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Abstract

HIV/AIDS remains one of the leading causes of death in the world with its effects most devastating in Sub Saharan Africa due to its dual
infection with opportunistic infections especially malaria and tuberculosis. This study presents a co infection deterministic model defined
by a system of ordinary deferential equations for HIV/AIDS, malaria and tuberculosis. The HIV/AIDS only model is analyzed to
determine the conditions for the stability of the equilibria points and assess the role of treatment and counseling in con-trolling the spread
of the infections. This study shows that effective counseling reduces the value of the reproduction number for HIV/AIDS (RH) to less
than unity eliminating the HIV/AIDS problem. Numerical simulations show that applying anti-retroviral treatment (ARV’S) without
effective counseling increases the value of Ry, worsening the HIV/AIDS problem, however ARV treatment coupled with effective
counseling reduces the value of Ry to a level below one eliminating the disease. The study further shows that when the proportion of
those receiving ARV treatment without effective counseling increases, the value of Ry also increases to a level above one. However
effective counseling maintains the value of Ry below unity therefore strategies for the control of HIV/AIDS should emphasize
counseling and not only treatment.
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1. Introduction

Research at the interface of mathematics and biology is increasing, and virtually any advance in disease dynamics today requires a
sophisticated mathematical approach in order to map out the parameters necessary for control and containment of epidemic outbreaks.
Infectious diseases, alongside cardiovascular diseases and cancer have been the main threat to human health. Acute and chronic
respiratory diseases, especially pulmonary tuberculosis, malaria and HIV/AIDS are responsible for a large portion of mortality especially
in developing countries [16].

Globally HIV/AIDS has killed more than 35 million people since it was first discovered in 1981 and almost 70 million people have been
infected with the HIVV/AIDS virus making it one of the most destructive epidemics in recorded history [22]. It remains one of the leading
causes of death in the world with its effects most devastating in sub Saharan Africa. One of the key factors that fuels the high incidence
of HIV/AIDS in Sub Saharan Africa is its dual infection with malaria and tuberculosis [16].

World Health Organization statistics show that tuberculosis (TB) is the most common illness and the leading cause of death among
people living with HIV/AIDS, accounting for one in four HIVV/AIDS related deaths and at least one-third of the 34 million people living
with HIV/AIDS worldwide are infected with latent TB. Persons co infected with TB and HIV/AIDS are 21-34 times more likely to
develop active TB disease than persons without HIV/AIDS. In 2011, there were an estimated 1.1 million HIV/AIDS positive new TB
cases globally and about 79 percent of these people live in Sub-Saharan Africa [22]. According to the World Health Organization report
of April 2008, malaria increases the viral load in HIV/AIDS patients. Conversely HIV/AIDS increases the risk of malaria infection and
accelerate the development of clinical symptoms of malaria with the greatest impact on the immune suppressed persons [22]. Ever since
the co infections were recorded, malaria has seen a 28 percent increase in its prevalence and malaria related death rates have also nearly
doubled for those with co infections [7]. The co infection between malaria and HIV-1 is the commonest in Sub-Saharan Africa and, to a
lesser extent, in other developing countries. It is estimated that 22 million Africans are infected with HIV-1, and around 500 million are
suffering from malaria annually [22].

