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Abstract

Parametric iteration method falls under the category of the analytic approximate methods for solving various kinds of
nonlinear differential equations. Its convergence only for some special problems has been proved. However in this
paper, an analysis of error is presented, then due to it, the convergence of method for general problems is proved. To
assess the performance of the claimed error bound and also the convergence of the method, numerical experiments are
presented performed in MATLAB 2012b.
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1. Introduction

Parametric iteration method (PIM) is an analytic approximate method for solving linear and nonlinear problems
proposed in [1]. At beginning it was proposed for solving nonlinear fractional differential equations by modifying He’s
variational iteration method (VIM) [2]. The PIM enjoys some augmented factors which made it more completed than
the VIM. In fact by adjusting these factors one can establish more accurate approximations in comparison with the
VIM.

During recent decade, many researchers have been worked on the VIM for solving various kinds of problems which
mentioning them is out of the scope of this paper. Besides, some authors have been centered on the convergence of the
VIM for some specific problems, like for multi-order fractional DE’s [3], multi-delay DE’s [4], ODE’s [5], systems of
ODE’s [6] and etc. Herein, the work of Odibat [7] is more interesting and different because of its generality. In fact, he
concluded the convergence of the VIM by introducing a semi-contraction operator and completed the proof like the
proof of the Banach’s fixed point theorem.

On the other hand, the PIM was utilized for solving various kind of differential equations like Abel equation [8],
nonlinear chaotic Genesio system [9], boundary value problems [10], linear optimal control problems [11] and etc.
Convergence theorem for some particular cases was discussed in some of these literature (e.g. [8,9]), but what is still
missing is a proof of the convergence of the PIM for a general differential equation. Also, from the both theoretical and
practical viewpoint, another necessary talk is a complete discussion about the error bound of the approximations.
Therefore, the goal of this article is to establish an error term and then presenting a general proof of the convergence of
the PIM.

2. Parametric iteration method (PIM)

To explain the basic idea of the PIM considers the following differential equation:

A[x(D] = 0,x(ty) = Xo. @)
Where A is a nonlinear operator, t denotes the time, and x(t) is an unknown variable. First consider (1) as below:
Lx®O] + V(D] = g(® , t > t. )
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Where £ and V" denote linear and nonlinear differential operator of the unknown x(t) respectively, and g(t) is the
source term. We then construct a family of iterative formulas as:

L] xn+1(0) = x40 ] = hHOA[x,, (0] @)
where x,, 41 (to) = x,(t,), n=10,1,2,.... Inthis formula h # 0 and H(t) # 0 denote the so-called auxiliary parameter
and auxiliary function respectively. In this work we take H(t) = 1. Accordingly, the successive approximations
x,(t) ,n = 1 will be readily obtained by choosing the zeroth component x,(t). (For more details about PIM see [1]).

3. Error analysis and convergence

Consider the following nonlinear problem

X = F(X(t),1),X(ty) = X, 4
Where X : [t,,t;] » R€and F : R¥ x [t ,t;] — RX are defined as:
Xl(t) fl(Xl(t)vXZ(t)f "'ka(t)ft)
X(t) — XZ:(t) , F(X(t), t) — fZ (Xl (t), X2 (t)v L Xk(t)v t) , (5)
Xk(t) fk(Xl(t)fXZ(t)v "'vXk(t)vt)

Where x;(t) € C [t,, t¢ ] and f;(X(t), t) are continuous real functions on R* x [t,,t¢]. In RX we use the infinity norm
i.e. for vector y = (y1,ys, ..., Vx)" € R we have |ly || = max;|y; |,i = 1,2, ...,kand for every x(t) € C[t,,t¢ ], we use
the maximum norm as ||x|| = max|x(t)|cefe, r;7 - Also the norm of vector functions like X(t) is:

”X” = maxi{maxte[to ,tf] |Xl(t)| } ) i= 112! ey k (6)
In order to use the PIM, we rewrite (4) as

LIX®] + N [X(®] =0, @)
Where L[X] = X is an auxiliary linear operator and N [X(t)] = — F(X(t),t) is the nonlinear operator. Then the
constructed iteration formula by PIM will be defined by:

X () =X, (0) + h f; H(s)[Xy(s) — F(X,(s),s)]ds,n = 0,1, ... ©)
Taking H(t) = 1 and choosing the initial approximation X, (t) = X(t,) in the above sequence, clearly we can say that
X (o) = X1 (tg) = -+ = X, (to) = X(ty) = X, So the following lemma will be obtained.

