7)
upug —uz upug —uz
0 0 0 M_un
L uug —u7 i

The characteristic equation of this Jacobian matrix is given by:

uo(u7 —Uue) ugu7 —Uugup
AT yyq-a SE7AT0 g,
{( Uplg — U7 11— A2w ug 2y

;% Wk2+(usw)”= 0

ugug —uz
Therefore,
Ug —Uuoug 1 [[ug—ugug 2
Aoy, hoz = +— —4(ug —uy) ,
2x: M2z 2upug—u7) 2 [UZUG—WJ (ug —u7)

uguy —ugu uio(u7 —ug)
7»2y=37 at6 ;... =107 6—u11

us W ugug —uz
(12b)

Then all the eigenvalues have negative real parts and hence the
equilibrium point E, is locally asymptotically stable if the exist-
ence condition (4b) along with the following conditions satisfies:

UglUg > UzUy (12¢c)
S uzo(uz ~up) (12d)

ugug —uz
. The Jacobian matrix of system (2) at E; can be written
as:

-(1+y3) up-x3 U —X3 1
u 0 0 —-u

s = 3y3 5Y3| _ (aij)4x4 (13a)

0 0 UgX3 —U7 —ugws 0

0 $IW3 ujgw3 0

The characteristic equation of J; can be written as:

(azz—*az) [7\% + Al}n% +Ao\3 +A3} =0

Here
Ap=-a11, Ap=— (apqasp +a12821) » Ag=as2(a11a24-a1814) (13b)

Now, it is easy to verify that:

A=MAg —Ag=ap1(a11a12 +a14342) -
Clearly, the eigenvalue g, in z-direction has negative real part if
and only if the following condition holds:

UgXz < Uy + UgW3 (13c¢)
However, according to existence condition (5¢), it is observed
thatA; > 0, Vi = 1,3, further A > 0 if and only if:

uz < ug(1+ys3) (13d)

U, < X3 (138)
So, according to Routh-Hurwitz criterion the roots of the third
degree polynomial in the characteristic equation have negative real
parts and hence the equilibrium point E; is locally asymptotically
stable.

o The Jacobian matrix of system (2) at E, can be written
as:
-(1+24) Up—X4 Up —X4 1
0 UgXg —Ug —UgW, 0 0
Jo = 3%4 —U4 —U5W4 — (bij)4x4 (14a)
Ugz4 0 0 -ugzy
0 S1W4 Upows U024 -1

The characteristic equation of ], can be written as:

(b22 ~2ay) [xﬁ +B1AZ +Bphy + Bg:| =0

Here

Bi=-b11, Bp=—(b4gb3s +b13031) » B3=Dba3(b11b34 ~b31b14) (14D)
Further, it is easy to verify that:

A=ByBp —Bg =b31(b11013 +b14b43) -

Clearly, the eigenvalue A4y in y-direction has negative real part if
and only if the following condition holds:

U3Xy < Uy + UsWy (140)
However, according to existence condition (6b), we obtain that
B; > 0,vi=1,3, further A > 0 ifand only if:

Ug < ug(l+2z,) (14d)

Uy < X4 (14e)
So, according to Routh-Hurwitz criterion the roots of the third
degree polynomial in the characteristic equation have negative real
parts and hence the equilibrium point E, is locally asymptotically
stable.

. The Jacobian matrix of system (2) at Eg can be written
as:
- (+y5+75) U -x5 Up-X5 1
ugy 0 0 ~Ugy
Js = 35 57 = (Cij) (15)
ugzs 0 0 -Ugz5 4x4
0 0 0 spy5-ugpzs-uig

The characteristic equation of ] can be written as:

(cas—rsw) (%5) [xé —c1125 —(C13631 +€21012 )} =0
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Clearly, the equilibrium point Es has a zero eigenvalue that’s
mean its non-hyperbolic point. So, the linearization failed and we
will study the stability of E; by Lyapunov method in the next
section.

. The Jacobian matrix of system (2) at E¢ can be written
as:
-(L+yg+26) ui-Xg U2-Xg 1
usy 0 0 —-Ugy
Je = 376 576 = (dy), ,(16a)
ugzg 0 0 -Ugzg
0 SIWe  UIOW6  S1Y6 —U1026 ~U11

The characteristic equation of ] can be written as:

hg+D1A3 +DAZ + Dghg +Dg =0 (16b)
Here

Dy =—(ch1+daa)

D2 =—(d11d44 +dy2d21 +013d31 +d24d42 +d34d43)

D3 =dy3(d11d34 —d31) +d42 (d11d24 —d21) +dag (di2d21 —dh3d31)
D4 = dq2d21d34d43 +d13d31d42d24 —d1 2d31d24d43 —d13d21d 42034
Consequently,

A1 =D1Dp —D3 =d11I"p +dgqal'3 —d11d4al1 + 14
And

Ap =D3(D1D; ~D3)-DZDs =F +F +Fg +Fy
Where

R =(d1al'3+daal2) (d1al'2+d4al'3+T4)

Fp =—(d1al'3 +d4aT2) (d11d44T1)

F3=-T4(d12d44I"1) (T2 +dgal'3+T4)

F4=T7T5 (d13dsz —d1od43)
With

Ty =dyp+dgg

'y =dqpdp1 +d13d31

'3 =dp4dgp +d34ds3

"4 =dp1d42 +d31d43

I's =dp1d3g —d31dp4

g =d13d42 —d12d43

Now, according to existence condition (8c) it is observed that

D; > 0,1 = 1,3,4, further A, > 0 if and only if the following con-
ditions hold:

Uz1 > S51Ye + U10Zs (16¢)

uz>x6>nqax{fm-“251,q} (160)

ui0 -s1

us u3

>max —-zg-1, —=-zg-1,
Y6 { 6 us 6

(u2-xp) UeZe} (16¢)
ug

(up-xg) ug

So, according to Routh-Hurwitz criterion the roots of the third
degree polynomial in the characteristic equation have negative real
parts and hence the equilibrium point Eg is locally asymptotically
stable.

