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Abstract

In this paper, we obtain an explicit formula for the total number of paths of length 5 in a simple graph G. We also
determine some formulae for the number of paths of length 5 each of which starts from a specific vertex v; and for
the number of v; — v; paths of length 5 in a simple graph G, in terms of the adjacency matrix and with the help of
combinatorics.
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1. Introduction

In a simple graph G, a walk is a sequence of vertices and edges of the form vy, e1,v1, ..., ex, vx such that the edge e;
has ends v;_1 and v;. A walk is called closed if vg = vy. If the vertices of a walk are distinct then the walk is called
a path. A cycle is a non-trivial closed walk in which all the vertices are distinct except the end vertices.

It is known that if a graph G has adjacency matrix A=[a;;], then for k = 0, 1, ... , the ij-entry of A* is the number
of v; —v; walks of length k in G. It is also known that tr(A™) is the sum of the diagonal entries of A™ and d; is the
degree of the vertex v;.

In 1971, Frank Harary and Bennet Manvel [2], gave formulae for the number of cycles of lengths 3 and 4 in simple
graphs as given by the following theorems:

Theorem 1.1 2] If G is a simple graph with adjacency matriz A, then the number of 3-cycles in G is % tr(A3).

(It is known that tr(A3) Za(g) Za@)a”
J#i

Theorem 1.2 [2] If G is a simple graph with adjacency matriz A, then the number of 4—cycles in G is
[ tr(A*)— 2¢— 2 Zag)], where q is the number of edges in G.
J#i
(It is obvious that the above formula is also equal to [trA4— trA% — 2 Za(z)
J#i

They also gave a formula for the number of 5-cycles in a simple graph. Their proofs are based on the following fact:
The number of n-cycles (n= 3,4,5) in a graph G is equal to 5-(tr(A™) — ) where  is the number of closed walks
of length n, which are not n-cycles.
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In 1986, Tomescu [4], gave some formulae for the number of paths of length s, having k edges in common with a
fixed s-path of a complete graph. In 1994, Bax [5], gave an algorithm to count number of all paths and v; — v;
paths in a graph. His algorithm cannot count the number of paths of a specific size.

In 1996, Eric Bax and Joel Franklin [7], gave an algorithm to count paths and cycles of a given length in a directed
graph. In [6, 8, 9, 10, 12, 13, 15], we have also some bounds to estimate the total time complexity for finding or
counting paths and cycles in a graph.

In the previous works there is no formula to count the exact number of paths of a specific size in a graph.

In our recent work [1], we obtained some formulae and propositions to find the exact number of paths of lengths 3
and 4, in a simple graph G, given below:

Proposition 1.3 [1] In a simple graph G with n vertices and the adjacency matriz A= [a;;], the number of paths
of length n is Zal(;) — x, where x is the number of non-closed walks of length n in G, which are not paths.

J#i
Proposition 1.4 [1] In a simple graph G with n vertices and the adjacency matriz A= [a;;], the number of paths

n
of length n, each of which begins with a specific verter v; is Z al(.?)— x, where z is the number of non-closed
j=1,5#i
walks of length n in G, starting from the vertex v;, which are not paths.
Proposition 1.5 [1] In a simple graph G with n vertices and the adjacency matriz A= Ja,;], the number of v; — v;

(j # 1) paths of length n is aggl)— z, where x is the number of non-closed v; — v; walks of length n in G, which are
not paths.

Theorem 1.6 [1] Let G be a simple graph with n vertices and the adjacency matriz A= [a;;]. The number of paths
of length 3 in G is Zag)(dj —ai; — 1).