Lemma 3.1: For every n € N U {0} and for every t > t,

Iy, % () ds = Xy (0) = Xn (o) = Xn () = Xp. W ©
Now the iteration formula (8) can be written as

Xpe1(© = (1 + )X, () —hX, —h ftf) F(X,(s),s)ds,n = 0,1, ... (10)

Let’s denote n™ approximation by X, (t) = (x;"(t), x,(t), ..., x,"(©)T € R¥ and X(t) = (x, (1), %, (1), ..., X (D)T € R¥
then the convergence of X, (t) is due to the norm

IXn — X|I = max; {max [x,"() = x;(D} tefr i ,1=12,....k (11)
Before presenting the main theorem, we restate the Lipschitz condition for the vector function F(X(t), t). Suppose that
for every the component f;(X(t),t),i = 1, ..., k of function F(X(t), t), there exist a positive real constant L; such that for
every t € [ty ,te] and for every X(t) = (x;(t), %, (1), ..., x ()T € R¥ and Y(t) = (y; (1), y,(t), ...,y ()T € R¥ the
following condition satisfies:

|fi(X1'X2' ""Xk't) - fi(Yl'YZ' 0 Yk t) I < Ll( |X1(t) - Y1(t) | + et |Xk(t) - yk(t) | ) (12)
In this situation, letting L = k x max ;—; _,{L;} we can say that F(X(t), t) satisfies a Lipschitz condition with respect to
the first argument with the Lipschitz constant L, i.e.

IFX) = F(Y) |l < LIX = YII. (13)
Theorem 3.2: Assume that F(X(t), t) is continuous on E = R¥ x I where I = [t,, t; ] and satisfies a Lipschitz condition
on E with respect to the first argument with the Lipschitz constant L. Also suppose that F(X, (t),t) is bounded on E to a
positive real number M. Then for two arbitrary successive approximations we have

_ |V R— n—j [LIhl|te—to| P+
Xnsr = Xall < T o () 11 + T 2 (14)

Proof: If we denote the approximate solution obtained by the first iteration with X; (t) = (x;1(t), x,1 (1), ..., x, ()T
and X, (1) = (x,°(1), x,°(0), ..., x,.° ()T, according to (10) and noticing that |f;(X,(s),s)| < || F(X,) || < M where t, <
s<t<trandi=1,..,kwecan write

(0 = x°(©1 < Il [{ 16(Xo(s),9)lds < [hIM [t —tol,i=1,...k,VeelL (15)
Now, let n = 1 in (10), using the notation X, (t) = (x;2(t), x22(t), ..., x, 2(t))T, we have
lx2() — %" (O] < 11+ hllx (@) — x°(@©)] + |R] f:o Ifi(X1(s),s) — fi(Xo(s), s)Ids

< |1+ hl|RIM |t — ¢l + |l ftto Li( 1 () = 2. °(&) [ + - + I (5) — % °(s)| )ds

< |1+ h||RIM |t — to] + |RIL; ffo ( kx|hIM|s —to]) ds
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_ 2
< |1+ hIAIM |t — to] + |h|2L M =20

i L.|h|.|t—to] 12
:f(|1+h|[L-Ih|.|t—t0|]+M)’

We rearrange the final statement as bellow
]j+1 .

M —j [L.Jh].t=to]
|Xiz(t) - Xil(t)l = EZjLO (}) 1+ hll ](j+—1)0!'1 =1,..,k,Vte L (16)

i=1..,k, Vtel

And similarly
30 — 2O < T 324 (2) 11+ b2 ““"(]'i;f;”’ i=1,..,k,VteL (17)
In summary, this argument will lead to the following general form
Nl wn Moy (n n—j [LIhLlt=to] P+ .

|Xi (t) Xi (t)l < L Zj=0 i |1 + hl G+)! ,i=1, ...,k,Vt el (18)
The maximum of left hand side on index i satisfies (18) too, due to the fact that the right hand side of (18) is
independent from index i . So, due to the defined norm (6), taking maximum of both side of (18) on all ¢ € [¢,, tr ], we
have:

M —j
X = Xo Il S 370 (7) 11+ A1
This completes the proof. m
Now we want to prove that if we choose h such that |1 + h| < 1, then the right hand side of (14) vanishes when n tends
to infinity. First we prove an auxiliary lemma.
Lemma 3.3: Assume that |1 + h| < 1, then for every j € N U {0} where j < n we have
limg e, (7)11+h["T = 0. (20)

Proof: For a fixed j < n we have (‘]‘) <n.So

[Llnl|tp—to| V1

G+1)! (19)

0<lim (*)|1+h" < lim —" 1)
n-oo J n-oo |L| )
1+h X
J .. .
Also for every real number j and t > 1 we know that lim :—n = 0. Therefore noticing to the assumption |1 + h| < 1 and
n—-oo
taking t = |1+Lh| > 1 will complete the proof. m
Theorem 3.4: Due to the last assumption we have

. —j (L] ee—to[ Y+

limp e Sl (‘;) |1+ b LT = 0. (22)
. _ (LIh]lt—to| )*? _(n n—j . .

Proof: Letb;,; = oD anda,_; = (]) [1 + h|™7J. Therefore the sum in (22) can be written as

Yn = Zjn:O an—j bj+1 (23)

Or

YII = aobn+1 + albn + -+ anb1 . (24)

Itg=to Y1+
G+1)!
convergent and we name its sum . Clearly, the limit of b, is zero. Also, by lemma 3.3 we know that a, — 0. So, for
every given € > 0 there exista N > 0 such that for every n = N we have |a,| < €. In this case we can write
|Yn| =< |aObn+1 + -+ aan—N+1| + IaN+1bn—N + et anbll

< lagbns1 + -+ anbyonaa| + € (Iby| + [b| + -+ [bynl )

< lagbpsr + -+ + anbyonial + B (25)
In the last inequality absolutely convergence of 2, b;., is used. On the other hand, as n tends to infinity b, — 0. So if
we keep N fixed and let n — oo then we have
limy,_,o, suply,| < B (26)
Since the € > 0 was arbitrary, the proof is complete. m
Theorem 3.2 and 3.4 indicate that for sufficiently large n, two successive terms of the sequence X, (t) for every
arbitrary £ > 0 satisfy the following relation
IXn+1 —Xall <€ @7)
Using this, one can easily show that X, (t) is a Cauchy sequence in RX. Therefor it is convergent in the complete
space R¥. So we have:
Corollary 3.5: Due to the last assumptions, the sequence (10) constructed by the PIM is convergent.
Corollary 3.6: The valid region of the convergence-control parameter his —2 < h < 0.

Noticing to the expansion of the exponential function and (LIl > 0 for all j, the series }.j2, bj, is absolutely

4. Numerical experiments

To demonstrate the efficiency of the error bound defined by (14) we consider the following two dimensional test
problems.
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{)’( = x(t) + u(t), x(0) =1, (28)
u=x((t)—ul), u0)=-1.69
Where the time domain is [t, t; ] = [0,1] and the exact solutions from [12] are:
_ e e 29
x(0) = (3-2v2)e?V2+1 + (3+2v2)e~2V241”’ (29)
_ (Vzmn)eV?t  (ar1enV2
u(t) = (3-2v2)e2V2+1  (3+2vVZ)e~2VZ41 (30)
In view of (4) and (5) we have:
_(x® _ (11 1
X® = (30) FEO.D =ax@,4= (1 ). = (L) (31)

F(X(t),t) is linear and obviously, it satisfies a Lipschitz condition by Lipschitz constant L = ||A]l = 2 .
Choosing X, (t) = X(0), the F(X,(t),t) is bounded by M = 2.69 and using the notation E,,,,q for the error bound
described in (14) we have:

: j+1
Eoound = 52k (1) 11+ hjn ER, (32)
Furthermore the norm of direct difference of two successive approximations X, (t) and X, (t) appeared in the left
hand side of (14) is denoted by
Egirect = ”Xn+1 - Xn” : (33)
Then for everyn = 0,1, 2, ...and for all t € [0,1 ] the numerical results must confirm the relation Egirect < Epound t0
ensure that the theoretical result of the Theorem 3.2 is reliable.
Also in order to discuss the convergence of the PIM claimed in the Corollary 3.5, we denote the absolute error by
Eabsolute @nd define it by
Eabsolute = [Xexact = Xull - (34)
In Fig.1, we plot Egirect » Ebound @8Nd Egpsolute OPtained by the PIM with n = 20 and h = —1.25. Other different values
of h and n is discussed in Fig.2 and Table 1.

