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Abstract

In this paper, we established travelling wave solutions of the non-
linear equation. The He’s variational method was used to construct
travelling wave solutions of the PHI-four equation. The obtained re-
sults include periodic and solitary wave solutions. It is also shown that
the He’s variational method, with the help of symbolic computation,
provides a powerful mathematical tool for solving other nonlinear evo-
lution equations arising in mathematical physics.
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1 Introduction

Many phenomena in physics and other fields such as biology, chemistry, me-
chanics, etc., are described by nonlinear partial differential equations (NLPDES).
As mathematical models of the phenomena, the investigation of exact solutions
of NLPDEs will help one to understand these phenomena better. The study
of exact solutions of nonlinear evolution equations plays an important role in
soliton theory and explicit formulas of nonlinear partial differential equations
play an essential role in the nonlinear science. Also, the explicit formulas may
provide physical information and help us to understand the mechanism of re-
lated physical models.

Recently, many effective methods to construct traveling wave solutions of
NLPDESs have been established, such as Adomian decomposition method [1],the
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homotopy perturbation method [2],the variational iteration method [3, 4] , the
He’s variational approach [5], the F'—expansion method [6], three-wave method
[7], extended homoclinic test approach [8, 9], the (%)—expansion method [6]
and the exp-function method [10].

In this paper, by means of the He’s variational approach, we will obtain some
Solitary and periodic solutions of the following PHI-four equation given in [11]

Uy — AUy — U+ ud =0, (1)

where « is arbitrary constant.

2 He’s Variational Method
In order to seek its travelling wave solution, we introduce a transformation
u(z, t)=ul) , E=z—ct (2)
by substituting Egs. (2) into Eq. (1), we have
(P —a)u —u+ u® =0, (3)

where prime denotes the differential with respect to &.
According to Ref. [12], By He’s semi-inverse method [13], we can arrive at the
following variational formulation:

o = [ ) [—% (€ =) () — a4 St a. (1)

We assume the soliton solution in the following form

(&) = Asech(§), ()

where A is an unknown constant to be further determined.
By Substituting Eq. (5) into Eq. (4) we obtain

1 1 1 1
:_A4__A2__2A2 _A2
J 5 5 5¢ + 4 (6)
For making J stationary with respect to A
aJ 2 1 1
=T A A--FPA+ A
3 3 3¢ + ;Ao (7)
From Eq. (7), we have
6 2 2 __
A+ +2(c2 —a) (8)
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The solitary solutions are, therefore, obtained as follows:

un(§) = 6+2(c ~a) sech(x — ct),
and -
uip(§) = — 6+22(C —) sech(x — ct),

where ¢ and « are arbitrary constants.
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(9)

(10)

Fig. 1 and Fig. 2 show the graph of wuy(x,t) and wups(x,t) for ¢ = a = 1,

—30 < x<30and 0 <t <10.

Figure 1: The Soliton solution of Eq. (9).

We search another soliton solution in the form
u(§) = D sech?(€),

where D is an unknown constant to be further determined.
By Substituting Eq. (11) into Eq. (4) we obtain

1 4 4 4
J:——D2 _D4__2D2 _D2
37 T35 BT T
For making J stationary with respect to D
oJ 2 16 8 8

9 _fpipi_S2p+iSp
oD~ 37 T35 T

(11)
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Figure 2: The Soliton solution of Eq. (10).

From Eq. (13), we have

B j:\/2104— 168 ¢? — 168 «

D :
12

The solitary solutions are, therefore, obtained as follows:

210 + 168 ¢ — 168
un (§) = V20 126 asechz(x—ct),

and

\/210 + 168 ¢ — 168 «v
U22(§) = - 12

where ¢ and « are arbitrary constants.

sech?(x — ct),
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(14)

(15)

(16)

Fig. 3 and Fig. 4 show the graph of wug(x,t) and wug(x,t) for ¢ = a = 1,

—30<z<30and 0 <t¢t<10.
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Figure 3: The Soliton solution of Eq. (15).

Figure 4: The Soliton solution of Eq. (16).

3 Conclusion

In this paper, we used He’s variational method to search for solitary solutions
of PHI-four equation. This paper shows that the He’s variational principle
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provides a very effective and powerful tool for solving nonlinear equations in
mathematical physics.
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