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Abstract

In this paper, we study the asymptotic behavior of oscillatory solutions of the first order functional delay difference
equation

Az(n) = f(n,z(n—7)), n > no. (%)
A new sufficient condition is established under which every oscillatory solution of (*) tends to zero asymptotically.
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1. Introduction

In this paper, we consider the following first order functional delay difference equation of the form
Az(n) = f(n,xz(n — 7)), n € N(ng) (1)

where A is the forward difference operator given by Axz(n) = z(n + 1) — z(n), 7 is a positive integer, ng is a fixed
integer, N(ng) = {nog,n0o+1,m0+2,...}, f : N(ng) x R — R is a real valued function and for any n € N(ng),
f(n,.) is a continuous function with the following properties:

(Hy) f(n,0) =0;
(H2) uf(n,u) > 0 for u # 0; and
(Hs) there exists a sequence {q(n)} of positive real numbers defined on N(ng) such that

[f(n, w)] < g(n) [ul.

Qualitative theory of discrete processes has drawn considerable attention in recent years. In particular, oscilla-
tion properties of discrete analogs of delay differential equations have been studied recently by a number of authors
(see e.g., [6,7,10,11]). On the other hand, relatively little is known about the asymptotic behavior of all solutions
of these discrete equations, see for example [3,8,12], and the references cited therein. For the general background
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of difference equations, one can refer to [1,2,5,9].

In [3], Chen et al. obtained sufficient conditions which ensure that all solutions of the first order nonlinear delay
difference equation

Az(n)+ F(n,xz(n —k)) =0, n>ng (2)

tend to zero as n — oo.
In [8], Liu et al. established sufficient conditions under which every solutions of the equation

Az(n) =pn)f(z(n —k))+r(n), n=0,1,2,.. (3)
converges to zero. The asymptotic behavior of the solutions of the equation
Az(n) +pn)z(n—7)=0, n=0,1,2,.. (4)
has been extensively investigated in the literature, see for example, [4,12,13].

The purpose of this paper is to give a new sufficient condition under which every oscillatory solution of (1)
tends to zero as n — oo. By a solution of (1), we mean a nontrivial real sequence {z(n)} which is defined on
N(ng — 1) = {no — 7,ng — 7+ 1,...} and which satisfies (1) for n € N(ng). A solution {z(n)} of (1) on N(ng) is
said to be oscillatory if for every positive integer Ny > nyg, there exists n > Ny such that z(n)z(n+1) < 0, otherwise
{z(n)} is said to be nonoscillatory.

Throughout this paper we use the following notations:

For any a,b € N, define

N(a)={a,a+1,a+2,...},

N(a,b) ={a,a+1,a+2,...,b},

n

Q) ==suwp > qls), for n=no+7

n2N s

and

Qoo := lim Q(N) = limsup 2”: q(s).

N—oo n—00

2. Main Results

Lemma 2.1 Let {z(n)} be a solution of (1) and ng +7 <mny <ng—1. Ifx(n) >0 for alln € N(ny + 1,ne — 1)
orx(n) <0 for alln € N(ny 4+ 1,n2 — 1) and x(n2)xz(n) <0 for alln € N(ny + 1,ne — 1), then ny > ng — 7.

Proof. Assume the contrary, that is, n; < ng — 7. Without loss of generality, we may suppose that xz(n) > 0 for
n € N(ny + 1,n2 — 1). Then z(n2) < 0 and there exists an integer n* satisfying ny < n* —7 < n* < ny. Then

Az(n) = f(n,z(n—17)) >0

for n € N(n*,ny), which implies x(ng) > x(n*) > 0. This is a contradiction.
The proof is complete.

