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Abstract

The mathematical model for the diffusion of dust particles emitted from a fixed source in the presence of the longitudinal diffusion and
absence of latitudinal and vertical diffusions, is investigated. The diffusion of dust particles in the atmosphere is governed by the atmos-
pheric diffusion equation. In the previous paper [1], the general case of the time-dependent diffusion equation in the presence of a point
source whose strength is dependent on time, was solved. The calculations showed that the diffusion parameters play an important role in
the spread of the dust particles in the atmosphere. In the previous paper, we examined the model in the presence of vertical diffusion and
absence of other diffusions to show that for small times, the dust spreads with a front that travels with the speed of the wind. In the cur-
rent paper, the vertical and latitudinal diffusions are absent while the longitudinal diffusion is present. It is found that the solution de-
pends on the source of time dependence. To study the nature of the solution, two special cases of the source are specified. In the both
cases, it is found that there is no discontinuity front, and the dust particles spread slowly into the direction of the wind.
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1. Introduction

The study of the transport of dust particles by wind in the atmos-
phere is relevant to some industrial [1] — [5] and environmental [6]
— [10] applications. The existence of moderate to strong speed of
wind can release particles of dust into the air, some of which can
cause problems for humans, plants, and animals [4; 6; 10]. The
study is also relevant to fume emitted by factories into the sur-
roundings [5].

The spread of dust particles emitted from a certain source in the
atmosphere is governed by the time-dependent atmospheric diffu-
sion equation [11] — [16]:

6—2 + uVC = V.(D:VC) - W.VC;

ot

V.u=0, (1)

in which C is the concentration of the dust particles, t"is the time,
u is the velocity vector, w is the settling velocity vector, and D

is the stress tensor.

The settling velocity, w, depends mainly on the size and rough-
ness of the particle [14].Since the gravity is the main effect on size,
the settling velocity can be assumed to be vertical. In the current
study, We assume that the dust particles are very light; hence the
settling velocity can be ignored, so

w =0. 2
The wind speed has a logarithmic profile [16]. For areas near the

ground, a linear dependence is a good approximation. In previous
theoretical studies, wind speed was either constant, linear, or has a

power-law in height [8; 15]. In this study, we shall assume that the
flow is a non-zero constant. The diffusion tensor, D is the local
viscosity resulted from the friction force between dust particles in
the atmosphere [1]. This force plays an important role in reducing
the energy of the fluid and hence affecting the motion. In general,
D is a function of position [8]. Here it is calculated by the theory
of turbulence to be linear in distance in the direction of wind,
when the wind speed is low [12]. Theoretical justification for this
assumption has been provided by Taylor’s statistical theory [17].
We consider that the diffusion tensor has the form.

Dyx' O 0
D=| 0 Dyy 0 | (3)
0 0 Dyy

. - - . . * .« = .
in a Cartesian system of coordinates in which z — axis is vertical-

ly upwards, x —axis and y* - axis are horizontal and the x — ax-
is is along the horizontal wind speed.

The transport of small dust particles (the diameter <0.1 mm) and
its spread in the atmosphere has been studied theoretically by us-
ing the diffusion equation (1)[1]; [8 — 9]; [10 — 15]. The study by
Al-Mashrafi [1] investigated the solution of the time-dependent
diffusion equation in the presence of a point source whose strength
is dependent on time and for low speeds (< 10 m/s). This model
posed an initial boundary value problem for a second-order linear
partial differential equation. The steady-state case of the same
problem was studied by Sharan et al. [12] when the uniform
source is situated at the ground level. In the both studies, the diffu-
sion components were in three coordinate directions and were
linearly proportional to the distance of wind direction. It was con-
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cluded that the height of the source above ground level plays an
important role in the distribution of the pollutant in the atmos-
phere. Moreover, it was shown that the diffusion parameters play
an essential role in the spread of dust particles emitted from a
fixed source in the atmosphere. In the previous study [1], we as-
sumed that the diffusion in the vertical direction is potent, while
the diffusions in the both horizontal directions (longitudinal and
latitudinal diffusions) are absent. It was found that for small val-
ues of the time, the particles of dust spared with a front that travels
with the wind speed.