5. Global stability analysis

In In this section the global stability for the equilibrium points of
system (2) is studied analytically by using the Lyapunov method
as shown in the following theorems:

Theorem 2: Assume that, the equilibrium point E, of system (2) is
locally asymptotically stable and the following conditions hold:

%<mm{&gﬁﬂ% (173)

l+up s

U < min {‘L%} (17b)
1+up upp

Then E, is globally asymptotically stable in the R%.

Proof: Consider the following function:
Vo =c1(X—-1-In(x))+coy +caz+Ccqw

Where ¢;, i=1,2,3,4 are positive constants to be determine.
Clearly v :R% - Ris C? positive definite function. Now by dif-

ferentiating \{ with respect to time t, we get:

dvp ] 2
e —;(x -1)%+(c1(1+ug)—coug)y+(c1(1+up)—-cau7)z

+(c1 —c4uq1)W+(couz —cp )Xy +(c3up —C1 ) X2

c
+(c481 —cous ) yw +(cqu1g 703u8)2W7;1(u1y+ Uz +w)

So by choosing the positive constants as below:

1 1 1
=1, 02=E, 03:@1 C4=E

We obtain that:
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According to conditions (17)(a,b) we have d(% < 0. Therefore E,

is globally asymptotically stable in the R%, and hence the proof is
complete.

Theorem 3: Assume that, the equilibrium point E; of system (2) is
locally asymptotically stable. Then the basin of attraction of E;,
say B(E,) c R%, satisfy the following conditions:

(Ul—X1+U3Y)2§4 (1+y) (ug—uzx1) (18a)
x1+u2+u—6< x<x1+m (18b)
ug u10
S1
y>yi+ (18c)
usu10

Proof: Consider the following function:

2 2
Vl=C]_(X 2Xl) +02(y zyl) +C3Z+CqW

Where ¢;, i = 1,2,3,4 are positive constant to be determine. Clear-
ly vi:R% - Ris C* positive definite function. Now by differenti-

ating V4 with respect to time t, we get:

%:— c1(1+y) (X—Xl)z+(C:|_(U1—X1)+C2U3y) (x=x1) (Y-y1)

~c(ug—uzx1) (y-y1)° - (crupxa +caur)z
+(cp(x—x1)—cqu11)w+(cp (x1+up —Xx)+C3up ) xz

+(c4s1 —cous (Y —y1)) yw +(cqu1g —caug ) zw

So by choosing the positive constants as below:

1
¢=1, cp=1, c3g=—, =
1 2 3 ug u10

And according to condition (18a) we obtain that:

v

& < @) (x=x1)~ J(ua—uzxa) (y-v1) | ’

+£x—x1—zl%}w+[x1+u2—x+3—g]xz

S1
+ —us(y—-y1) |yw
(UlO ( )J

Obviously d(%< 0 for every initial point satisfying conditions

(18)(b,c) and then 4 is a Lyapunov function provided that condi-

tions (18)(a-c) hold. Thus E, is globally asymptotically stable in
the interior of B(E;), which means that B(E;) is the basin of at-
traction and this completes the proof.

Theorem 4: Assume that, the equilibrium point E, of system (2) is
locally asymptotically stable. Then the basin of attraction of E,,
say B(E,) c R%, satisfy the following conditions:

(uz—x2+u62)2§4 (1+2) (u7-upx2) (19a)

x2+u1+u—3 < x < X2 441 (19b)
us 1

z> 29 LU0 (19c¢)

sjug
Proof: Consider the following function:

2

(x—x2) 2
2

Vo =gy (2*22)

+Coy+C3 +CqwW

Where ¢;, i=1,2,3,4 are positive constants to be determine.
Clearly v :R% - Ris C* positive definite function. Now by dif-

ferentiating V5 with respect to time t, we get:

%:7 c(l+z2) (X7X2)2+(C]_(U2*X2)+03U62) (x-x2) (z-22)

703(U7 7U6X2) (Z 722)2 7(C1U1X2 +C2u4)y
+(cq(x=x2)—cquyq)w+(cq (x2 +ug —x)+cuz)xy
+ (0451 - Czus)yW"" (C4u10 —C3Usg (Z -7 ))ZW

So by choosing the positive constants as below:
1 1
=1, cp=—, c3=1, C4=—
(] C2 us c3 Cq4 51
And according to condition (19a) we obtain that:

%S _[ (1+2)(x=x2)- (U7—u6x2)(z_22)} 2

+[x—x2 —mjw{xz +u1—x+u—3]xy
S1 us

+[M—U8(Z—22)JZW

51

Obviously d(%< 0 for every initial point satisfying conditions
(19)(b,c) and then V4 is a Lyapunov function provided that condi-
tions (19)(a-c) hold. Thus E, is globally asymptotically stable in
the interior of B(E,), which means that B(E,) is the basin of at-
traction and this completes the proof.