Lemma 2.2 Given 6 > 0, there exists an increasing sequence {h(n)} of nonnegative real numbers such that

h(n)—h(n—T):g, n>ng+T. (5)



236 International Journal of Applied Mathematical Research

Proof. Choose a sequence {Nj} of integers such that Ny = ng and for £ = 0,1,2,...,Nx41 = Ni + 7. Then
limy_y oo N = 00. Let us define
0 - N
h(n) = 2 <” k
2 T

+/€>, for TLEN(N]C,N]C_H*l)

for k = 0,1,2,... We see that h(Ny) = % for all k and {h(n)} is an increasing sequence on N(ng). For any
n e N(Nk,Nk+1 - 1), k=1,2,3,..,

h(n) < h(Nk4+1) and h(n—71) > h(Ng — 1),

which implies

h(n)—h(n—T)zd(n_Nk—Fk) —‘25(”_7;]\[’“‘1%—1) :%.

2 T
Therefore (5) holds for n > Nj.

Theorem 2.3 Let {h(n)} be an increasing sequence of positive real numbers satisfying (5) for some § > 0. If

Q(N) < @ for some N > nog+7, then for any oscillatory solution {xz(n)} of (1), there exists a K = K(f,h,x) >
0 such that

lz(n)| < KePhm  p e N(no), o
where
2 4
= wgmrrT W<l ]
2 2 VII-1
b=l LSO s T

Proof. Since {z(n)} is an oscillatory solution of (1), there exists a sufficiently large n* > Ny +7 such that z(n*) < 0.
We will show that (6) holds for a positive constant K such that

K> max "™ |z(n)].

no<n<n*
Assume that (6) does not hold. Then there exists an integer £ > n* such that
lz(n)| < Ke®™™  for ne N(ng,&—1) and |z(€)] > Ke?"©, (8)
Then z(§) # 0. Since {z(n)} is oscillatory and £ > n*, we can define two integers ni, no € N(ng) by
ny=sup{n:n<§ z(n)z() <0}
and
ng =inf{n:n>¢ z(n)xz(§) <0}.

We see that n* < nj; <& <ng and z(n) >0 for alln € N(ny +1,n2 — 1) or (n) <0 for all n € N(ny + 1,n2 — 1).
Also, we have x(nq)z(n) <0 for alln € N(ny + 1,n2 — 1) and z(n2)z(n) <0 for all n € N(ny 4+ 1,n2 — 1). Lemma
2.1 leads to ny > ng — 7 and hence ny; > u — 7 for u € N(ny,ng). Then

2w —7)| = |z(u = 7) = z(n1) + z(n1)]

< la(nn) —a(u = 7)[+ |z(n)]

ni—1

Z Ax(s)

sS=u—T

+ [ (n1)]

’nl*l

S fls.a(s—7)

sS=u—T

+ [ (n1)]




International Journal of Applied Mathematical Research

which implies that for u € N(n1,ns),

ny—1

e(u—=T) < Y as)|a(s = )] + |z(m)] -

s=u—T

Moreover, because of z(n1)z(§) < 0, we have

|[2(&)] < [(§) — x(n1)]

e—1
Z Az(u)

U=n1

-1
> flu,a(u— T))’

-1
< 3 qlu) folu— )],
and
2(6)] < Ja(na) — (6)|
no—1
= Z Az(u)
u=¢
<Y fluatu—r)
u=¢
<3 qwla(u—1).
u=¢

Thus we obtain

’I’Lgfl

(O < 5 3 alu) falu—7)].

U=n1i

Here we consider two cases.
Case 1: Q(N) < 1. We note that § > 0. By (9) and (10),

2O < 23 atw ( > gl fas - )| + x(nm)

or
1 ng—1 ny—1 1 ng—1
()] = 5 doalw) D als)fals —7)| + 5 le(m)] > alw)

By (8), we see that |z(s — 7)| < K&%"(s=7) for s € N(ng + 7,n1). Then by (11),

ngfl 71171 ’ngfl
1 PR |
@ <5 D alw) D alsKe T 4 S la(m)] D alw).