In the present study, we intend to investigate the solution when the
longitudinal diffusion is potent and the latitudinal and the vertical
diffusions are absent. The mathematical model is derived in sec-
tion 2. The atmospheric diffusion equation depends on the hori-
zontal distance, x and the time, t . In section 3, the time-dependent
diffusion equation with the relevant initial and boundary condi-
tions is solved, and the solution is obtained in the domain (x,t) for

a general function of source. In section 4, two special cases of the
source are taken to study the dependence of the longitudinal diffu-
sion on the solution. The solutions are presented in figures. In
section 5, some conclusions are summarized.

2. Formulation of the model

The diffusion of dust particles emitted from a certain source situ-
ated on/or above ground level in the atmosphere is governed by
the atmospheric diffusion equation (1). This equation can be writ-
ten in a Cartesian system of coordinates O(x*,y*,z*) in the ab-
sence of the settling velocity as

€ uve-? [DX.X.E]

* T x
ot OX OX

c c 4)
+ a*[Dy'y' 6*} + i*(Dz'z' L*J
0z

where 0z is vertically upwards, ox" and Oy* are horizontal,
C(x*,y*,z*,t*) is the concentration of the dust particles in the

time , u is the wvelocity of dust particles, and

(DX*X-, Dy'y" Dz“z‘) are the components of the stress tensor in

x"y".Z" directions respectively. Equation (4) is basically equa-
tion of continuity that conserves the amount of dust particles in the
atmosphere. It has two sides: the rate of change of dust on the left-
hand side, and the flux on the right-hand side.

Consider the x" — axis is oriented in the direction of the wind
speed, and the velocity of the dust particles is given by

u= (U,0,0) + (u,v,w), (5)

where (U,0,0) is the wind speed, and (u,v,w) is velocity of dust
particles relative to the local wind speed. The components u,v,w
are very small in comparison with U, so that.

|(uv,w)| << U. (6)

By using the equations (5) — (6), the advection term in (4) reduces
to

u.ve ~ Ua—i+ va—i + Wa—(i. ©)

ox oy oz

Assuming that variations of concentration in all directions are
similar, then (7) gives.

uve -~ % ®)

ox

In the case of moderate to high wind speeds, diffusion components
are proportional to the vertical height. For low wind speeds, diffu-
sion components depend on the distance downwind. We assume
that the components of the diffusion tensor are proportional to the

- - . *
horizontal direction x , so

D ux’, D BUX
xx =aUx , v =BUX,

; yy 9)
Dy 77 =yUx ; o,B,y20.

Then substituting (8) — (9) into equation (4) to get

L0 e[

ot OX OX OX

pu ] +yui*[x*iz}
oy oy 0z oz

(10)

The relevant initial and boundary conditions then are:
(i) Far away from the point source, the concentration decreases to
zero:

*

C(x*,y*,z*,t*) —0 as x*, v, P o, (11)

(i) The source at z"=h" is switched on at a certain time t =0,
50 the concentration vanishes for t" <0 :

C(x*,y*,z*,O) =0, (12)
(iii) The source at (0,0, h*) has a strength Q for all >0

.y 7 = 2 5() 8 ") £

u (13)

with f(0)=0: t >0,
(iv) The flux of the dust particles at Z" =0 vanishes:

0C(x ,y*,O,t ) -0 (14)

[or4

in which the function 5(s) is Dirac’s delta function. The condition

(14) is acceptable because the level Z =0 is impermeable and
particles cannot penetrable it.

The equation (10) subject to the conditions (11) — (14) was solved
in the study by Al-Mashrafi [1]. It was found that the concentra-

tion in the (x*,y*,z*) plane at all times £ depends on the diffu-
sion parameters, the wind speed, the source, and the position of
the particles in the atmosphere. To understand the effect of the
diffusion parameters on the spread of the dust particles, we inves-
tigated the case {a=B=0, y=0} in the previous study [1]. It was
found that the extent of transport of dust depends on the strength

of the source. When the source is strong for small times, the solu-
tion showed a discontinuity.
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3. The solution in the case of longitudinal dif-
fusion {p=y=0, a0}

In the present study, we assume the diffusion along the x -direc-
tion is present but diffusions in z— and y- directions are absent,

so that Dyy =Dz, =0. In this case, the concentration is independ-

ent of zand y, so the relevant atmospheric diffusion equation is
given by

Lo cw (L), (15)
ot OX OX OX
subject to the initial and boundary conditions:

c(x",0)=0, (16)
C(x*,t*) 50 as X >, @an
c(o,th =% f(t7) ; £(0)=0. (18)

We note here that the source is situated at x=0 and its height does

not affect the problem. In reality, this represents a fixed infinite
line source at x=0.