Theorem 5: Assume that, the equilibrium point E; of system (2) is
locally asymptotically stable. Then the basin of attraction of E5,
say B(E3) c Rf, satisfy the following conditions:

(ul—X3+U3y)2§ (1+y) (ug+usw—u3x3) (20a)
(ssw-usy3)® < (ug +usw—ugxz) (u11-s1y3) (20b)
(1+y) (ull—slyg) >1 (20c)
X > X3 + Uy + ug (20d)
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w < wy (20e)
Proof: Consider the following function:

)2

2 2
v3=(x’;3) +(y*;’3) +Z+(W*;N3

Clearly v3:R% - Ris C* positive definite function. Now by dif-
ferentiating V3 with respect to time t, and according to conditions
(20)(a-c) we obtain that:

2 < (B (x-xg)-

da = |\ 2

2
(ug +usw—u3x3)
f(y—)@)

B (1+y)(X_X3)_ (u11—81YS)(W_W3)r

2 2

ug +UugWw —u3x
(ug 52 3 3)(y_y3)_ >

2
(u11-s1y3) (W—Wg):l

+(Xg+Up —X+Ug )Xz + U (W—W3)zw

Obviously d(%< 0, and then V4 is a Lyapunov function provided
that the given conditions hold. Therefore E; is globally asymptoti-
cally stable in the interior of B(E3), which means that B(E3) is the
basin of attraction of E; and the proof is complete.

Theorem 6: Assume that, the equilibrium point E, of system (2) is
locally asymptotically stable. Then the basin of attraction of E,,
say B(E,) c R#%, satisfy the following conditions:

(uz—X4+u62)25 (1+2) (u7+ugw—ugx4) (21a)
(ulow—u824)2 < (u7 +ugw—ugx4) (u11-u10z4) (21b)
(1+2) (u11-wpzg) 21 (21c)
X > X4 + u; + usz (21d)
w < Wy (21e)

Proof: Consider the following function:

2 2
_ vy, 2o2aP (o)

2
vy = X=xa)
2 2 2

Clearly v,:R% - Ris C! positive definite function. Now by dif-
ferentiating V4 with respect to time t, and according to conditions
(21)(a-c) we obtain that:

d = |\ 2 2

dVy (l+z)(x_x4)_ (u7+u3W—u6x4)(z_Z4)} 2

(1+2)

(x-x4) - W(w—wn} 2

2
{ f(w + UsVZV— ugx4) (2-24)- f(U11—:1024) (w—w@}

+(X4+up —x+Uz)Xy+s1 (W—wg)yw

Obviously d(% <0, and then v is a Lyapunov function provided

that the given conditions hold. Therefore E, is globally asymptoti-
cally stable in the interior of B(E,), which means that B(E,) is the
basin of attraction of E, and the proof is complete.

Theorem 7: Assume that, the equilibrium point E5 of system (2) is
locally asymptotically stable. Then the basin of attraction of Eg,
say B(Es) c R%, satisfy the following conditions:

(ul—x5+U3y)252(1+y+z) (ug —uzxs) (22a)
(uz—x5+u62)2§2(1+y+z) (u7 —upxs) (22b)
Uy; > x+ (Usys + s1)y + (ugzs + ugp)z (22c)

Proof: Consider the following function:

2 2 2
X=X y-y z-2
V5=( 25) +( 25) +( 25)

+W

Clearly vg:R% - Ris C* positive definite function. Now by dif-
ferentiating Vg with respect to time t, and according to conditions
(22)(a,b) we obtain that:

dVs @ i
Tt55_ %(x—xw— (U4—U3X5)(y—y5)}

I (1+y+z

) 2
_ f(x—x5)— (U7—U625)(Z_Z5)}

+[x-u11+(s1+ys5)y+(uig-2z5)z |w

Obviously dd% <0, and then V5 is a Lyapunov function provided

that the given conditions hold. Therefore E; is globally asymptoti-
cally stable in the interior of B(E5), which means that B(Es) is the
basin of attraction of E5 and the proof is complete.

Theorem 8: Assume that, the equilibrium point E of system (2) is
locally asymptotically stable. Then the basin of attraction of Eg,
say B(Eg) < R#, satisfy the following conditions:

(U17X6+U3y)25 %(l+y+z) (ug —ugxg +usw) (23a)
(UZ*X6+U62)2§ %(1+y+z) (u7 —ugxg +ugw) (23b)
g(l+y+2) (u11-s1y6 —u1024) > 1 (230)
(s2w—-usys)? < g(w —ugXg +Usw) (ug1-s1yg —U102) (23d)
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(U77U6X6+U8W) (ull—slyG—uloz) (236)

wlN

2
(u1ow-ugzg)” <
Proof: Consider the following function:

x—x6)® (v-v6)  (2-26)  (w-we)?

(
Vi =
6 2 2 2 2

Clearly vg:R% — Ris C* positive definite function. Now by dif-
ferentiating g with respect to time t, and according to conditions

(23)(a-€) we obtain that:
12
dVg (1+y+z (ug —ugxg +usw) U3X6+U5W
it <7 (y-v6)
B ,(1+y+z fu7 u5x6+u8w (2-2g)
_ ,(1+y+z ’Ull 51y6 uloz W W6:|
r 2
’ Ugq —U3Xp +UsW f U11—S1Y6 —U10Z
- (—z)(y_YG)_ (3)(W_W6):1

- 2
—J@@- )_W(W_Wﬁ)}

Obviously % <0, and then Vg is a Lyapunov function provid-

ed that the given conditions hold. Therefore E¢ is globally asymp-
totically stable in the interior of B(E¢), which means that B(E) is
the basin of attraction of E4 and the proof is complete.

6. The local bifurcation analysis

In this section, the local bifurcation near the equilibrium points of
the system (2) is investigated by using the Sotomayor’s theorem
[14] for local bifurcation. It is well known that the existence of
nonhyperbolic equilibrium point is a necessary but not sufficient
condition for bifurcation to occur. Now, according to Jacobian
matrix of system (2) given in equation (9), it is clear to verify that
for any non-zero vector V = (v, vy, v3,v,)T we have:

—2v1(vo +Vv3)
2vp (U3v1 - U5V4)
2v3 (u6v1 - u8V4)
2vy (S]_VZ + U10V3)

D2F(V,V)= (24)

Here D? represent the derivative of Jacobian matrix of system (2),
and F = (Fy, F,, F5, F,)T with F; ,i =1,2,3,4 given in system (2).
Therefore, D3F(V,V,V)=(0,0,0,0)

So, according to Sotomayor’s theorem the pitchfork bifurcation
does not occur at each point E;, i = 0,1,2,3,4,5,6.