Since {h(n)} is increasing and 8 > 0,

no—1 nyi—1 ng—1

(O < 5 Y a3 qls) + s eln)] Y gfw)

U="n1 S=u—T uU=ni

237

(11)
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no—1 np—1 no—1
,,Bh(nl 27) Z Z |$ n | Z
u=ny s=u—7 u=ny
Then
K ng—1 U no—1 u no—1
()] < e { Do alw) Y als) = Y a(w) Y als }+|x m)l 3 qlu
u=n s=u—T1 u=ny s=nj u=ny
Since
ng—1 u 1 na—1 na—1 1 ng—1 2
Z q(u) Z q(s) > 3 Z q(u) Z q(s) = 3 (Z Q(U)> ;
u=n s=n1 u=n s=n1 u=ny

ng—1 ng—1 2
()] < 20 L QN Y aw) — (Z q<u>> + 5 la(m)| Q).

U=n1 U=n1

The right side of (13) is a quadratic function of

nay—1 na—1 nz2—1

Z q(u) and 0< Z q(u) < Z q(u) < Q(N).
u=n1 U=niy Uu=n2—T

Then

|:L‘(§)| < géﬁh(nl—?r) {QZ(N) . QQ;N)} + %éﬁh(nl_QT)Q(N)

%éﬁh(m—%) {Q2éN> + Q(N)}

= Bsnen—2m (2 1 2Q(N))

1
Leomesn [(Q(N) +1)° ~ 1)

< X {Quv) + 17 - 1y eome)

:% (QN) + 1)2 — 1} PO —h(&=37) —=5h(E),

By Lemma 2.2, h(§) — h(§ — 37) = 375.
Then, we have

z(§)] < i {QN)+1)> =1} e (Ke—ﬁh(f)>

Thus, (7) implies |z(£)| < Kebh©),
Then we have a contradiction to the assumption that |x(£)| > Ke®?(©).

Case 2: 1 < Q(N) < @ We note that 8 > 0. There are two possibilities.

(12)

Case 2.1: 1 < "1 g(n) < f L There exists an integer 7 such that ny <n < ny — 1 and 2”2 Yq(n) > 1.

nn1

By (9) and (10), we have

;:Z_ u) |z(u —7)|
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n—1 no—1

<3 Y e+ Y o) o7
<3 Y lw-nl+5 Y q<u>{ > als) Iw(s—T)IJrIw(m)l}
1 n—1 1 no—1 ny—1 1 no—1
=5 2 a)le=nl+5 Y a) Y g lals =)+ 5 X alu) falm)
=2 Y el +5 O aw) [ > a@)lels =)= 3 als) els =l + 5 D alw) )|
n—1 no—1 n—1 no—1 n—1 no—1
=2 Y a4 5 D alw) Y als)lats — 1) - 5 D alw) Y als) els — )|+ 5 D aw) ()

z_: q(u) Y als) |z(s —7)| = (i q(U)) (Z q(s) (s = T)I) > ) als)|z(s = )|

u=n s=nj

no—1 n—1 no—1

Do alw) Y als)fals =)l +% > a(w)le(ny)]. (14)

u=n s=u—T u=n

By (8) and the fact that s — 7 < ny < & for s € N(ng +7,n2), |z(s — 7)| < Ke ™ #"~7) for s € N(ng + 7,n). Then
by (14),

no—1 n—1 na—1

2O <3 3 alw) Y a(«)KeeD) 4 T emthm=n 3 )

u=n s=u—T1 u=n

K ng—1 n—1 n—1
< Eéﬂh(m—%’) { Z q(u) Z q(s) + Z q(s)}

u=n s=u—T s=u—T

< E e [N o) $° N

< e uz:;? q(u) S:;TCI(S) +Q(N)

- géﬁh(”l_%) { Z q(u) Z q(s) — Z q(u) q(s) + Q(N)} .
Since
no—1 u 1 no—1 2
> 4w Ya(s) > <Z q<u>> ,

no—1 no—1 2
[2(€)] < e {Q(N) > atw) - 5 (Z q<u>> - Q(N)}

< g Q) - o)}



240 International Journal of Applied Mathematical Research

IN

v |

Y]

