k-cordial Labeling of Fan and Double Fan
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Abstract: We discuss here k-cordial labeling of fans. We prove that fans f,
are k-cordial for all k. We divide the proof of the result into two parts namely
odd k£ and even k. Moreover we prove that double fans D f,, are k-cordial for
all k and n = % The present authors are motivated by the research article
entitled as ’A-cordial graphs’ by A Hovey.
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1 Introduction

Throughout this work, by a graph we mean finite, connected, undirected,
simple graph G = (V(G), E(Q)) of order |V(G)| and size |E(G)].

Definition 1.1. A graph labeling is an assignment of integers to the vertices
or edges or both subject to certain condition(s).
A latest survey on various graph labeling problems can be found in Gallian[2].



Definition 1.2. Let < A,* > be any Abelian group. A graph G =
(V(G), E(G)) is said to be A-cordial if there is a mapping f : V(G) — A
which satisfies the following two conditions when the edge e = uw is labeled
as f(u) * f(v)

(i) [vf(a) —vp(b)| < 1; for all a,b € A,

(ii) les(a) —ef(b)| < 1; for all a,b € A.

Where

vy(a)=the number of vertices with label a;

vy(b)=the number of vertices with label b;

ef(a)=the number of edges with label a;

ef(b)=the number of edges with label b.

We note that if A =< Zj, + >, that is additive group of modulo k then the
labeling is known as k-cordial labeling.
The concept of A-cordial labeling was introduced by Hovey[4] and proved
the following results.

e All the connected graphs are 3-cordial.

e All the trees are 3,4, 5-cordial.

e Cycles are k-cordial for all odd k.
Here we consider the following definitions of standard graphs.

e The fan f, is P, + K;.

T

e The double fan Df, is obtained by P, + 2K;.

2 Main Results

Theorem 2.1: Fans f, are k-cordial for all odd k.

Proof: Let f, be the fan and vy be the apex vertex. Let n = mk + j, where
m>0and 1 < j <k —1. We divide the n path vertices of the fan f, into
two blocks of mk and j vertices namely vy, vo, ..,vmk,v;,v'z, ..,v;-. We note
that |[V(G)| =n+1 and |E(G)| = 2n — 1.



Define k-cordial labeling f : V(G) — Zj. as follows.
f(vo) = 0;

For the first block of mk vertices, if m > 1,
f(v) =52 = pi(mod k), p; is odd,

— Di. i = pi(mod k), p; is even, 1 < i < mk.

The labeling pattern of second block of j vertices, where 1 < j < k —1
is divided into following two cases.

Case 1: % is odd.
Sub-case I: 1 < j < %
f(vy) = B 7 1s odd,
Z%—l—%; 1iseven, 1 <¢ < 7.
Sub-case 1I: k—;?’ <j<k-2
flo;) = B i is odd,

=" 5 ddseven, 1 i< j, MR < < ML

where [ = 5,9,....k — 4.

Sub-case III: j =k — 1.
floy) = &, i is odd,

= 1 1s even,1 <7 < 7.

I
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Case 2: % is even.
Sub-case I: 1 < j < &£,

f(v;) = & i is odd,



:%jtg;iiseven,lgigj.

Sub-case II: 555 < j <k — 2.

f(vy) = B i is odd,

2

=kl L jiseven, 1 <i<j, B2 <5 < B

where [ =7,11,....k — 4.
Sub-case III: j =k — 1.

f(v) = & i is odd,
11s even,1 <1 < j.

The labeling pattern defined above covers all possible arrangement of
vertices. In each possibility the graph under consideration satisfies the ver-
tex conditions and edge conditions for k-cordial labeling. Hence fans are
k-cordial for all odd k.

Ilustration 2.2 The fan graph f3 and its 17-cordial labeling is shown in
Figure 1.
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Figure 1 17-Cordial labeling of fan graph fa3.

Theorem 2.3: Fans f, are k-cordial for all even k.

Proof: Let f, be the fan and vy be the apex vertex. Let n = mk + j, where
m>0and 1 <j <k—1. We divide the n path vertlces of the fan f,, into
two blocks of mk and j vertices namely vy, vs, .., vmk,vth, ..,v;-. We note
that |[V(G)| =n+1 and |E(G)| = 2n — 1.
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To define k-cordial labeling f : V(G) — Zx we consider the following four

cases.

Case 1: m is odd and § is odd.

f(vo) = 0;

For the first block of mk vertices, if m > 1,
f(vi) = ”TH7 i = pi(mod k), p; is odd,

+ 25 i =pi(mod k), p; is even,

[STE

(t—1Dk+1<i<tk, 1<t<m,iftis odd.
f(vi) :g“‘piTH;iEpi(modk),pi is odd,

= &, i = pi(mod k), p; is even,
(t—1Dk+1<i<tk, 1<t<m,iftis even.

For the second block of j vertices, where 1 < j < k — 1,

Sub-case I: 1 <7 < %.
Nk oy ikl s
f(v;) = 5 + 5= i is odd,

=524 1 jiseven, 1 <i<j.
Sub-case 1I: k—;ﬁ <j< k-2

f(v;) = g + %; 7 is odd,

— '. .. . . . 2
L4l diseven, 1 <i <, ML <j < bili2

e

|

where [ = 6,10, ...,k — 4.