Theorem 9: Assume that the local stability condition (10b) holds,
and let the parameter value ug passing through the value ug = u,
then the system (2) at the equilibrium point E, has:

1) No saddle-node bifurcation.

2) Transcritical bifurcation.
Proof: According to the Jacobian matrix J, given by Eq. (10a) the
system (2) at the equilibrium point E, has zero eigenvalue (say
Aoz = 0) at ug = ug, and the Jacobian matrix J, with ug = ug
becomes:

-1 uy-1 up-1 1

N N 0 uz-uy 0 0
=J(ug =u;) =

o=l =up=| B

0 0 0 -upq

Now, let VI°! = ( o vl vl ],v£°]) be the eigenvector corre-
sponding to the eigenvalue Ay, = 0. Thus J; VI9 =0, gives

T
ylol — ((u2 —1)v£°],0,v£°],0) where vi any nonzero real

number. Let Wl = ( ol Lol Lol QO])T be the eigenvector
corresponding to the eigenvalue Ay, = 0 of the matrix J; .

Then J5T wlol = 0, by solving this equation for W[ we get
wlol = (o,o,ngO],o)T, where y°! any nonzero real number. Now,
consider:

O = £y, (X ug) = (ﬂ or, oy i) (0,0,x2,0)T

dug’ dug
Thus, £, (Eo, ug) = (0,0,0,0)T and hence (‘P[O])Tfus(EO, uy) = 0.
So, according to Sotomayor’s theorem the saddle-node bifurcation

cannot occur, while the first condition of transcritical bifurcation
is satisfied. Now, since

Df, (X, ug) =

O N O O
o O O o
o X O o
o O O o

Where Df, (X, ue) represents the derivative of f, (X,us) with
respect to X = (x,y,z, w)T. Further, it is observed

0

0000 (U2*1)V[3] 0
0

0000 0

Df, (Eq, uz)VI = =

us( 0, ug)V 0010 V[O] V[30]
0000 3 0

0

(w19)"[Df,,, (Eo, up) V)] = (00,4, 0) (0,0,vY", o)T
— ylolylo]

Now, by substituting VI in (24) we get

2 * [0] y7[0]Y — * _ [0]? T
D2f(Eq, uz)( VIO,V )_(0,0,2116(u2 vl ,o)

Hence, it is obtain that:
(wlo)) " [D26(Eq, uz) (IO, Vo))

(o 0,y o) (0,0,2ug(u2 - 1)v£"]2, o)T

2
= 2ug(u, — 1)V£0] 2o
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Since u, represent a consumption rate then u, —1 % 0. Thus,
according to Sotomayor’s theorem system (2) has transcritical
bifurcation at E, with the parameter ug = ug. [ ]

Theorem 10: Assume that the local stability condition (11c) hold
and suppose that the condition

U us + uy # uguz + us (25)

Is satisfied. Then when the parameter value u,; passing through
i, = AUa-us)
uuz —ug
1) No saddle-node bifurcation.
2) Transcritical bifurcation.
Proof: According to the Jacobian matrix J; given by Eq. (11a) the
system (2) at the equilibrium point E; has zero eigenvalue (say
Aw = 0) at uy; = ujq, and the Jacobian matrix J; with u;; = uj;
becomes:

system (2) at the equilibrium point E; has:

Ji=J(uy; = uj;)

uz —ujuz ujugz —uyg upugz —uyg 1
uuz —ug us uz
ug(ug —u3z) 0 0 us(uz —ug)
= ujuz —uy ujuz —uy
0 0 ugug —uguy 0
u3
0 0 0 0

T
Now, let VIt = (vgﬂ,vgﬂ,vgﬂ,vf]) be the eigenvector corre-
sponding to the eigenvalue Ay, = 0. Thus J: VI = 0, gives:

T
#Q

2
Where, L1=u§(u1(U3—u5)—u4+u5), Lo =us(ujuz—ug)” and

vl = <V£1], L VF], 0,8
L usg

vgﬂ any nonzero real number. Clearly,u;uz # u, due to the exist-
T
ence condition (3b). Let Wil = (q;&l],q;g”, i E]) be the
eigenvector associated with the eigenvalue 4, = 0 of the matrix
;T Then J:T wltl = 0, by solving this equation for X we get
T

plil = (0,0,0, LIJE]) , Where q;[f] any nonzero real number. Now,
consider:

of

— =f, (X, u3;) = (0,0,0,—w)T
ougq 11

Thus, . (E;,ui;) = (0,0,0,0)T and hence

11
T
(w £, (Eyuip) =0
So, according to Sotomayor’s theorem the saddle-node bifurcation

cannot occur, while the first condition of transcritical bifurcation
is satisfied. Now, since:

000 O
000 O

Df, (X, uy1) =
u11( 11) 000 O
000 -1

Further, it is observed

1]

Vi

0
000 0

syl _ 000 0 V[zl] 0
Dfu,, BrwidVE =100 ¢ o J e
000 -1) |3 | [,
[1] 4

Va

(1) " [Df,, By, ui)VI] = (0,00,947) (0,00, —VE])T

= vyl =0
Now, by substituting V!4 in (24) we get

D2f(E,, ujy)( VI, vt
T
_ Ly ([11)? siugly (a2
_<—2L2(v1 )",00, 2 (vi")
Hence, it is obtained that:

T « L 2
(0" 0218, w5 ) (VI V)] = 295910 ()7 gt

#0

Thus, according to Sotomayor’s theorem system (2) has transcriti-
cal bifurcation at E; with the parameter u;; = uj,. Note that if the
condition (25) does not satisfied then the system (2) does not have
a bifurcation. ]

Theorem 11: Assume that the local stability condition (12c) hold
and suppose that the condition

UyUg + Uy # UyUg + Ug (26)

Is satisfied. Then when the parameter value u,, passing through

uj; = M system (2) at the equilibrium point E, has:
UpUg —Uy

1) No saddle-node bifurcation.