The equation (15) and the conditions (16) — (18) can be reduced to

@+@=QE(X§]_ (19)
ot ox ox\ ox

C(x,0)=0, (20)
C(x,t) >0 as X —oo, (21)
C(0,1)=Qf(t) ; f(0)=0, (22)
where we have defined

_ * _ * _ §
t=Ut , x=x, Q TR (23)

The equation (19) relevant to the conditions (20) — (22) can be
solved straightforward by using the integral transforms method to
get the solution

Qb onl 2uxis
C(x,t) = 71"(211)(%9“ s)s e ds, (24)

in which I°(r) is the Gamma function of argument r and g(t) is the
inverse Laplace transform of F(w) with respect to the time t
given by

00 - )0 } (25)
, F(w) is the Laplace transform of the function f(t) with respect to

t defined by

F(o) :Ojo f(t) e @ldt, (26)
0

and we have assumed the notation

n= 220 , p= L

e

@)

Expression (24) represents the general solution for the concentra-
tion of dust particles subject to diffusion present only in the direc-
tion of the wind in closed form. The behavior of the solution de-
pends on the source f(t) as represented by g(t) in (24). This ex-

pression specifies the concentration at every point (x,t) of the
domain. This solution, with specific forms of f(t), will be dis-
cussed in detail in the next section.

4. Discussion

The expression (24) gives the solution for a general function f(t)
when longitudinal diffusion (Dyy) is present, and both vertical
and latitudinal diffusions D, and Dy, respectively, are absent.

This model does not depend on height z , or lateral distance y. It
then represents a source fixed along the z- axis at (0,0,0) and
having an infinite length (z>0). We will study here the nature of
the solution of this case by using two examples of the function
f(t) . Let us take the two examples of function f(t) which are: (i)
Heaviside function H(t) and (ii) exponential function

1-e* as0 [1].
4.1. The source function with f(t) = H(t)

The solution (24) in this case is given by the expression

Q .
Clxt) = 1 ;
I'(2u) = (28)

_ax

q (2n<1, a>1),

where Wy (x) is the Whittaker function of the second kind with

argument x and parameters a and b [18 - 19].

Expression (28) represents the solution for the concentration of
dust particles in the case of a source that is uniform with time. The
Whittaker function of the second kind can be written in the form
of the Confluent hypergeometric function of the second kind
U(a, b, x) [18], hence the expression (28) reduces to

C(x,1) Q (q)zu e Y u@, 2n+1,q) ; u<%- (29)

" T

It is informative to consider the limiting cases of the solution (29)
with the time t and distance x . When g—wo , ie.

(t—0", x=0), the Confluent hypergeometric function reduces
to [19]

R-1 _ _
U@b,g) ~ g2 zo(’")”(lzifb)”(—q)—“ o)™ @)
z .

where, R term is the smallest of the terms in the series expan-
sions of U(a,b,q) , and

@n=a@-)@-2)....a-n+1) , (@=L (31)
Then
1+ % +
-1 -1 1
U@L 2u+1q)~q 201 2u)2n L = q {l+ O[qj} (32)
2q2

Substituting (32) into (29) gives,
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2u-1_—q
Cxt) ~ Q(q)r(zu)e{uo[:j} u<%, (33)
which can be simplified to
C(x,t)—>0 as g—oowo(ie t—0,x=0). (34)
Similarly, when g—0 (i.e. tow),
ummah%ql‘b L0, 1<b<2. (35)
Then,
U@L 2u+1g) ~ F@ua2* +0q@), (36)
and (29) reduces to
C(x,t) > Q as t-—»oo. (37)