™

=

3

|

[~}

2
——
7N

O

—

=

+
| =
N———
[\v]

\
o
—

IN
0o | X
o]
™
>
~
&b
2
—
N
O
—
=
+
N | =
N————

o
|
Nt
—

_ K s _ange 13
=geze Q(N)—|—2 il

Thus, (7) implies |z(&)| < K&?™&). Then we have a contradiction to the assumption that |z(¢)| > K&,

Case 2.2: 571 g(n) < 1. In the same way as a Case 1, we have

n=mni

no—1 no—1 2
()] < a2 QW)ZMW)i(}jdw>+QW)

U=nq U=n1

2
Since Q(N) Y12 b g(u)— L (Z"rl q(u)) is a quadratic function of 32" g(u) and 0 < 327! g(u) < 1 < Q(N),

uU=ni U=n1 uU=ni q U=ny

we have,
()] < e {Qu)a - g2+ o}

K

K sonni—2m) _ !
< Fere g + o) - 5

K _snie-3m) 1\ 3
< e 3 {(Q(N)+2>

K 2
- Eeﬁ(h(ﬁ)—h(f—?w))e—ﬁh(&) {(Q(N) + ) _

_ K s e 13
=geze {(Q(N)+2) 10

By (7), |z(£)| < Ke®™M&). Then we have a contradiction to the assumption that |z(¢)| > K&, Hence, by virtue
of the Case 1 and 2, we obtain (6). The proof is complete.
Using Theorem 2.3, we have two corollaries.

e

Corollary 2.4 If Q(N) < @ for some N > ng + 7, then every oscillatory solution of (1) is bounded.

Corollary 2.5 If Qs < ‘/gfl, then every oscillatory solution of (1) tends to zero as n — oco.

In the case where @ < Q(N) < oo for some N > ng + 7 we can prove the following theorem in the same way
as case 1 in the proof of Theorem 2.3:

Theorem 2.6 If {h(n)} is an increasing sequence of positive real numbers defined on N(ng) and Q(N) > @—1
for some N > ng + 7, then for any oscillatory solution {xz(n)} of (1), there exists a constant K = K (h,x) > 0 such
that

lz(n)] < Ke"™  n > ng.
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Lemma 2.7 Let f(n,z(n—71) = q(n)x(n—7), where {g(n)} is a sequence of nonnegative and real numbers defined
on N(ng), {z(n)} be a solution of (1) and Qus < c0. If {z(n)} is not oscillatory, then there exist a Nog = No(x) > ng
and a positive constant C' = C(z) such that

n—1
[2(n)| = Cexp { le+ 5 2 q<s>} . n> No.

S=no

Proof. Without loss of generality, we may assume that {z(n)} is eventually positive, i.e., there exists n; > ng such
that z(n) > 0 for any n > n;. Choose Ny > ng, such that No — 37 >nq and >_._ Tq( $) < Qoo +1, n> Ny.
By (1) and x(n) # 0 for n > ny, we have

s
z(n) > x(Np) exp {SZNO Q(S)(S—l—l)} , n>Ny.

Since Az(n) > 0 for n > ny + 7, we have

zn+1)—xz(n—71) Z Azx(s

S=Nn—T

n
Z q(s)x(s —71)
=n—

S T

n

<a(n—7) ) als)

<z(n—7)(Qe+1), n>Ny.
Then
x(n—1) 1
z(n+1) 7 Qo +2’
which leads to that

2(n) Zz(No)eXP{QOO+2 Z }

=No

No—1 n—1
= x(Ny) exp{Q;:_Z Z q(s)} exp {C}.ol—l—Q Z q(s)} , n> Ny.

S=ngo S=no
The proof is complete. By this lemma we obtain the following theorem:
Theorem 2.8 Assume that Qs < @
(i) If a solution {x(n)} of (1) satisfies
lim z(n)
n—oo
exp { gy X0, als) }

then x(n) tends to zero as n — oo.