2) Transcritical bifurcation.
Proof: According to the Jacobian matrix J, given by Eq. (12a) the
system (2) at the equilibrium point E, has zero eigenvalue (say
Aw = 0) at uy; = uj, and the Jacobian matrix J, with u;; = uj;
becomes:

J5=J(uy; = uj,)

Ug —U,Ug U,Ug —u, U,Ug — U, 1
| Uplg =y Ug Ug
- 0 UsU, —U,Ug 0 0
Us
Us(u7_ue) 0 Ua(ue_u7)
UpUg — U7 UpUs — U
0 0 0 0

T
Now, let VI2! = (VF],V?],V?],VE]) be the eigenvector corre-
sponding to the eigenvalue A,,, = 0. Thus J5 V2l = 0, gives:
T

vl = (w120, Lo f2, Ug P2
L, Ug

Where |, =u?(u,(us —Ug )+U, —Ug) + L, =ug(u,u; —u, ) and

VEZ] any nonzero real number. Clearly, u,ug # u, due to the ex-
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T

istence condition (4b). Let w2 = (qJEZ], 521,¢g2],¢52]) be the

eigenvector associated with the eigenvalue A,,, = 0 of the matrix

J5T. Then J3T wI2l = 0, by solving this equation for W2l we get
T

wpl2] = (0,0,0, q;[f]) , where 2! any nonzero real number. Now,

consider:

I = f,, (X upp) = (0,0,0,—w)T

duqq U1

Thus, f, . (E,,u3;) = (0,0,0,0)T and hence

11
21)" £y =
(P £, (Ezui) =0
So, according to Sotomayor’s theorem the saddle-node bifurcation

cannot occur, while the first condition of transcritical bifurcation
is satisfied. Now, since:

000 0
Dfy,,Xu1)=1|0 0 0 0
000 0
000 -1
Therefore,
000 0)(v 0
Dfy,, (B, ui )V =10 0 0 o |[vi| | ©
000 0]V¥ 0
000 -1 (v

()" [D,, (B, ui)VE] = (0,0,0,) (0,00, —vﬁZ])T

= vyl =0
Now, by substituting V2! in (24) we get

D2f(E,, ujy) (V2 vI2T)

T

= _ Ifj (VEZ])Z,O,O, zuiilii_s (ngl)z

Hence, it is obtained that:
(W[Z])T[sz(Ez, u;l)( V[Z], V[z])]

2
— 2 UglyoLg (VF]) ¢£2] £0
Ugl,

Thus, according to Sotomayor’s theorem system (2) has transcriti-
cal bifurcation at E, with the parameter u;; = uj;. [

Theorem 12: Assume that the following conditions

U7 — UgX3 > W3 (273.)
UslUg # UglUg (27b)
€13€42 F €12€43 (27¢)

Are satisfied. Then when the parameter value ug passing through

uy = Y7 ~UsXs system (2) at the equilibrium point £ has:
W3

1) No saddle-node bifurcation.

2) Transcritical bifurcation.
Proof: According to the Jacobian matrix J; given by Eq. (13a) the
system (2) at the equilibrium point E; has zero eigenvalue (say
A3, = 0) at ug = ug, and the Jacobian matrix J; with ug = ug
becomes:

J5=J(ug = up) = (ey)

4X4
Where g; = a; foralli,j =1,2.3,4 with e,,=0.

T
Let VB3I = (v£3].v£3],v£3],v£3]) be the eigenvector corresponding
to the eigenvalue A3, = 0. Thus J3 VI3 = 0, which gives:

T
vBl = [ euls V£3]' _UAVE]'V?] e, L Vgs]

Ls 5 L

[3]
Where L5 =636, —€1,€43 Le :e42(ene24 _921) and V3 any

T
nonzero real number. Let Wi =( Byl y, [f]) be the

eigenvector corresponding to the eigenvalue A5, = 0 of the matrix

J3T. Then we have J3Tw!3! = 0, by solving this equation for W[3!
T

we get WBI = (0,0,LIJE],O) , where ! any nonzero real num-

ber. Now, consider:

of
7u; = fu (X ug) = (0,0, —zw, 0)°

Thus, f,, (E3, u) = (0,0,0,0) and hence (‘PB])Tqu (Es,u) =0

So, according to Sotomayor’s theorem the saddle-node bifurcation
cannot occur, while the first condition of transcritical bifurcation
is satisfied. Now, since

00 O 0
DfuB(X,U3)= 00 O 0
00 —-w -z
00 O 0

Further, it is observed

_Culs 5
Dfy, (B3, up)VEl =0 0 0 o o 0
00 0 off YoM 0
00 -w o0 50 —wl
3
00 0 0off el 0
LG

T
(1) " [Dfy, (B, up)VE] = (0,0,957,0) (0,0, —wvi, 0)
= _Wvg?’]qj?] +0

Now, by substituting V3! in (24) we get
D2f(E3, ug)(VELVE!) = (U;,0,U,, 007

Where

U, = 2642L5(51_U10) (VE])Z
siLg
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2
U,=_» Uy Lg (U3ug —U5Ug) ( vgs])
S
Hence, it is obtain that:

(W) [D2£(E,, uz) (VL VE)] = Uyl = 0

Thus, according to Sotomayor’s theorem system (2) has transcriti-
cal bifurcation at E; with the parameter ug = ug. [ ]

Theorem 13: Assume that the following conditions

U3Xy > UsWy (28a)
Uzlg # Uglg (28D)
413942 # 912943 (28¢)

Are satisfied. Then when the parameter value u, passing through
Uy = Uzxy — UsW, System (2) at the equilibrium point E, has:

1) No saddle-node bifurcation.

