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Abstract

We present a mathematical methodology for constructing the exact parametric solution of the first Painlevé second
order nonlinear ordinary differential equation. Several admissible functional transformations are introduced through an
intermediary analysis delivering us from the a priori construction of power series solutions..
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1 Introduction

Painlevé equations are met in different fields of the contemporary physics. They resulted from solving the problem of

’

extracting equation classes of the form y!' =R (x YL Y, ) (R = any rational function) with analytic coefficient where

integrals have no movable critical points. This problem was solved firstly by Painlevé [7]. For fifty extracted equations
(listed [4]) in the six not integrated by the above researcher. These six equations are referred as Painlevé transcendents
and their solutions are called as transcendental Painlevé functions. It was a controversial open problem for many years
to prove that these six equations were really irreducible for generic values of the parameters. This was finally proved by
Nishioha [6] and Umemura [13]. Extensive and thorough investigation for the Painlevé transcendents are included in
[2].

The first of the abovementioned equations , tradionally called PE is a second order nonlinear ordinary differential
equation (ODE) of the form y !/ =6y * +1 (reducible case), well known also as 1* Painlevé transcendent. The solution

of this equation is unique and can be presented, in vicinity of movable pole x, in terms of the series [10]

0

y (x)=(x —x0)72+lx—0(x —x0)2+%(x —xo)3 +C (x —x0)4+2aj (x —xo)j .

i=6

Here x, and C are arbitrary constants. The coefficients «; (j 26) are uniquely defined in terms of x, and C, and

for large values of |x| the asymptotic formula y(x)~ z'*P ”(4x5’4/3—a;12,b) holds where P “ represents the

elliptic Weierstrass function.

In the present work we construct the exact parametric solutions of the first PE nonlinear ODE (redouble case), based on
some of the results included in [8] and [9]. Introducing a series of Theorems, Propositions and Lemmas, several of
which are new, we su cceed in constructing the exact parametric solutions (without any restrictive assumption) for the
first PE. The main contributions of the current work is the introduction of mathematical methodology as well as the
introduction and utilization of several convenient new admissible functional transformations, that allow the parametric

solution of the PE through the contribution of solutions of an Emden-Folwer type ODE vy :F(x)(yx’)';
F(x)=6y?+x;y=f (x).
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2 Some basic results

In what follows the well known notation y! =dy /dx, y/ =d?y /dx?,... is used for the total derivatives. For the
sake of visualization, we use the symbolic notation {n,m N } to denote the generalized Emden-Fowler equation.

n n m ! [
yxx = AX y (yx ) "
Here we omit the insignificant parameter A , which can be reduced to £1 by scaling the variables in accordance with

the rule x —ax, y —by , selecting the appropriate constants a and b . Therefore, we have the Emden-Fowler
equation

m

Yo =x"y
With these notations, the main results of this section can be phrased first with the

Theorem 2.1: For a given Emden-Fowler nonlinear ODE

m

" n
Y =X7Y

the functional transformation
_ X ’ oy N2, m+l-1
z==y/, U=x""?% , (2.1)
y

reduces (2.1) to the Abel nonlinear ODE of the second kind
[z 'U —(zz—z )]UZ’ =[(m +1 -1z +n-I +2]U :
Furthermore, using the substitution
E=U—-z%" 472",
we obtain the Abel nonlinear ODE of the second kind

g :[(m +21-3)z +n -2l +3]z’1§+
+[(m +1-1)z%+(n-m-21 +3)z —n +1 —2]21’2'.

We postpone the proof of this theorem, because it is include in [11; p. 300-301] and we continue with the following

Proposition 2.2: If the variable coefficients of the Abel ODE
[9,(x)y +9o(x)]yy =F,(x)y?+F,(x)y +fo(x), 2.2)
satisfy the functional relation
90(2f2+g];)=gl(fl+ggx), g,#0, (2.3)

then its general solution is given by the formula
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2
9, 9,

where C is a integration constant and J is the function
2f,
J (x)zexpjg—dx, (3(x)=0).
1

The Proposition 2.2 is extensively developed in [3,5].
Theorem 2.3: Consider the Emden-Fowler type second order nonlinear ODE

m

n ’ l
Yo =f (X)y"(yx) . (2.5)
where m,| are arbitrary exponents and f (x) is a smooth function of the independent variable, —oo <X <+ .Then,
the admissible functional transformation

U =f*ym z=f—yx’; f=f(x),y=0 m+l=1 (2.6)

y

where z is a parameter such that —oo <z < -0, transforms the nonlinear ODE (2.5) to the Abel type equation of the
second kind

'_U[(n—l+2)fx’+(m+l—1)zJ oo
U, = Uz +(f/—2)z LUz +(f)-2)z 20, 2.7)

Introducing also the convenient ad hoc assumption
9(z)=1/(x), 28)

where g (z ) is a smooth function to be determined, the above Abel equation becomes of the form

(U ' +[g(z)-2 ]z )Uz’ =U[(n-1+2)g(z)+(m+I-1)z |. (2.9)
Applying the Julia construction given in Proposition (2.2), one evaluates the following parametric solution of the form

y = Y.z, :
[(3=1)f/+(m+1-1)z] >

[gz‘zj C (2.10)
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where C and C are integration constants. The development and the proofs of this Theorem are developed in [8,9].