The solution (28) can be written in terms of the Incomplete Gam-
ma function y(a,x) [19] by using the relation

). %
y@x)=T@) - x\ 2 e 2 Wa_q 2(x), (39)
22

where y(a,x) is defined by

x

y(a,x) = je_tta_ldt ; a>0. (39)

o

Hence solution (28) reduces to

coxt)y = r(%u){ r(2u) - y(Zp.,Z%X)}. (40)

Using (27) to write the solution (40) in the case of diffusion in the
wind direction as

R LG CE RIS

(03

For the cases, x=0 and x —oo, We use (39) and note that [18]

¥(21,0)=0 ; y(2u,0)=T(2u) . (42)
It then follows that
Q
C O, = ——2T(2n) — 2 ,0 =Q, 43
0. F(Zu){(“) 1(21,0) }=Q (43)
Cx,t) - %{ r(2p) - y(2p,o) } >0 ;as x>, (44)

The asymptotic values (34), (37), (43) — (44) confirm the condi-
tions (20) — (22) for C(x,t) of this case.

Another special case occurs when o =2.0 when the solution (41)
reduces to a simpler form. In such case, the Incomplete Gamma
function can be written as y [% %) , and then using the follow-

ing relation [19]

erfc(y) =1- %y(%,yzj, (45)

where erfc(y) is the Complementary Error function defined by
2 ® ¢

erfc(y) = T[ e - dt. (46)
Ty

Then the solution (41) becomes

X .
C(x,t) = Q erfc[\/zitj,

The contours of the solution (41) in the (x,t) plane are illustrated
for different values of the diffusion parameter o in figure 1. The
Incomplete Gamma function in (41) was computed using a stand-
ard NAG library subroutine by using its definition in (39). As a
check on these results we have used the case o =2.0 where a sim-
pler solution in (47) is obtained. The contours of the solution (47)
are presented in figure 2.

From figures 1 and 2, we can see that at every point of the space in
the (x,t) plane the intensity of dust particles decreases whenever
the diffusion parameter o increases. For a fixed value of the dis-
tance x, the concentration of dust increases with time t. That
means at every point at a distance x from the source, the concen-
tration will increase as the time increases. This is expected; the
concentration will increase as the source releases more particles of
dust. Moreover, at a specific time t, the concentration of dust
decreases when we move far away from the source. This last situa-
tion can happen in real life because when we move away from the
source, the dust will be so far from the source and there is not
enough force to carry the particles that far. The figures also show
that the particles diffuse in the horizontal direction as well as with
time.

The values of o chosen for figure 1 are made so that comparison
between the solutions (41) and (47) is made easy. If we compare
figure 1(b) with figure 2 for o =2.0, we see that the computations
for both cases are consistent.

=20, (47
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Fig. 1: The isolines of the concentration C(x,t)=C(x,t) /Q in the (x,t) plane for the function f(t) = H(t) for some values of the diffusion parame-
ter: (@) a=15, (b)a=2.0, (c) «=4.0,and (d) a.=10.0 . Note the increasing of the longitudinal diffusion parameter.
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#16
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1 1.2
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Fig. 2: The isolines of the concentration C(x,t)=C(x,t) /Q in the (x,t) plane for the function (t) = H(t) for a special case of complementary error
function when oo = 2.0, in the case when longitudinal diffusion only is present. Compare this with figure 1(b).

At

4.2. The source function with f(t)=1-¢7*" , A>0

Using the expression (24) to find the solution for this case as

—2ux

try y-2u
(™
0 S

QA
r(2wr2-2u)

A(s—1) ds,

c(x,t) = M(L2-2p

(48)

where M(a,b,c) is the Confluent hypergeometric function of the
first kind [19].

The integrand in (48) appears to have a singularity at s=0. To
study the limit of this expression as s—0 , assume

A = lim

Yy—0

(49)

{yl_ZP- e_zyl‘lx} : y:}

S

Direct substitution gives, (/). However, using L'Hopital's rule
gives

_ —2u .
A= lim {(12“);’ —0: since 0<u<t. (50)
y—o | (2ux) e 2
—2ux
Hence, the limit of the expression (5)2”’1e S at s=0 is finite,

so the integration is finite and the conclusion is that the solution
(48) exits.