J#i
Theorem 1.7 [1] Let G be a simple graph with n vertices and the adjacency matriz A= [a;;]. The number of paths

of length 4 in G is Z[al(?) - 2a1(-]2-) (dj —aij)] — Z[(2di - 1)(151-3) +6 ( Cf))i )]
J#i i=1

Theorem 1.8 [1] Let G be a simple graph with n vertices and the adjacency matriz A= Ja;;]. The number of paths

n

of length 3 in G, each of which starts from a specific vertex v; is Z al(?) (d; —a;; — 1).
j=1,j#i

Theorem 1.9 [1] Let G be a simple graph with n vertices and the adjacency matriz A= Ja;;]. The number of paths

of length 4 in G, each of which starts from a specific vertex v; is Z [al(»?) —(di +dj — 3aij)a(»2») — (a(-?’) + a;-‘j») +

ij i
=Ly
d; — 1
2 ( Ty ))aul

Theorem 1.10 [1] Let G be a simple graph with n vertices and the adjacency matriv A= Ja;;]. The number of

n

v; — v5 (J # @) paths of length 3 in G is Z (agi) — Qij) k-
k=1,k#i,j

In this paper we give some formulae to count the exact number of paths of length 5 in a simple graph G, in terms
of the adjacency matrix of G and with the help of combinatorics.

2. Number of paths of length 5

In this section, we give formulae to count the number of paths of length 5 in a simple graph G. We first give a result
below which is useful to prove our other theorems.
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Theorem 2.1 If G is a simple graph with n vertices and the adjacency matriz A= Ja;;], then the number of 4-cycles

% % ij

each of which contains a specific verter v; of G is % [a@) —aP 9 ( (éz ) — Z a@-)].
j=1,j#i

Proof: The number of 4—cycles each of which contains a specific vertex v; of the graph G is equal to %(al(?) —x),

where x is the number of closed walks of length 4 from the vertex v; to v; that are not 4—cycles. To find z, we
have 3 cases as considered below; the cases are based on the configurations-(subgraphs) that generate v; — v; walks
of length 4 that are not cycles. In each case, N denote the number of walks of length 4 from v; to v; that are not
cycles in the corresponding subgraph, M denote the number of subgraphs of G of the same configuration and F
denote the total number of v; — v; walks of length 4 that are not cycles in all possible subgraphs of G of the same
configuration. It is clear that F is equal to Nx M. To find N in each case, we have to include in any walk, all the
edges and the vertices of the corresponding subgraphs at least once.

Case 1: For the configuration of Fig 1, N= 1, M= a? F= agf).

(A
Vj
e ———— )

Fig 1

Case 2: For the configuration of Fig 2, N= 2, M= ( di >, F= 2( di )

Fig 2

Case 3: For the configuration of Fig 3, N= 1, M= Z 2) p_ Z a?,

Z]’

Jj=1,j#i Jj=1,j#i
Vj
Fig 3
d. n
Consequently, = a(2)+ 2( 21 )—l— Z ’S]) and we get the required result. O
=1

4

Example 2.2 In the graph of Fig 4, we have aﬁ) = 21, (2) = 3, 2( le )z 6, Zaﬁ-): 6. So, by Theorem 2.1,
j=2
the number of 4-cycles each of which contains the vertex vy in the graph of Fig 4 is 3.

U1 V2

V4 U3
Fig 4

Theorem 2.3 Let G be a simple gmph with n vertices and the adjacency matriz A= [aij] The number of paths of

length 5 in G is Zaz(- 22@ + QZa” i —2)+ 42@1(-]2-)_ ZZGE?)(dj — a;j 42 (2)< aq 1 )

J#Z J#i J#i J#i J#i
+62a”< i ) 2% 0 a? Z <3>< ) gz <4>_ag§>_2<‘§)_ S ) (-2~ g
J#i J#i J=Lj#i J#i

3tr A*+ 6 tr A3+ 3 tr A2.