Hohman and Kami [10], discovered that HIV/AIDS and malaria have similar global distributions. The discovery motivated a study on
the impact of HIV/AIDS and malaria co infection and established that globally, 500 million people are infected with malaria annually
resulting in one million deaths yearly. Thirty-three million people get infected with HIV/AIDS and 2 million die from it every year. The
study further showed that those with HIV/AIDS have more frequent episodes of symptomatic malaria and that malaria increases
HIV/AIDS plasma viral load and decrease CD4" cells. During episodes of parasitemia, HIV/AIDS infected people have an increase in
viremia leading to potential increase in risk of HIV/AIDS transmission. A comparison of the geographical distributions of HIV/AIDS,
TB and malaria especially in Africa, reveal that these three diseases have similar geographical distributions suggesting a possible
existence of HIV/AIDS, TB and malaria co infection. This may be due to shared risk factors and/or the presence of opportunistic
infections.
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Audu et al. [4] investigated the possible impact of co infections of tuberculosis and malaria on the CD4* cell counts of HIV/AIDS
patients and established the following: The healthy control group recorded a median CD4* cell counts of 789 cells/ul (789 cells per mm?3
of blood); subjects infected with HIVV/AIDS only recorded a median CD4* cell counts of 386 cell/ul; subjects co infected with HIV/AIDS
and TB recorded a median CD4"* cell counts of 268 cell/ul; subjects co infected with HIV/AIDS and malaria recorded a median CD4*
cell counts of 211 cell/ul and those co infected with HIV/AIDS, malaria and TB recorded the lowest median CD4* cell counts of 182
cell/ul.

Motivated by these findings, this study aims at developing a deterministic model exploring the joint dynamics of the simultaneous co
infections of HIV/AIDS, TB and malaria incorporating treatment and counseling for the HIV/AIDS infected population. It represents the
first deterministic mathematical model incorporating HIV/AIDS, TB and Malaria co infections within a single model to gain insights into
their combined transmission dynamics and determine effective control strategies.

2. Model formulation and description

To study the dynamics of HIV/AIDS, malaria and TB co infection, a deterministic model is formulated described by a system of ordinary
differential equations. The model sub-divide the human population into the following epidemiological classes: Sh(t) - Susceptible
population at time t, Im(t) - Malaria infectives at time t, I(t) - HIV cases at time t, Ia(t) - AIDS cases at time t, IT (t) - TB cases at time t.
Inm(t) - Those co infected with malaria and HIV at time t, 1am(t) - Those co infected with malaria and AIDS at time t, Imt (t) - Those co
infected with malaria and TB at time t, lut (t) - Those co infected with HIV and TB at time t, Iat (t) - Those co infected with AIDS and
TB at time t, InwT (t) - Those co infected with HIV, Malaria and TB at time t, lam (t) - Those co infected with AIDS, Malaria and TB at
time t. The total human population (NH(t)) is therefore denoted by:

NH(t) = SHE)+IMEO)+IRE)HA®)+HIT(E)H M)+ amE)+ImT @)+ 10T (O)+]AT )+ TamT (1) + lamT (1). The vector (mosquito) population at time t
denoted by Nv (t) is sub-divided into the following classes: Sv (t) - VVector susceptibles at time t, Iv (t) - Vector infectives at time t. The
total vector population Nv (t) is given by Nv (t) = Sv (t) + Iv (t).

2.1. Definition of parameters

It is assumed that susceptible humans are recruited into the population at a constant rate either by birth or recovery from malaria and TB.
They acquire infection with either HIV/AIDS, malaria or TB and move to the infectious classes. Susceptible mosquitoes are recruited
into the mosquito population at a constant rate. They acquire malaria infection following a blood meal feeding on infected malaria
humans, becomes infectious and move to the infectious class. The recruitment rate of humans into the susceptible population is denoted
by An while that of vectors (mosquitoes) is denoted by Av and are both assumed to be constant. The natural death rate of humans is

given by dn while that of vectors is given by dv. The death rates due to AIDS, malaria and TB in humans are da, dm and d; respectively.
The parameters dam, dmt, dat and damt account for the combined death rates in the lam, IMT, lat and lamt classes respectively. The
parameters rm and rcare the recovery rates from malaria and TB respectively due to effective treatment. It is assumed that the recovered
individuals do not acquire temporary immunity to either or both diseases thus become susceptible again. The model assumes that
susceptible humans cannot simultaneously get infected with malaria, HIV/AIDS and TB since the transmission mechanics are completely
different for the three diseases. The model further assumes that humans acquire HIVV/AIDS through sexual contacts between an infective
and a susceptible. The average force of infection for HIV/AIDS denoted Aan is given by.