(i) 1f

=0, (15)

3 qls) = oo, (16)

S=no

then every bounded solution of (1) tends to zero as n — oco.

Proof. (i) By Lemma 2.7 and (15), {x(n)} is oscillatory. Therefore, by Corollary 2.5, z(n) tends to zero as n — cc.
(ii) Let {z(n)} be a bounded solution of (1). By (16), {z(n)} satisfies (15).

Hence z(n) tends to zero as n — oc.

The proof is complete.



242 International Journal of Applied Mathematical Research

3. Equations with special forcing term

Let Ag be the set of all real sequences {a(n)} defined on N(ng — 7) such that

nhﬁnéo a(n) = 0.

Consider the following equation:
Az(n) =q(n)xz(n—71)+r(n), n>ng, (17)

where the sequence {r(n)} is given by r(n) = ¢(n)a(n — 7) — Aa(n) with some {a(n)} € Ag. We compare the
asymptotic behavior of the oscillatory solution of (17) with that of the equation (1).

Lemma 3.1 Let {y(n)} be a sequence of real numbers defined on N(ng) and {a(n)} € Ag. If z(n) = y(n) + a(n)
is a solution of (1) and {y(n)} is oscillatory, then {z(n)} is also oscillatory.

Proof. Assume that {z(n)} is not oscillatory. Then there exists ny > ng + 7 such that |z(n)| > 0 for n > n;.
Without loss of generality, we may assume that z(n) > 0. Since {z(n)} is a solution of (1) and ¢(n) > 0, Az(n) =
g(n)z(n — 1) > 0 for n > ny for some ng > ny + 7. Then z(n) > z(n2) > 0 for n > ny. Since {a(n)} tends to zero
as n — 00, we have

liminf y(n) = linrggf {z(n) —a(n)} > z(n2) > 0.

n—oo
This is a contradiction to the assumption that {y(n)} is oscillatory. The proof is complete.

Theorem 3.2 If every oscillatory solution of (1) tends to zero as n — oo, then every oscillatory solution of (17)
tends to zero as n — oo.

Proof. Let {x(n)} be an oscillatory solution of (17). Then it follows that
Az(n) = g(n)x(n — 1) + g(n)a(n — 7) — Aa(n),

which implies that

A(z(n) + a(n)) = q(n)(z(n — 1) + a(n — 7)).

Set

2(n) = x(n) + a(n).

Then {z(n)} is a solution of (1), we see from Lemma 3.1 that {z(n)} is oscillatory. Therefore z(n) tends to zero as
n — oo by assumption. Hence z(n) = z(n) — a(n) tends to zero as n — oo.
The proof is complete.

Corollary 3.3 If Q. < \/g_l, then every oscillatory solution of (17) tends to zero as n — oo.

Proof. By Corollary 2.5, every oscillatory solution of (1) tends to zero as n — co. By Theorem 3.2, we obtain that
every oscillatory solution of (17) tends to zero as n — co.
The proof is complete. Now, let us consider the equations:

Az(n) =qr(n—7)+puA™", n>ng (18)
and
Azx(n) =qz(n—T) (19)

where p is a constant, 7 is a positive integer and ¢, A\ are positive real numbers with A > 1.

Theorem 3.4 Every oscillatory solution of (18) tends to zero as n — oo, if and only if every oscillatory solution
of (19) tends to zero as n — oo.
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Proof. Sufficiency. Suppose that every oscillatory solution of (19) tends to zero as n — co. Define a sequence
{a(n)} on N(ng — 1) by

PAT
R
Then we see that {a(n)} € Ay and uA™" = ga(n — 7) — Aa(n). By Theorem 3.2 every oscillatory solution of (18)

tends to zero as n — oo.