2) Transcritical bifurcation.
Proof: According to the Jacobian matrix J, given by Eq. (14a) the
system (2) at the equilibrium E, has zero eigenvalue (say A4, = 0)
at u, = uj, and the Jacobian matrix J, with u, = u} becomes:
Ji=J(ug = u}) = (q5)

4X4

Where q;=b; forall i,j =1,2,3,4 with Oy = 0.

T
Let V4l = (vr],vy],vg‘*],vf]) be the eigenvector corresponding

to the eigenvalue A4, = 0. Thus J; V!4 = 0, which gives:

T

vl = _ Qay L, V£4],v£4], _uivgl], Ouly V£4]

L, S, L,

[4]
Where Ly =005 = O1s0so 0 Lg = Q43(q11q34 - qsl)and Vv any

T
nonzero real number. Let W[4l = (lpg”‘],lpg"],q;g"],q;r‘]) be the
eigenvector corresponding to the eigenvalue A,, = 0 of the matrix
J:T. Then we have J;Tw!4l = 0, by solving this equation for W[4

T
we get Pl = (0, lIJ[24],0,0) , where & any nonzero real num-
ber. Now, consider:

af _ _ T
a_U.4 - fu4 (X' u4) - (Or -y 0,0)

T
Thus, f,, (B4, u3) = (0,0,0,0)Tand hence (W) £, (E,, u3) = 0.
So, according to Sotomayor’s theorem the saddle-node bifurcation
cannot occur, while the first condition of transcritical bifurcation
is satisfied. Now, since

0 0 00O
DfU4,(Xr u4) =lo =10 0
00 00O
0 0 00O

Further, it is observed

_Q34L7 V£4]
* L
Dfu4(E4,u4)V[4]= 0000 VB[A] 0
0 -100 2 —vl
_ Yo o |=
0 0 00O Vi 0
1
0000 q31|-7v[4]
2
Le

T
(1) " [Dy, By, V] = (0,457,0,0) (0, — v}, 0,0)

0
Now, by substituting V1! in (24) we get
D2f(E,, u3)( VI, VI4) = (U5, U,,0,U9)"

Where

2 G L7 (1-Uyp) ( v£4])2
Silg

Us

2
U, = _2U11L7(U5u6 —U;Ug) (Vg”)
UyoLsg

U5 = 2Q31L7(312 _u120) (v£4])2
leB

Hence, it is obtain that:
(W) [D2£(E,, up) (VI V)] = Ut = 0

Thus, according to Sotomayor’s theorem system (2) has transcriti-
cal bifurcation at E, with the parameter u, = uj. [

Remark: According to Sotomayor’s theorem system (2) has no
bifurcation at the nonhyperbolic equilibrium point Eg for different
parameter values, and that ensure the nonhyperbolic is a necessary
but not sufficient condition for bifurcation to occur.

Theorem14: system (2) has no bifurcation at equilibrium pointEg.
Proof: According to the Jacobian matrix J¢ given by Eq. (16.a) the
system (2) at the equilibriumpoint E, has zero eigenvalue (say

A¢ = 0) at ug = ug and the Jacobian matrix Jg with ug = ug
bcomes:

Jo =1 = ug) = (hy)

4Xx4
Where h; =d; foralli,j =1,2,3,4 with h,, =UsZ-

T
Let Vel = (v£6],v£6],v£6],v£6]) be the eigenvector corresponding
to the eigenvalue Aq = 0. Thus J; V6l = 0, which gives:

T
ylel = UAVLG], _(hgly +Ly) V/Ef], _(h,Ly+ L) VLG]'VE]
Us Ly Ly
Where L, =h,,h, —h, ; L,y =h,h,h,, ,

Ly, = hy, (h,h,; —hysh,, )and v£6]any nonzero real number.

T
Let wlol = (W], ol yle) 5{6]) be the eigenvector correspond-

ing to the eigenvalue A; = 0 of the matrix ];T. Then we have
J:Twlel = 0, by solving this equation for (6] we get :
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T

0, _ha ¢ ¢l 0

h24

wlel —

Where Lpgf] any nonzero real number. Now, consider:
L = £,, (X, ug) = (0,0,x2,0)T

dus  Us

Thus, £, (Ee, ug) = (0,0,xz,0)Tand hence
(W[G])Tfus(EG, up) = xz llJEG].

Now, by substituting V16! in (24) we get

D2f(Eg, ug)( VIel,vI6l) = (Ug,0,0,U)T

Where
U= _2 Us (2L + (hy, + hy) L) (VLG])Z
ULy,

U;=_» $1(MysLo + Lyg) + Uy (hyo Lo + Lyy) (V£61)2
Ly

Hence, it is obtain that:

(w61 [D2£(Eq, uz) (Ve viel)] = 0

Thus, according to Sotomayor’s theorem system (2) has no bifur-
cation at E¢ with the parameter ug = ug. [

7. The Hopf bifurcation analysis

In this section, the occurrence of Hopf bifurcation of system (2)
near the positive equilibrium point Eg is studied below.