Ha(l = 8)ey (I + Tuns + Iur)

- (1)

where Ba is the average transmission probability of HIV/AIDS between an infective and a susceptible per sexual contact and c: is the per
capita number of sexual contacts of susceptible humans with HIV/AIDS infected individuals per unit time. The parameter 6 measures the
effectiveness of counseling through condom use and a reduction in the number of sexual partners, where 0 < & < 1. Effective counseling
reduces the value of the parameter c1. The model assumes that the classes Inwmr, Ia, lam, Iat and lamt do not transmit the virus due to acute
ill health and noticeable AIDS symptoms. Define o1 as the number of bites per human per mosquito (biting rate of mosquitoes), Pm as the
transmission probability of malaria in humans per bite thus the force of infection with malaria for humans, denoted Amn is given by.

oy e Iy

Am = .
" Np )

Whereas the average force of infection with malaria for vectors, denoted Amv is given by

oy By (T + T + Dur + Lase + Iuper + Tanr)

T T ®

Where Pv is the transmission probability of malaria in vectors from any infected human Finally the average force of infection for TB
denoted A is given by

Beex(IT 4+ Iut 4 Tut + Injr 4 Laur + Iar)

Ng (4)

Ain =

where P is the transmission probability of TB in humans and c: is the average per capita contact rate of susceptible humans with TB
infected individuals.

The rate of progression from HIV to AIDS for the untreated HIV cases is p. The parameters 01p, 62p and 63p account for increased rates
of progression to AIDS for individuals co infected with HIV - TB, HIV - malaria and HIV - malaria - TB respectively where 01 < 02 < 3.
Define a as the proportion of the HIV/AIDS infectives receiving effective treatment. This involves the administration of ARV‘S that
keeps the HIV patients from progressing to AIDS while transferring the AIDS patients back to the HIV classes. The modification
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parameters e:], eth and e;‘n account for the reduced susceptibility to infection with HIV for individuals in the Im , It and the Imr classes

respectively due to reduced sexual activity as a result of ill health where ;" <1, eth <1, er';t <<1. The parameters ¢, ¢, ens €
account for the increased susceptibility to infection with malaria for individuals already infected with AIDS, HIV, HIV - TB and AIDS -
TB respectively due to suppressed immune system where e >1,e" >1, ¢l >1, el >1. Itisalso clear that €' <€ and €, < €.

The parameters e; , e;, et ,and €., account for the increased susceptibility to infection with TB for individuals already infected with
HIV, AIDS, HIV - malaria and AIDS - malaria respectively due to suppressed immune system where ¢ > 1, e; >1, e:nh >1, e;m >1 .

Again €, >e;. and €, <e! . Malaria and TB does not lead to the depletion of the CD4* cell counts, However their association with
HIV/AIDS leads to a significant reduction in the CD4"* cell counts within an individual leading to faster progression to AIDS.

2.2. The model equations

Combining all the aforementioned assumptions and definitions, the model for the transmission dynamics of HIV/AIDS, TB and malaria
is given by the following system of differential equations:

'!\‘7’(” = Ay +ralu(t) 4 rdr(t) = A Su(t)
=AmaSp(t) = AaSu(t) = d.Su(t)
‘”‘\l# = MaaSu(t) 4+ redaer(t) = ro Lag(t) = eh AanZe ()
=Aen s (t) = dIag(t) = dy Ing ().
’-”—:;—’(-Q = AaaSu(t) 4 rendsisa(t) 4 redpr(t) = (1 = a)piu(t)
= AL (t) = AT () = do (1) + ala(t)
’,—1'7?’—) = (l=a)plu(t) + relane(t) + redar(t) =S Aaala(t)
= AT a(t) =d Lo (t) =d I4(t) = al,(t)
d—l’%(ﬂ = AaSu(t) + redaer(t) = P A7 (t) = Az (t)
=dy Ir(t) = dely(t) = redy(t)
d—l%’“‘) = i Aandi(t) + em A Tn(0) + redyarr(t) = ruduar(t) = i AenTrne (t) +
alam(t) = dadus(t) = (1 = a)0zplus(t) = dalus(t)
‘”\1_1\{1(’! = (1=a)ply(t) + g Apnda(t) = roLase(t) = dy Tane(t) = alu(t)
dredaner(t) = el AnTane(t) = duTane(t) = dalane(t) = damFane(t)
(“\:”T“' = Adas(t) + A7 () = rnDarr (t) = e Aandarr (8) = redaer(t)
=y ary(t) = dyIngr(t) = delprr (1) = dyneIaer
"”‘—,’,:(—“' = P Aadr(t) + rdiar(t) + Al (t) = A dur(t) = (1 = a)8yplyr(t)
=dpylyr(t) = dedyr(t) = redyr(t) + alyr (1)
dlzr(t)

2 = o AJalt) + rLanr(t) + (1 = a)0yplyr(t) = alar(t)

=Cat M a7 (1) = dy T A(t) = dy I 47 (t) = ded g7 () = red ax(t) = dueIar

di f) -
”,'[I,'( = e dmlur(t) + hmAnluae(t) + cmeAanlarr (t) + alanrr(t)
=Tl (t) = du Ty par(t) = do Ty aer(t)

(1 =a)lsplusr(t) = deduser(t) = reduser(t) = dweluser

dl ) -
+]r( = emAanlar(t) + e Al ane(t) + (1 = a)0splyaer(t)
=rumIAMT(t) = d Tarrr(t) = daTaser(t) = alaner(t)
=dp I aser(t) = dedaner(t) = relaner(t) = dame Laner
ds,
2 2 Ay = AmeS(0) = duSi(0)
dt
div(t)

—n = AmeSv(t) = d Iy (2).

()
3. Positivity and boundedness of solutions

The model system 2.2.1 describes living populations therefore the associated state variables are non-negative for all time t > 0. The
solutions of this model with positive initial data therefore remain positive for all time t > 0.

Lemma 3.1. Let the initial data set be {Sn(0); Sv (0) > 0); (Im (0); I0); 1a(0);17 (0); Inum (0); lam (0); ImT (0); InT (0); laT (0); Inmt (0);
lamt (0); Iv (0)} € Y. Then the solution set {SH; Sv; Im; In; Ia; IT; Ium; lam; ImT 5 IoT; 1aT ; Timt ;lamT ; v }(t) is positive for all time t
>0.
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Proof. Consider the first equation of 2.2.1 at time t

dSy

Tl Ag + rody + el = XS = Amh Sy = Aen S = dn S

then

%;_J Z =(Aap + Amn + Ap + dn) Sy
f%:-t = _,lr{'\dh 4+ Amh 4 Ash + dn )d(t)

Spr(t) = Sp(0)e™ Pt dmp FAn+d, 1) = g

From the second equation of 2.2.1 at time t

f.”_\_r
ot

= NSy 4 redrny = rady = e han oy = Aen oy = do Ty = oy oy

then

B

. Z =(rm + e Aah + A+ dy + i ) o

3

== [(rm + eddan + Mep + di + d Jadt.

Mo

=

Tug(t) = Tag(D)e™ Urmtendanthotdutdn )t 5 ¢

We can proceed in a similar manner and show that all the state variables are positive for all time t.
Lemma 3.2. The solutions of the model 2.2.1 are uniformly bounded in a proper subset ¥ = WH x Pv

Proof. Let {SH; Sv; Im; In; Ia; I Tum; lam; IvT ; TnT 5 DAt ; Thvt ;lamT ; v H(E) € Riz , be any solution with non-negative initial
conditions. The rate of change of the total human population with time is given by:

Nt = Ay = du Ny = (Ing + Trrar(8) + Lane + Iner + Trner + Laner ) -
(Ir 4+ Inr + Iyt + Lar + Taur + Laner )de = (L + Lase 4 Lar + Lawer Jda

=dam Fan = dme[TMT + THMT) = dat AT = dame AT

The model system 2.2.1 has a varying human population size d:” =0 and therefore a trivial equilibrium is not feasible. Whenever ,
t

d:” <0 Since ddﬁ is bounded by A, —d.,N,, , a standard comparison theorem by (Birkoff and Rota, 1989) shows
t t

A
N, >d—H then

n

_ A _ I .
that 0 < Ny (t) < Ny (O)e d, +d—H(1—e dn) , Where Nn(0) represents the value of Nn(t) evaluated at the initial values of the respective
n

. A . A . N . .
variables. Thus as t — oo, we have, 0< N, (t) sd—”. In particular Ny (t) < d_H , if N (0) < d_H .This shows that Nn is bounded
n n n
and all the feasible solutions of the human only component of model 2.2.1 starting in the region Wn approach, enter or stay in the region,

NH
where: Wh = {(SH, Im, In, la, IT, ImH, Ima, IvT, InT, I1a, IveT, IMaT) @ N (t) < d_}
n

Similarly let {(Sv; Iv) € Rf }, be any solution with non-negative initial conditions. The rate of change of the total vector population
dN dN
with time is given by: d_tV:AV —(Sy®)—1,(t))d, . d—t";tO and therefore a trivial equilibrium is not feasible. Whenever

Ay dNy . dNy . . .
N, > d_ then F <0. Since T is bounded by A, —d,N,, a standard comparison theorem by Birkoff and Rota (1989), shows

\

_ A _
that 0 < N, (t) < N, (0)e d, +d—"(1—e dv) , Wwhere Nv (0) represents the value of Nv (t) evaluated at the initial values of the respective
v

A A N

variables. Thus as t — o0, 0< N, (t) sd—" . In particular, N, (t) < d—" if N, (0) < d—" . This shows that Nv is bounded and all the
v v v

feasible solutions of the vector only component of model 2.2.1 starting in the region Wv approach, enter or stay in the region, where: v

={(Sv, Iv) : Nv S% }.

Vv

4. HIV/AIDS-only model

Before analyzing the full model (HIV/AIDS, Malaria and TB), it is instructive to gain insights into the dynamics of the HIV/AIDS only
model, HIV/AIDS-malaria co infection model and the HIV/AIDS-TB co infection model. The model with HI\VV/AIDS only is obtained by
setting Im = Sv = I1 = lum = lam = ImT = Int = laT = Iimr = lamt = Iv = 0 and obtain
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r“:‘"[” = Ap = XanSu(t) = dnSu(t)

T = AnSult) = (1= a)pIn() = daln(6) + ala(0)

df

LA = (1= )plu(e) = dalat) = dal () = ala(0) @1)

. For this model, it can be shown that

where, Ny = Sy + Iy + 14, and Ay, = ba '-‘"c'l"

the region, Qu = {(Su.Iu.Ir) € R} : Nu < —;‘L] is positively-invariant and attracting.
n
Thus, 4.0.1 is mathematically well posed and its dynamics can be considered in Q.

4.1. The basic reproduction number (Ro)

The basic reproduction number Ro is defined as the average number of secondary infections an infectious individual would cause over his
infectious period in an entirely susceptible population. The basic reproduction number R for the HIV/AIDS only model is defined as the
number of secondary HIV/AIDS infections due to a single HIV/AIDS infective individual. When Ry < 1, then an infectious individual is
causing, on average, less than one new infection and thus the disease does not invade the population. On the other hand, when Rn > 1
then an infectious individual is causing, on average, more than one new infection

and thus the disease invades and persist in the population.