Proof: By Proposition 1.3, the number of paths of length 5 in a graph G is equal to Zag) — x, where x is the
J#i
number of non-closed walks of length 5, that are not paths. To find x, we have 13 cases as considered below;
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the cases are based on the configurations-(subgraphs) that generate all non-closed walks of length 5, that are not
paths. In each case, N denote the number of non-closed walks of length 5, that are not paths in the corresponding
subgraph, M denote the number of subgraphs of G of the same configuration and F denote the total number of
non-closed walks of length 5, that are not paths in all possible subgraphs of G of the same configuration. However,
in the cases with more than one figure (cases 7, 12), N, M and F are based on the first graph of the respective
figures and Py, Ps,... denote the number of subgraphs of G which do not have the same configuration as the first
graph but are counted in M. It is clear that F is equal to N x (M— P;—P3—...). To find N in each case, we have
to include in any walk, all the edges and the vertices of the corresponding subgraphs at least once.

Case 1: For the configuration of Fig 5, N= 2, M= % Zaij and F= Zaij'
J#i J#i

Fig 5

Case 2: For the configuration of Fig 6, N= 12, M= 1 ZCL(Z) and F= 6 Za@).

J#i J#i
Fig 6
Case 3: For the configuration of Fig 7, N= 12, M= % Zaz(?) (dj —a;; — 1) and F= 6 Za@) —a;; — 1).
J#i J#i
(See Theorem 1.6)
Fig 7

Case 4: For the configuration of Fig 8, N= 4, M= 1 [Z [agj) ( (d; — aij)] Z (2d; — Da 3) +6 ( Céz >H
j#i i=1

4 2 - 3 d;
and F=2 Y [af} —2a{)(d; — ai)]-2 Y [(2d; — 1)a}’ +6 ( 5 )]. (See Theorem 1.7)

G i=1

Fig 8

Case 5: For the configuration of Fig 9, N= 24, M= i tr4® and F= 4 tr43. (See Theorem 1.1)

Fig 9

Case 6: For the configuration of Fig 10, N= 12, M= % a; (%) (d; —2) and F=6 Za(g) d; — 2).

%
i=1 i=1

Fig 10

Case T: For the configuration of Fig 11(a), N= 4, M= 1 Za a;; ) Let P1 denote the number of all subgraphs of

JFi
G that have the same configuration as the graph of Fig 11(b) and are counted in M. Thus P;= 6><%><trA37 where
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%xtrA3 is the number of subgraphs of G that have the same configuration as the graph of Fig 11(b) (See Theorem

1.1) and 6 is the number of times that this subgraph is counted in M. Let Py denote the number of all subgraphs of

G that have the same configuration as the graph of Fig 11(c) and are counted in M. Thus Py= 2x 5 XZ a(3) —2),
i=1

where = XZ a; —2) is the number of subgraphs of G that have the same configuration as the graph of Fig 11(c)

and 2 is the number of times that this subgraph is counted in M. Let P35 denote the number of all subgraphs of G

(2)
that have the same configuration as the graph of Fig 11(d) and are counted in M. Thus P3= 4>< X Z ( 2 )aij,
J#i

where 1 3 X Z ( )al-j is the number of subgraphs of G that have the same configuration as the graph of Fig

J#i
11(d) and 4 is the number of times that this subgraph is counted in M.

Consequently, F= 2 Z Zf’) 53) 4 trA3— 4 z a(3) d; —2)— 8 Z ( )

J#i J#i

n
Case 8: For the configuration of Fig 12, N= 4, M= % Z aE?( ) and F= 2 Z (3)< di =2 )

=1

Fig 12

3

PN

Fig 13

Case 9: For the configuration of Fig 13, N= 12, M= Z( di ) and F= 12 Z( Cé

N——

o®
Case 10: For the configuration of Fig 14, N= 12, M= % Z( 123 >a”- and F= 6 Z( )
J#i J#i

AV,

Fig 14
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Case 11: For the configuration of Fig 15, N= 24, M= 1 (trA*— tr4? — 2 Zaz(?)) and F= 3 (trA*— tr4% — 2
J#i

Za (See Theorem 1.2)

J#i

Fig 15

Case 12: For the configuration of Fig 16(a), N= 4, M= 1 Z(agf) - ag) -2 ( di ) - Z ag.))(di -2)
i=1