Theorem 15: Assume that the following conditions are hold:

I > d121d 24943 (29a)
dl
r,> d11(d11d34d43 +d, I )+ du (d44d34 —dy I+ FA) (29b)

Then system (2) possesses a Hopf bifurcation around the equilib-
rium point Eg when the parameter us passes through us = ug ,
where

u, ! (— R2+,/R§—4R1R3)

T 2yR

With

Ry =d,d,d,

R; = d,r’r, +d,d,d,r,(d, +d,r,)-2d,,d,d,,d,d,,
—d,,(d,I, +d,I;)

R; = 1,[d,,(d,,ds,d,; +d,, T, )+d,,(d,d,d, —d,T} +T,)]
—I'1T4[d11d4a(Ty + dyadsadas + T4)]
+F1 [d34(d21r1r6 - d11d44d43)]

Proof: According to the Hopf bifurcation theorem, the Hopf bifur-
cation can occur provided that: D,u;) >0, i=13; A >0,

D? —4A, >0 and Az(u;): 0. Therefore we obtain that A, = 0
gives
Uz ygR, +UsYsR, +R; =0 (29¢c)

Then Eq. (29c¢) has a unique positive root

" 1

Ug 7(— R, ++/RZ —4R1R3)

- 2y¢R,

Provided that the conditions (29)(a,b) hold. Now, at us = ug the
characteristic equation can be written as:

D A
[/15 + D"'J[lg +D, A, + Dlj =0

1 1

Which has four roots

. |Ds 1 A
As12 :il‘ Hl’ Aoz :2[_ D, £, /Df _451

Clearly, at us = ug there are two pure imaginary eigenvalues
(4. .and », ) and two eigenvalues which are real and negative.
61,2 63,4

Now, for all values of us in the neighborhood of ug, the roots in
general of the following form:

. . 1
A=y tia,; A, =y —la,; Aoy, =-| —Dj £

Clearly, Re (24, (us))], . =@, (u;) =0,k =12

That means the first condition of necessary and sufficient condi-
tions for Hopf bifurcation is satisfied at us = ug. Now, to verify
the  transversality = condition ~we must prove that

O(u; J¥(u; )+ T{ug Jo(u; )= 0, Note that for ug = ug we have:

D
a,=0, a,= ES‘
1

Then

Al
x N ~ofoe) Dalus) <o =
T(uZ)=a, (7| Dy(us)- i D;(u;)
1\Us

Where:

_db  _

todug|,

, dD.
D, = Tl.l:u . = _YGd42

, dbD
D, = Tl.l:u » = y6d11d42

, dD,
D, = diu:us:u; = Yol
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Then we have
Olus Jr(us )+ T(us Jolus )=

D
2y6D1D3|:d42[d11(D2 - 2D3j - D1D3j_ d31re:| =0

1

So, we obtain that the Hopf bifurcation occurs around the equilib-
rium point Eg at the parameter  us = ug
u

8. Numerical analysis

In this section the dynamical behavior of system (2) is studied
numerically starting at different sets of initial points with different
sets of parameters values. The objectives of this study are: first
specify the control parameters on the dynamical behavior of sys-
tem (2) and second ensure our obtained analytical results. It is
observed that, for the following set of hypothetical parameters:

u, = 0.1, Uz = 0.5, Uy = 0.1, Us = 0.4, Ug = 0.5,
u; = 0.1, ug = 0.4, u;y = 0.2,u;; = 0.2,5; = 0.2 (29)
The solution of system (2) approaches asymptotically to the posi-

tive equilibrium point Eg = (1.13, 0.46, 0.53, 1.16) and this is
confirming our obtained analytical results as shown in Fig. (1).

Population

. . c c . c c
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Time

Fig. 1: Time series of the solution of system (2) that approaches asymptot-
icallyto the stable positive equilibrium point (1.13, 0.46, 0.53, 1.16)

Now, in order to specify the control parameters values of system
(2), the system is solved numerically for the data given in (29)
with varying one parameter each time. It is observed that, for the
data given in (29) with varying one of the parameter values uy, u,,
u;o and uy4, there is no change in the dynamical behavior of sys-
tem (2) and the system still approaches to the positive equilibrium
point and hence these parameters are not control parameters. It is
observed that for the data as given in (29) with u; < 0.5, the solu-
tion of system (2) approaches asymptotically to E, as shown in
Fig. (2a), however for u; > 0.5, the solution of system (2) ap-
proaches asymptotically to E; as shown in Fig. (2b). The solution
of system (2) has similar behavior as that of varying u; when ug
passing through 0.4.

Fopatitios

R T ]

05 408 2 %53 35 4 45 &
Tire 3 T o

Fig. 2: Time series of the solution of system (2) for the data given by (29)
with(a) u;= 0.49, which approaches to(1.26, 0, 0.99, 1.33) in the interior of
positive octant of xzw-space, (b) u;= 0.51, which approaches to (1.31,
0.99, 0, 1.42) in the interior of positive octant of xyw-space

For the data given in (29) with us < 0.4, the solution of system (2)
approaches asymptotically to E; as shown in Fig. (3a), however
for ug > 0.4, the solution of system (2) approaches asymptotically
to E4 as shown in Fig. (3b). the solution of system (2) has similar
behavior as that of varying us when ug passing through 0.5.
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Fig. 3: Time series of the solution of system (2) for the data given by (29)
with (a) us= 0.39, which approaches to(1.31, 0.99, 0, 1.42) in the interior
of positive octant of xyw-space, (b) us = 0.41, which approaches to(1.26, 0,
0.99, 1.33) in the interior of positive octant of xzw-space

For the data given in (29) with u, > 0.1, the solution of system (2)
approaches asymptotically to E, as shown in Fig. (4a). However,
for u; > 0.1 with the rest of parameters as given in (29), the solu-
tion of system (2) approaches asymptotically to E; as shown in
Fig. (4b).
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Fig. 4: Time series of the solution of system (2) for the data given by (29)
with (a) u,= 0.2, which approaches to (1.26, 0, 1, 1.33) in the interior of
positive octant of xzw-space, (b)u,= 0.2, which approaches to (1.26, 1, 0,
1.33) in the interior of positive octant of xyw-space