6 T T

——E ;
EETa —0— Epound
& Edirect t —B— Ejieet

\ €— Eqpsolute 002 ©— Eabsolte [

Error

S 880-88 -

16 20

iteration number (n)

Fig. 1: Plot of Error Due To the Iteration Number (n = 20 and h = —1.25)

Analysis of the Fig.1:

Error bound: As could be seen from the plot of Ey,unq ,» the estimated error bound is really an upper bound
for ||X,+1 — X, |l which confirms the inequality (14). This is true for every iteration as zoomed out part shows. Plot of
Epoung 8150 shows that by increasing n the error bound vanishes which is a confirmation of theorem 3.4.

Cauchy sequence: The plot of Egirect Shows that Egirece = 0 When n grows. This means that for every € > 0 and for
sufficiently large n, ||X,+1 — X, || < & which confirms (27). The latter can be used to conclude the sequence X, (t) is a
Cauchy sequence.

Convergence: The plot of E_,0mte Shows that for sufficiently large n, || Xexqc: — Xnll = 0, and this is a confirmation
of convergence of the sequence X,, (t) constructed by the PI1M.
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plot of error of the PIM by h=-0.5 and n=20 plot of error of the PIM by h=-1.5 and n=20
40

—4— Epound /"‘N\‘ —— Eoound
1.2 T 35 H

—e—E

\ 2
\
AN
N

0.4 \ / |
& \\N . (/ T =M

b\.\.* Error: 0.0001616 '\.\0\‘
o oo o * ’\0\.\._ !

0—0—& —0—&

0.8

Error
Error

15

4 8 12 16 20 0 4 8 12 16 n: 20 20
iteration number iteration number EiERaIA

Fig. 2: Test of Error Bound. Left: n = 20 and h = —0.5; Right: n = 20 and h = —1.5

In Fig.2, we plot Egirect and Epoung for the solutions of the PIM by various h and n. As could be seen the error bound
confirms what is claimed in theorem 3.2 and 3.4.

Although Fig.1 and Fig.2 provide us good information of error bound, but what is doesn’t show is a specified data for
the convergence rate. So to study of the convergence rate we report the final values of Egjrece aNd Epgung fOr n = 20
and n = 40 in Table 1.

Table 1: Test of Error Bound for Various h And n

n n =20 n =40

h Edirect Ebound Edirect Ebound
h=-0.5 0.0001 0.003 107° 1077
h=-1.0 10716 10714 10742 10737
h=-15 1.001 10.169 0.001 0.041

Table 1 shows that for h = —1 the convergence is excellent but for h = —1.5 we need much more iterations to conclude
the convergence. For h = —1.5, although |1 + h| = 0.5 seems to be appropriate for vanishing |1 + h|™7 but bigness of
|h| in the same formula (32) makes (2.|h])’** very big. On the other hand, for h = —0.5, similarly |1 + h| = 0.5 but
[h| is not very big in opposite of the case h = —1.5, consequently the convergence is faster. From this viewpoint,
h = —1 seems to be the best choice since|1 + h| = 0, however there exist many counterexamples in nonlinear
problems showing that some values other than —1 can give better approximations. Such an argument leads to a known
problem that is finding an optimal value of accelerating parameter h which in general is an open problem in this field.
By the results of this paper a proposal is minimizing the error term as a function of the parameter h as a variable which
is left to the further works.

5. Conclusion

In this paper, a convergence analysis of the PIM is presented. This is performed by establishing a novel error bound and
showing this error bound tends to zero. Also an interesting result has been concluded for the auxiliary parameter h.
Although finding optimal h in general is an open problem, but we hope that the results of this paper are a promising
tools for researchers. Our proposal is to find optimal h by minimizing the presented error term as a function of h, which
is left to the further works.
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