Necessity. Suppose that every oscillatory solution of (18) tends to zero as n — oo for some p # 0. Let {y(n)}
be an oscillatory solution of (19) and let z(n) = y(n) — a(n). Then

Az(n) =qz(n—7) + qa(n — 7) — Aa(n)

= g2(n—7) + A",

which means that {z(n)} is a solution of (18), We will prove that z(n) tends to zero as n — oco. If {z(n)} is
oscillatory, then z(n) tends to zero as n — oo by assumption. Therefore it is enough to consider the case that
{z(n)} is not oscillatory. We will show that for some N* > ny,

0< |z(n)| < 1|_L|lx”, n> N*. (20)
X

Let p > 0. Assume that z(n) > 0 for n > N; for some N; > ng, Since gz(n —7) > 0 for n > Ny + 7, Az(n) > 0 for

n > Ny + 7. Then {z(n)} is monotonic increasing as N(N; + 7), which implies that for Ny > Ny + 7,

liminf y(n) > liminf z(n) + lim inf a(n)
n—00 n—00 n—00

Since {y(n)} is oscillatory, we have a contradiction. Hence z(n) < 0 for n > N3 for some N3 > ng. Then

)\771
A(z(n)—!—f 1) =qz(n—7)<0, n>Nsg+T,

A

which implies that {z(n) + ’ii; } is monotone decreasing on N (N3 + 7). Then we have that for any m > N3 + 7,
A

limsup y(n) = limsup(z(n) + a(n))

n—oo n—oo
AT AT
< (limsup z(n) + K i ) + lim sup (a(n) K T )
)\777'74
< z(m)+ K T
=3

—m —m

Since limsup,,_,o, y(n) > 0, z(m) + “17; > 0 for m > N3 + 7. Therefore 0 > z(n) > 7{@; ,n > N3+ 7. In case
A A

< 0, we see in the same way that 0 < z(n) < _{‘:\;m, n > Ny, for some Ny > ng. Then we have (20), and hence
A

z(n) tends to zero as n — oo when z(n) is not oscillatory. Therefore y(n) = z(n) + a(n) tends to zero as n — oo,

which implies that every oscillatory solution of (19) tends to zero as n — oo.

The proof is complete.

References

[1] R. P. Agarwal, Advanced Topics in Difference Equations, Kluwer Academic Publishers Inc., 1997.

[2] R. P. Agarwal, Difference Equations and Inequalities: Theory, Methods, and Applications, Marcel Dekker, Inc., New
York, 1999.



244

3]

8]

[9]
(10]

(1]

(12]

(13]

International Journal of Applied Mathematical Research

M. P. Chen and B. Liu, Asymptotic behavior of solutions of first order nonlinear delay difference equations, Comput.
Math. Appl., 32(1996), 9-13.

L. H. Erbe, H. Xian and J. S. Yu, Global stability of a linear nonautonomous delay difference equation, J. Difference
Equ. Appl., 1(1995), 151-161.

I. Gydri and G. Ladas, Oscillation Theory of Delay Differential Equations with Applications, Oxford University Press,
Oxford, (1991).

G. Ladas, Explicit conditions for the oscillation of difference equations, Math. Anal. Appl., 153(1990), 276-287.
B. S. Lalli, Oscillation theorems for neutral difference equations, Comput. Math. Appl., 28(1994), 191-202.

Y. Liu and W. Ge, Global asymptotic behavior of solutions of a forced delay difference equation, Comput. Math. Appl.,
47(2004), 1211-1224.

R. E. Mickens, Difference Equations, Van Nostrand Reinhold Company Inc., New York 1987.
Ch. G. Philos, On oscillations of some difference equations, Funkcialaj Ekvacioj, 34(1991), 157-172.

X. H. Tang and J. S. Yu, A further result on the oscillation of delay difference equations, Comput. Math. Appl., 38(1999),
229-237.

J. S. Yu, Asymptotic stability for a linear difference equation with variable delay, Comput. Math. Appl., 36(1998),
202-210.

Z.Zhou, J. S. Yu and Z. C. Wang, Global attractivity of neutral difference equations, Comput. Math. Appl., 36(6)(1998),
1-10.



	Introduction
	Main Results
	Equations with special forcing term

