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Abstract

This paper considers potentials that are reflectionless for a range of energies and not reflectionless elsewhere. The focus
of this paper is to see if reflection coefficients of this type have characteristics that would make it possible to solve for
the associated potentials using known methods. Using the Gelfand-Levitan equation it is shown that the spectral
measure function has several limits that match well to known solved cases. Thus, it seems that pursuing cases of
potentials of this type is reasonable.
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1. Introduction

Inverse scattering on the line is a well-known method to determine the potential V/(r) given the reflection coefficient
R(k). This is done by using the Gelfand-Levitan Equation [1-3]:

K(r,8) + G(r,s) + [* K(r, ©)G(t, s)dt = 0 (1)
Where G(r,s), the spectral measure function, is the Fourier transform of the reflection coefficient R(k):
G(r,s) = i [72 RIe )k )
And K(r,s) is related to the potential by:

dK(r,r)

V(r) = -2 . ?3)

The typical procedure is to find V/(r) by taking the Fourier transform of R(K) to get G(r,s) and then solve (1) for
K(r,s). Then (3) can be used to find the potential. The challenge arises in solving (1). This is typically done by
successive iteration [4].

A case of particular interest is that of reflectionless potentials [5-8]. These are cases where the reflection
coefficient is zero but the potential is non-zero. This is possible because one can have the case of R(k) being zero and
G(r,s) being non-zero if bound states exist [9], [10]. This paper considers the case of a reflection coefficient that is zero
in a region and non-zero elsewhere. This would correspond to a potential that did not reflect a wave for a range of
energies but did in general reflect outside of that range. The goal of this paper is to see what particular characteristics
these potentials have that can aid in calculating corresponding potentials.
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2. Regionally Reflectionless Potentials
Consider a reflection coefficient r(k):
r(k) = RK)[1 — R(k,)] (4)

Where R(k) is any physically allowable reflection coefficient and X(k;) = 0 if |k| <k; and X(k;) =1
otherwise. To find the potential associated with this r(k), the spectral measure function G(r,s) must be found.
Combining (2) and (4) gives:

G(r,s) = i f:'g R(k)e_ik(”s)dk _ i f:: R(k)N(kl)e_ik(HS)dk (5)
where the right hand side of (4) has been broken into two terms.

The first term of the right hand side is defined as g(r,s). The second term is given by:

Bl = L[ R (9e K9 dk, ?

r+s
Combining this with (5), the definition of g(r,s), and using the convolution theorem for Fourier transforms, yields:

+00 sin(kqx)

G(r,s)=grs) -2 g(r +s —x)dx. @

X

In order to learn more about this G(r,s), a method developed for solving GL can be used [11]. This method
solves GL by looking at the expansion of G(r,s) into a sum of separable functions. (This method will be designated SM
for Separable Method.) In this case it was assumed that R(k) in (4) was a physically reasonable function. This means
that SM can be used to analyze g(r,s), since it is the spectral measure function associated with R(k). This means that
g(r,s) can be represented by:

g(r,s) = X5y a,e (8)

Putting this into the integrand of (7) yields:

G(r,s) = g(r,s) — 25, a,en(+s) [ 20D enxgy ©
which gives:
G(r,s) = g(r,s) —2¥2 , a,e"Stan~?! % (10)

Again applying (8) yields:

G(r,s) = Til; ane"+9 — 235 apen+tant (12)

Or:

G(r,s) = X* , a,e"r+s) [1 —tan~! ﬁ] (12)
’ n=1¢<%%n n

The coefficients in the sum of (8) are detailed in [11]. Using this one could solve for K(r,s) in principle using GL.
However this is often quite complicated. There are, however some interesting results to note about (12).

3. Results

Considering (12) there are conditions worth noting. If (12) is to be used with SM to find K(r,s) then it is necessary that
the G(r,s) in (12) meets the requirements necessary as detailed in [11].

First consider the fact that:
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lim,,_,, tan™? ];—1 =0 (13)
This leads to the large n terms in (12) approaching the corresponding terms in (8). In practice, this simplifies SM. This
gives some confidence in solving GL for regionally reflectionless potentials (RRP). RRP behave like acceptable
potentials in GL for large values of n in (12), which means SM should work well.

Another condition worth considering is what happens if the reflectionless region becomes very large. This
would be looking at the limit:

limy, L0 (1 — 2tan™! ];—1) =1-m. (14)

Since this limit is independent of n, (12) is just a constant times (8) for this limit. What this means is that the RRP
behaves like (8) for large energies. This again gives support for using SM.

Finally, it is interesting to look at the case of applying (14) and only looking at the first term in the series. This
leads to a G(r,s) of the form:

G(r,s) = ape'*s (15)

G(r,s) of this form have been shown to be associated with the Bargmann potentials [9], [10]. These potentials consist of
analytic solutions to GL, again pointing to RRP cases being solvable.

4. Conclusion

It has been shown that regionally reflectionless potentials have several characteristics that lead to the possibility of
analysis using inverse scattering. In particular, by using the representation presented it seems that a current method of
solution (SM) may be fruitful. This method is not trivial but this paper does point to the possible way of identifying
regionally reflectionless potentials.
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