Table 1: Parameter Values for the HIVV/AIDS - Malaria Co Infection Model

Symbol | Parameter Value u,rr'l} Source
An Recruitment rate of humans 0.4 x40 x 10° | Kenva demographics
profile [12]
d, Natural death rate of hunans | 0.01666T Kenya demographics
profile [12]
d, HIV/AIDS-induced death rate | (0.4 WHO report [22
P Progresion rate from HIV
to ATDS (untreated) 0.1 Barvama, F. and
Mugisha, T.[5]
o Proportion of the HIVJAIDS
victims treated 0.6 Kenyva NACC
report [13]
. B Transmission probability
of HIV/AIDS 0.019 Barvama, F. and
Mugisha, T. [5]
oy Per capita mumber of sexual
contacts 1] Kenyva NACC
report [13]
] Effectiveness of counseling Variable

4.1.1. Local stability of disease-free equilibrium (DFE)

The model 4.0.1 has a DFE, obtained by setting the right-hand sides of the equations in the model to zero given by E, =S/, +1,, +1;

= | —,0,0 | Define Fi as the rate of appearance of new infections in the class or compartment i and v, =V -V, where v is the rate of

d

n

transfer of individuals out of compartment i, and Vi+ is the rate of transfer of individuals into compartment i by all other means.
Therefore:

Fi= ( & I.-':Ju[:l‘"“"‘u )

and

V= (l=a)ply +d, Iy =aly

TN dadg ddlybaly = (1 =a)ply

The Jacobian of F; and V; at the discase-free equilibrium denoted by F and V' respectively
is given by:

F= Ba(l =8)ey 0

0 I
and

V= (1=a)p+d, -y
=(l=a)p dy+d,+a

The basic reproduction number Ry is by definition the spectral radius of the matrix Fy=!
and is given by:
R = (1l = 8)(a +dy +dy)3,
"= (ady + dady + @ + dop = adop + dup — adyp) (4.1.1)

It measures the average number of new HIV infections generated by a single HIVV/AIDS infected individual in a population where a
certain fraction of infected individuals are treated and counseled.

Lemma 4.1. The DFE of the HIV-only model is locally asymptotically stable (LAS) if Rn < 1, and unstable otherwise. Lemma 4.1
follows from Theorem two by Van, P. and Watmough, J. (2002). This lemma is illustrated graphically in figure 1 showing total infectives
(In + 1) against time in years
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Fig. 1: Reproduction Number (Ry)=0.517234.

5. Simulating the role of counseling and treatment

From equation 4.1.1, it is evident that strategies for the reduction of HIV/AIDS infections in humans should target the reduction of the
parameter c1 (per capita number of sexual contacts) through counseling. Effective counseling where & = 1, reduces the value of c¢1 and Ru
to zero eliminating the HIV/AIDS problem. The graph of Rn against c1 is shown in figure 2a.

N P . i " i PR E—
4 & B 10
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|
Fig. 2a: The Graph of Ry Against C;,
This figure shows that effective counseling (5 = 0.9) reduces the value of Rn to less than unity and therefore very effective in controlling

the HIV/AIDS problem. This is further illustrated in terms of the infective population sizes against time in years as shown in figure 2b
where 6 = 0 and RH = 5.17234 and figure 2¢ where 8 = 0.9 and Rn = 0.517234.
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Fig. 2b: 5 = 0 and Ry = 5:17234.
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Fig. 2c: § =0.9 and Ry = 0.517234.

Figure 3a combines the parameters for ARV treatment (a) and counseling (8) within the same graph. The graph shows that ARV
treatment without effective counseling (o = 0.6 and & = 0), increases the value of Rn, worsening the HIVV/AIDS problem, however ARV
treatment coupled with effective counseling (0. = 0.6 and & = 0.9) reduces the value of Rn to a level below one eliminating the disease.
This figure suggests that there is a threshold level of counseling below which ARV treatment is disastrous. Above the threshold level,
ARV treatment and counseling would be very effective

_._'_'_._._,_..---“—"r om B, § -y

i § i i
2z 4 i E 10

L=

Fig. 3a: Graph of RH Against Per Capita Number of Sexual Contacts.