3 Exact parametric solution of the First PE

Consider the first nonlinear second order Painlevé ODE

Yo =6y % +X,
—0<X <+00, w0y <400,

Assuming that
y =f (x), F(x)=—(6y’+x),

where f (x ) is to be determined and introducing the admissible transformation

the considered equation becomes to the following Emden-Fowler type nonlinear ODE with triad of notation
{n,m,1}={1,0,3}, namely

Here f (x ) is the unknown smooth function to be determined.
We are able to introduce

Theorem 3.1: For a given nonlinear second order Emden-Folwer type ODE (with triad of exponents
{n,m,1}={10,3})

Xy =F ()%}
there always exists an exact parametric solution x =x (z,C,,C,); y =y (z,C,,C,), where C, and C, are suitable
constants of integration and z is the parameter —oo <z <+w0.

Proof. Combining (2.1) and (2.6) we state the admissible functional transformation

F(x)

U=y2,Z= y;;

F(x)=6f*(x)+x =6y *(x)+X; (3.1)

y 20, m+l #1, —0o<X <400, 0<Yy <40

where f (x) is to be determined. Estimating the total differentials dU and dz , the given nonlinear ODE



International Journal of Applied Mathematical Research 59

is reduced to the following nonlinear ODE (including F,") [8,9]

27U

r_ 2 F'— i 2
u, G (F—2)7 Uz?+(F/-2)=0 (3.2)

The above leads to the result that the first order nonlinear ODE can be integrated, if the following convenient ad-hoc
assumption

9(z)=F/(x). (33)

takes place. Here g (z ) is a new subsidiary function that have to be determined. Thus, ODE (3.2) becomes an Abel
nonlinear ODE of the second kind namely

|:Z3U +[g (z)-z ]z ]UZ' =2zU,
or equivalently

u, e

Z:ZZU+|:g(Z)—2:|’ 20U +[g(z)-z |=0. (34)

This ODE is an Abel equation of the type (2.2) with f, =f, =0 and f, =1, 9,=2% g,=9(z)-z . Then, the
functional relation (2.3) becomes

z9,-29+3 =0,

performing the general solution
* 2 3 ) * i B i
g(z)=Cz L C =first integration constant.

Thus, since in (3.4) J =1, g, =z°, the general solution of (3.4) is given by the functional relation (2.4)

C ’

z3U2+2[g (z)—z]zU _

z

that is
22U2+2[g (z)—z]U -2%C =0; g(z):C*zz—g.

Here, C isasecond integration constant. Therefore one finds U (z ) and U, (z ) by the expressions

U (Z)=—[g (Z)_Z}i {[g (Z.):Z]}z+é;

7't z

3
—c,2_3
g(z)=Cz >

These formulae can be rewritten in the final form
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. N 2 "
—[ZC z22-2z2 —B}_rJ(ZC z22-2z —3) +4z4C

U(z)= 5 : (35)

C,C = suitable constants of integration.

Consequently, the first of equations (3.1) estimates directly the final result

. R 2 R
—|:2CZZ—ZZ —S}_r\/(Zsz—Zz —3) +4z°C
— 112 _—
y(z)=f(x)=U*= o , (3.6)

2

while the independent variable x (z ) results as follows.
By the substitution F(x):6y2+x one gets F'=12y y’' +1 and from the second of (3.1) we have

y./y=2/F(x)=z/(6y*+x). Since y =y (x) is determined through (3.1) as y* =U , we extract

Y. z z z

y F(x):6y2+x T6U +x
by way of which we find

yi=— 22U gy s0us0(orU <o),
6U +x 6U +x

On the other hand, by way of (3.3) as well as the expression for F(x)(F=6f2+x) we estimate

F/=—(12y y, +1)= :F(lzJLTy; +1):g (z), namely

y, (x)=ig(z)_l, x #0,U >0 (or U <0),U =0.
124U
This functional relation affords the desired solution for x =x (z ) , that is
122U (z)
X(z)=————*=-6U (z). 3.7
=500 )

Both equations (3.6) and (3.7) furnish the demanded parametric solution. The possible elimination of the
parameter z among (3.6) and (3.7) results, furnishes an implicit functional relation that constitutes the desired solution
in analytic form of the considered PE. We notice also that the prescribed elimination demands the investigation of the
roots of quatric algebraic equations .

Finally, we establish the following

Lemma 3.2: Assume that —o <X <+00; —co <y <+ooand —o < X = parameter < +oo. Then the original second order
1" PE

Y =6y 7 +X,

admits the exact parametric solution
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where

2
. N 2 N
—[ZC z22-2z -3}1\/(%: z22-2z7 —3) +4z4C

U(2)- —

In these equations z =0, C and C are suitable constants of integration, while U (z ) > 0.

If U (z ) < 0, the square roots in absolute value are introduced by inserting the imaginary variable i = J-1.

Remark 1. From the above analysis, it is clear that the exact parametric solution of the first 1% PE it is not unique, but it
can be divided to several solutions valid inside equal number of consecutive subintervals of the main interval. Then,
since the solution must be smooth, matching of these solutions in each point of changing is obligatory. This can be
expressed by the equality of the function’s value and its derivative on the left and right sides on every subinterval.

Remark 2. In a similar way one can establish an exact parametric solution for the 2™ Painlevé equation, which is the

second order nonlinear ODE y; =2y °+xy +a (a =suitable parameter). In this case one introduces y =f (x ) and
F(x)=2y?+xy +a= 2f *(x)+xf (x)+a. Then, the resulting new ODE becomes similar to the examined first
Painelevé ODE.
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