Figures 3 and 4 below show the contours of the concentration (48)
in the (x,t) plane for different values of the decay factor A with
two specific values of the coefficients of the longitudinal diffu-
sion; a=2.0 and «=10.0, respectively. The intensity of dust
particles at every point of the (x,t) plane increases whenever the
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decay factor 1 increases for a fixed value of longitudinal diffu-
sion o . This situation must happen in real life because when the
coefficient of the decay increases, the strength of the source in-
creases. Hence, the source produces more particles.

When the values of o and A are fixed, then the concentration of
dust particles increases as the time increases for a fixed distance
x . Furthermore, at a specific time t for fixed strength of the
source and longitudinal diffusion, the concentration decreases
when we move far away from the source.

It can be deduced from figures 3 and 4 that for small values of
and fixed o, the diffusion of the dust particles in the horizontal
direction is very weak, and the dust needs more time to diffuse in
the x - direction, (see figures 3 (a, b), and 4 (a, b)). As A increas-
es, the diffusion steadily increases. For large values of the decay
factor %, the dust approaches the steady-state solution, (see figure
3 (c, d)). The large values of A resulted in the strong source and

@

0.5 1 1.5 2
X

whenever these values increase further the strength of the source
converges to the steady state (figure 4 (c, d)).

For a fixed value of the decay factor A at every point in the plane,
the concentration when o =2.0 is more than that when a=10.0,
(see figure 3 (a, b, c, d) and compare it with figure 4(a, b, c, d),
respectively).

Comparison between the two cases of the function f(t) in the
presence of longitudinal diffusion shows that the force of the
source in case (4.1) is stronger than that for the source in case
(4.2). But the two solutions will be identical for large values of the
decay factor &, for t>0, when the strengths of the two sources
become equal. The spread of the dust in the horizontal direction in
case (4.2) is weaker than that for case (4.1) for t>0. This differ-
ence resulted from the difference in the strength of the source.

(b)

0.5 1 1.5 2
X

Fig. 3: The profile of the concentration C(x,t)=C(x,t) /Q for a fixed value of u=0.25 (o =2.0) and different values of the decay factor: (a)A=0.1,
(b)A=1.0, (c)A=6.0, and (d)A=10.0. Compare with figure 1(b) for general case of o and with figure 2 for special case of error function solution for

a=20.

0.5 1 1.5 2
X

0.5 1 1.5 2

X

Fig. 4: The profile of the concentration C(x,t) for a fixed value of p=0.05(0=10.0) and different values of decay fac-
tor: (@)A=0.1, (b)A=1.0, (c)A=5.0, and (d)A=10.0. Note the increasing coefficient of decay, and compare that with figure 1(d) when o =10.0 .

It can be observed from figures 1 - 4 above that the solution of the
case (4.2) with specific value of o approaches the solution of case
(4.1) with same value of o when the decay coefficient o increas-
es rapidly. This observation can be proved analytically when the

factor of decay A goes to « by recalling the asymptotic form of
the Confluent hypergeometric function of the first kind [18] and
then substituting it into the expression (48) to find that this expres-
sion is identical with the expression (28).
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5. Conclusion

A mathematical model for the diffusion of dust particles emitted
from a fixed source in the presence of longitudinal diffusion and
absence of vertical and latitudinal diffusions has been studied. The
atmospheric diffusion equation in this case depends on the hori-
zontal distance, x, and time, t. An analytical expression of the
concentration of dust particles for a general source function, f (t)

at every point of the domain (x,t) is obtained in closed form. Two

special functions of the source have been tested to investigate the
nature of the solution and its dependence on the source. The solu-
tions are presented graphically in figures 1 - 4. The profiles of the
solutions showed that the concentration of dust particles in the
(x,1) plane depends on the parameter of diffusion in the direction

of the wind. The strong presence of this parameter led to the dis-
tribution of the dust in a larger area. In comparison with the previ-
ous study [1] when longitudinal and latitudinal diffusions where
absent and vertical diffusion was present, it is concluded here that
there is no discontinuity front and the particles of dust spread
slowly into the direction of the wind.
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