When the proportion of those receiving ARV treatment without effective counseling increases, the value of Ry also increases to a level
above one, however effective counseling maintains the value of Ru below unity as shown in figure 3b. Therefore strategies for the
control of HIV/AIDS should emphasize counseling and not only treatment.

15

o =G, 5=

s

[
=
L
"
=

=51
Fig. 3b: Graph of Ry Against Per Capita Number of Sexual Contacts.

To further investigate the potential impact of counseling and treatment on disease progression, we carry out sensitivity analysis of the
reproduction number with respect to counseling and treatment. The sensitivity index of Ry with respect to & is given by
&
s
fu==-125
(5.1)

The negative sign in equation 5.0.1 indicates that there is an expected decline in the rate of new HIV/AIDS infections when counseling is
scaled up. Similarly, the sensitivity index of Rn with respect to a is given by
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o _ ol featpl=n o fapen)
Ry =

Boey Ap(1 = )

Ay = ady + dady, + d 4 dyp = adyp + dop = ad,p
As=a4d, +4dy

Ay =d, =dyp=d,p (52)

Numerical simulations shows that the sensitivity index of Ru with respect to treatment is positive indicating that an increase in the
proportions of those treated leads to an increase in new HIV cases as shown in figure 4.

15F
10 7
Hﬂ: /
L T
a5
i i i i i
02 4 06 LIRS 1.0

treatment (a)
Fig. 4: Graph of Sensitivity Index of Ry With Respect to Treatment.

Biologically, lemma 4.1 implies that HIV/AIDS can be eliminated from the community when R < 1. This is only true if the initial sizes
of the sub-populations of the model are in the basin of attraction of Eo. To ensure that elimination of the virus is independent of the initial
sizes of the sub-populations, it is necessary to show that the DFE is globally asymptotically stable.

5.0.1. Global stability of disease-free equilibrium (DFE)
The global asymptotic stability (GAS) of the disease-free state of the model is investigated using the theorem by Castillo-Chavez et al.
(2002). The model is rewritten as follows:

X Hx.2)

dt (53)
dZ v S _

5 = GX.Z). GIX.0)=0 (54)

where the components of the column-vector X € R™ denote the uninfected population and the components of Z € R" denote the infected
population. E, =(X",0) denotes the disease free equilibrium of this system. The fixed point E, =(X",0) is globally asymptotically

stable (GAS) equilibrium for this system provided that Rg < 1 and the following two conditions satisfied:

(H1) For % = H{X, []];‘.T" is p.lul__}fl]l_\' asymptotically stable

(HZ2) G(X. Z)=PE=0G(X,Z), GIX,Z)=0for (X,2) € {ly,

where P = D G(X*,0) is an M-matrix (the off diagonal elements of P are non negative)
and 2 is the region where the model makes biological sense. The disease-free equilibrinm

is now denoted as EY = (A*.0), X*= %Iﬂ.lr.

Theorem 5.1. The fixed point E, =(X*,0) is a globally asymptotically stable equilibrium of system 4.0.1 provided that Ry < 1 and the

assumptions H1 and H2 are satisfied.
Proof. From the system 4.0.1

H(X.0)=( Ay _h‘;" )

GX.Z)=PZ=-0(X.Z)

Where

P= ( Ball =d)ey = (L= a)p=d, o )
(l=a)p =(dy + dy + a)

and

{;::( Ball —d}f-,‘;f”{l - )
Notice that G = (X,Z) >0 in Qu. Therefore the DFE of model 4.0.1 is globally asymptotically stable if Rn < 1. This shows that

HIV/AIDS will be completely eliminated from the community if the epidemiological threshold, R+ can be brought to a value less than
unity independent of the initial sizes of the sub-populations as shown numerically in figure 5.
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Fig. 5: Global Stability of Disease-Free Equilibrium (DFE).