Sub-case III: j =k — 1.



flo) =%+ 5L jisodd, 1<i<j—2,

=1

)

1 is odd, 7 = j.
=i41; diseven, 1<i<j.

2

Case 2: m is odd and % is even.

f(vo) = 0;

For the first block of mk vertices, if m > 1,

f(v) =82 = pi(modk), p; is odd,

i = p;(mod k), p; is even,

Il
|
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t—1Dk+1<i<tk 1<t<m,iftis odd.

flv) =%+ 2 = p(mod k), p; is odd,

i = p;(mod k), p; is even,
(t—1Dk+1<i<tk 1<t<m,iftis even.

0[S

For the second block of j vertices, where 1 < j < k — 1,

Sub-case [: 1 <7 < %

ISR

+ % 1 is odd,

f(Ui): )
:f—l—%; tiseven, 1 <7 < 7.
Sub-case II: k—;“4 <j< k-2

+ %; 7 is odd,

f(v;) =

=5l 4L diseven, 1 <i<j, B <y < M2
Wherel:4787,k_4
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Sub-case II: j =k — 1.

+ 3L disodd, 1 <i<j—2,

1 is odd, i = j.

f(v;) =

— ol

?
:%+1; 1is even, 1 <7 < j.

Case 3: m is even and % is odd.
f(vo) = 0;
For the first block of mk vertices, if m > 1,

flv;) =%+ 22 i = pi(mod k), p; is odd,

=B i = p;(mod k), p; is even,
(t—Dk+1<i<tk, 1<t<m,iftisodd.

flo) = 2ty i = pi(mod k), p; is odd,

=548 i=pi(modk), p; is even,

(t—Dk+1<i<tk, 1<t<m,iftis even.
For the second block of j vertices, where 1 < j < k — 1,

Sub-case I: 1 <7 < %.

flo) =%+ =L s odd,

flo) =%+ iisodd,

=kl L iseven, 1 <i<j, B < j < 2
where [ = 6,10, ...,k — 4.

Sub-case III: j =k — 1.



+2L jisodd, 1<i<j—2
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; 1is odd, i = j.
=5+ 1 iiseven, 1 <i<j.

Case 4: m is even and g is even.

f(vo) = 0;

For the first block of mk vertices, if m > 1,

flo) =%+ 22 i = p,(mod k), p; is odd,

= &, i = pi(mod k), p; is even,
(t—Dk+1<i<th, 1<t<m,iftisodd.

flu) = pitl, i = p;(mod k), p; is odd,

=44 j=pi(modk), p; is even,
(t—Dk+1<i<th, 1<t<m,iftis even.

For the second block of j vertices, where 1 < j < k — 1,
Sub-case I: 1 <7 < %

“l. 4 is odd,
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Eriy diseven, 1 <i<j.

Sub-case 1I: k—;‘l <j< k-2

flo) =%+ iisodd,
=kl diseven, 1 <i<j, Bl <j < B2
where [ = 4,8, ...,k — 4.

e
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Sub-case III: j =k — 1.
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o disodd, 1<i<j-—2,

=1, i is odd, i = j.
=1 41; tiseven, 1 <i < j.

The labeling pattern defined above covers all possible arrangement of
vertices. In each possibility the graph under consideration satisfies the ver-
tex conditions and edge conditions for k-cordial labeling. Hence fans are
k-cordial for all even k.

Illustration 2.4 The fan graph fog and its 12- cordial labeling is shown in
Fig 2.

Vo

Fig 2 12-Cordial labeling of fan graph fog.

Theorem 2.5 All the double fans D f,, are k-cordial for all £ and n = k—;“l

Proof: Let Df, be the double fan. Let vy, vs,...,v, be the path vertices
and vy and v, be the two apex vertices of double fan Df,. We note that
V(G)| =n+2and |[E(G)| =3n—1.

To define k-cordial labeling f : V(G) — Z; we consider the following two
cases.

Case 1: k is odd.

Sub-case I: k—;l is odd.

f(wo) = 0;
flvg) = (k,_ 1);
flo) = 5 i is odd,



:#' 1 is even,l <17 < n.

I

Sub-case II: k—;l is even.

f(vg) =0;
f(vg) = (k —1);
f ki,

(v3) i is odd,

:#; 1 is even,l < i < n.

Case 2: k is even.

Sub-case I: g is odd.

(v;) = 5=+ s odd,
= W; 1 is even,1 < i < n.

Sub-case II: g is even.

:%—1;iiseven,1§i§n.

The labeling pattern defined above covers all possible arrangement of ver-
tices. In each possibility the graph under consideration satisfies the vertex
conditions and edge conditions for k-cordial labeling.Hence the graph of dou-

ble fan admits k-cordial labeling.

Illustration 2.6 The double fan D fy5 and its 43-cordial labeling is shown

in Fig 3.
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Fig 4 43-Cordial labeling of double fan D fa5.
Concluding Remarks

Here we have contributed general result for fan and a particular result for
double fan to the theory of k-cordial labeling. To derive similar results for
other graph families is an open problem.
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