For the data give n in (29) with s; < — 0.22, the solution of sys-
tem (2) approaches asymptotically to Esas shown in Fig. (5).
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Fig. 5: Time series of the solution of system (2) for the data given by (29)
with s; = - 0.22, which approaches to (0.23, 9.7, 11.09, 0)

Now by varying the parameters u,, u, and s; keeping the rest of
parameters values as in (29), it is observed that for u, > 0.5,
u; >0.5 and s; < - 0.22, the solution of system (2) approaches
asymptotically to E, as shown in Fig. (6a). However for u, < 0.5,
u; < 0.5 and s; < -0.22, the solution of system (2) approaches
asymptotically to E; as shown in Fig.(6b). Moreover for u, > 0.5,
u; < 0.5 and s; <-0.22, the solution of system (2) approaches
asymptotically to E, as shown in Fig. (6c).
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Fig. 6: Time series of the solution of system (2) for the data given by (29)
with (a) u,= 0.7, u,= 0.8 and s; = - 0.23, which approaches to (1, 0, 0, 0)
on the x-axis, (b) u,= 0.4, u,= 0.6 and s; = - 0.22, which approaches to
(0.8, 0.3, 0, 0) in Int. RZ of xy-plane, () u,= 0.7, u,= 0.4 and s; = -0.23,
which approaches to (0.7, 0, 0.3, 0) in Int. RZ of xz-plane

9. Conclusion

In the previous section, we proposed and analyzed an ecological
model that described the dynamical behavior of food web model

with Lotka-Volterra type of functional response. It is assumed that:

The phytoplankton divided into two compartments namely toxin
producing phytoplankton which produces a toxic substance as a
defensive strategy against predation by zooplankton, and a non-
toxic phytoplankton. However the portion of the dead species of
phytoplankton and zooplankton is returned to nutrient due to the
decomposition operation. The boundedness of the proposed sys-

tem (2) has been discussed. The dynamical behavior of system (2)
has been investigated locally as well as globally. To understand
the effect of varying each parameter on the dynamics of system (2)
and to confirm our obtained analytical results, system (2) has been
solved numerically for a biological feasible set of hypothetical
parameters values and the following results are obtained:

1) For the set of hypothetical parameters values given by (29)
system (2) approaches asymptotically to stable positive
equilibrium point, and hence the food web system coexists
(persist).

2) It is observed that varying the parameters: u,, u, which
stand for conversion rate from death (toxic, nontoxic) phy-
toplankton to nutrient, the consumption rate from nontoxic
phytoplankton to zooplankton u,, and the zooplankton nat-
ural death rate u,;, do not have any effect on the dynamical
behavior of system (2) and the system still approaches to a
positive equilibrium point.

3) As the consumption rates from nutrient to toxic phytoplank-
ton uz decreases from a critical value (0.5) keeping other
parameters fixed as in (29) then the toxic phytoplankton
faces extinction and the solution of system (2) approaches
asymptotically to equilibrium point E, in the Int. R} of
xzw-space. While increasing u; from that critical value will
causes extinction in the nontoxic phytoplankton species and
the solution of system (2) approaches asymptotically to
equilibrium point E5 in the Int. R3 of xyw-space. It is ob-
served that the consumption rate ug has the same effect as
uz with different critical value. Clearly, these critical values
are bifurcation points.

4) As the consumption rate from toxic phytoplankton to zoo-
plankton us decreases from a critical value (0.4) keeping
other parameters fixed as in (29) then the nontoxic phyto-
plankton faces extinction and the solution of system (2) ap-
proaches asymptotically to equilibrium point E; in the
Int. R3 of xyw-space. While increasing us from that critical
value will causes extinction in the toxic phytoplankton spe-
cies and the solution of system (2) approaches asymptotical-
ly to equilibrium point E, in the Int. R3 of xzw-space. It is
observed that the consumption rate ug has the same effect as
u; with different critical value. Clearly, these critical values
are bifurcation points.

5) As the toxic phytoplankton natural death rate u, increases
from acritical value (0.1) keeping other parameters fixed as
in (29) then again the toxic phytoplankton faces extinction
and the solution of system (2) approaches asymptotically to
equilibrium point E,, that means the system losses the per-
sistence. Otherwise the solution still approaches to the posi-
tive equilibrium point. However, increasing nontoxic phy-
toplankton natural death rate u, from the same critical value
with the other parameters as given in (29) has extinction ef-
fect in the nontoxic phytoplankton and the system ap-
proaches asymptotically to E; again that means the system
losses the persistence. Otherwise the solution still approach-
es to the positive equilibrium point. Finally, these critical
values represent bifurcation points.

6) Gradually decreasing the parameter s, from the critical val-
ue (—0.23) which stand for the difference between the con-
sumption rate from toxic phytoplankton and the liberation
rate of toxin substance, causes extinction in the zooplankton
species and the system approaches to £s in the Int. R3 of
Xyz-space. Hence, the system (2) bifurcate at that critical
point.

7) As increasing the parameters uy, u; with s; < —0.22 causes
extinction effect in phytoplankton (toxic, nontoxic) and zo-
oplankton and the system approaches to E, on the x — axis.
However decreasing the value of u, and increasing u, with
s, <-0.22 causes extinction effect in the nontoxic phyto-
plankton and zooplankton and the system approaches to E;
on xy — plane. While increasing the value of u, and de-
creasing u, with s; < -0.22 causes extinction effect in the
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toxic phytoplankton and zooplankton and the system ap-
proaches to E, on xz — plane.
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