6. Existence and stability of the endemic equilibrium

To find conditions for the existence of an equilibrium for which HIV/AIDS is endemic in the population, the steady states of the system
4.0.1 are determined by solving E, = f (S, + 1, + 1) = 0. The equations for the population proportions are considered by first scaling

. . . . S . | . |
the sub-populations for Sw; In and 1a using the following set of new variables: s,, = —-, i, =—, i, =—%
N,, N, N,
The system 4.0.1, is therefore given by
dsy _ Ay ! Ay .
& N, Aans = s( Ny dgin)
diy Au
— Aans = (l=a)piy + aiy =iy(o— =daia)
dt Nu
m = (l-—a)piy—=dyis—aiy—1 ('\J—dr )
i Py ala A=l ala (61)
" (1 = a)piy
i Y L
A dy +d, +a (62)
At the steady states, %ﬂ =1 and —2”- =dgiy = dy. By setting sy = (l =iy =ia), the
coordinates of the endemic equilibrium of the system 6.0.1 satisfy:
P _ {j](] = d)eymy 4+ afl —n)p}—{d‘..ﬁl + pmi(1 —u)}
= Bi1(l = d)er{=1 + p(1 = a)} (63)

where = o + da+ dn. Since 1f; is positive, then {B1(1 - §)cimi+ a(1 - a)p} >{dnms + pma(l - @)} which indicates the existence of only one

unique endemic equilibrium point suggesting that there is no bifurcation. When {B1(1 - 8)cams + a(1 - a)p} <{dnm1+ pms(1 - o))}, then the
model has no positive equilibrium. It can also be verified by a theorem by Castillo Chavez and Song (2002), that the model 6.0.1 has a
unique endemic equilibrium which is LAS whenever Rn > 1 as shown below. The equations in 6.0.1 are solved in terms of the force of
infection at steady-state Aan, given by

- Baci (1 = )15
" SE I+ I (6.4)

Setting the right hand sides of the model 4.0.1 to zero and noting that Ay, = A3, at equilibrium gives

P Aw
" Ao+,
. AanSp + ol
jl-.H' = ST h
iy + (1 —a)p
ro= (1 =a)ply,

e + dn + o (65)

Using 6.0.5 in the expression for A3, in 6.0.4 shows that the nonzero endemic equilibria of the model satisfy

ap Ay = ap =10 (6.6)
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where a1z = Ru - 1 and a, = 21—1 It is clear that a1z > 0, and a2 > 0 for Ru > 1. Thus, the linear system 4.0.1 has only one unique

ah

positive solution, given by a;, = & , whenever Ry > 1. This result is numerically illustrated in figure 6a where Ry = 1.03447 and 6b
a,

where Ry=5.17234
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Fig. 6a: Global Stability of the Endemic Equilibrium (EE).
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Fig. 6b: Global Stability of the Endemic Equilibrium (EE).

These results are summarized in lemma 6.1.

Lemma 6.1. The HIV-only model 4.0.1 has a unique endemic equilibrium whenever Ry >1, and no endemic equilibrium otherwise.
When an endemic equilibrium point of a disease is unique and stable, then we would expect easier management of the disease because
there is no bifurcation and therefore reducing the value of R+ to less than one eliminates the disease.

7. Conclusion

The HIV-only model 4.0.1 has a globally-asymptotically stable DFE whenever Ry > 1, and a unique endemic equilibrium point
whenever Ry > 1. This study shows that effective counseling reduces the value of the reproduction number for HIV/AIDS (Rn) to less
than unity eliminating the HIV/AIDS problem. When the proportion of those receiving ARV treatment without effective counseling
increases, the value of Ru also increases to a level above one, however effective counseling maintains the value of Ry below unity
therefore strategies for the control of HIVV/AIDS should emphasize counseling and not only treatment.
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