2
J=1,5%#i

(See Theorem 2.1). Let Py denote the number of all subgraphs of G that have the same configuration as the graph

f G
o' a?
of Fig 16(b) and are counted in M. Thus P; = 2 x % Z ( Z2J ) a;j, where % Z ( 12J > ai; is the number of
J#i J#i
subgraphs of G that have the same configuration as the graph of Fig 16(b) and 2 is the number of times that this

- - N @ di © o
subgraph is counted in M. Consequently, F= 2 Z(a“- —a,;; —2 ( 9 )— Z )(di —2)—4 Z ( )

i=1 j=1,j# i

(a) Fig 16 (b)

Case 13: For the configuration of Fig 17, N= 4, M= Zaz(-?)( di = C;ij ) and F= 4 Z ( a” -1 )
J#i J#i

Fig 17

Now we add the values of F arising from the above cases and determine x. Substituting the value of x in Zav(;?) -z
J#i
and simplifying, we get the desired result. O

6
Example 2.4 In the graph of Fig 39, Y a\)) = 15630, Y _a{} = 8120, > a{? (di~2)= 360, > a2 = 120, a2 (d;~
i i i=1 2z i

= 960, al] ( YT ) 360, Za”( aiy )—180 SaPal = 24002 ( . ):360,

J#i J#i J#i

6 6
> (af)) —a) - 2( Cg > al2)(d; — 2)= 1080,y aij= 30, tr A*= 630, tr A3= 120, tr A>= 30.
i=1 j=Lgti j#i
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So by Theorem 2.3, the number of paths of length 5 in Kg is 720.

Theorem 2.5 Let G be a simple graph with n vertices and the adjacency matriz A= [a;;]. The number of paths of
n n n
length 5 in G, each of which starts from a specific verter v; is Z ag-)) — Z ag Z a(2) Z aij —

Jj= 173# J=1,j#i J=1,j#i J=1,j#i
@, dj—1 > ®), @ 4
> a®a; -2 Y ( ;') 263 ( >+ S eyt Y aPar-3 3 0l
Jj=1,j#i Jj=1,j#i J=1,j#i Jj=1,j#i J=1,j#i J=1,j#i
aj; —1)— Z ag)(di— 1)+ 2 Z a aw (d; —2) Z a3) (2) Z a(?’) Z a,(?)(dj—aij—
j=1,j#1 j=1,j#i j=1,j#i G=1,j#i J=1,ji
- 1 3 4 2 - n 4 2
)(di —1)— 2 Z 2 §]) ag; )am)(dj _3)_(%('1') _al('i) ( ) Z a )(di —2) Z (a’;j) _flgj) -
J=1.5#1 J=1,5#i j=1,j#i
of b ) 2) g o d; d;
5 )= D0 apdag = D (ayay) —agan)(d; -2 6( 5 ) -6( 5 ).
k=1,k#j k.G k£

Proof : By Proposition 1.4, the number of paths of length 5 in a graph G, each of which starts from a specific

vertex v; is Z ag) — x, where z is the number of non-closed walks of length 5 , that begin from v; and are not
Jj=1,j#i

paths. To find x, we have 21 cases as considered below; the cases are based on the configurations-(subgraphs) that
generate all non-closed walks of length 5, each of which starts from the specific vertex v;, that are not paths. In
each case, N denote the number of non-closed walks of length 5, which start from the vertex v; and are not paths in
the corresponding subgraph, M denote the number of subgraphs of G of the same configuration, F denote the total
number of non-closed walks of length 5, which start from the vertex v; and are not paths in all possible subgraphs
of G of the same configuration. However, in the cases with more than one figure (cases 7, 9,12, 13, 18,19, 20, 21 ),
N, M and F are based on the first graph of the respective figures and Py, Ps,... denote the number of subgraphs of
G which do not have the same configuration as the first graph but are counted in M. It is clear that F is equal to
N x (M— P;—P2—...). To find N in each case, we have to include in any walk, all the edges and the vertices of the
corresponding subgraphs at least once.

Case 1: For the configuration of Fig 18, N= 1, M= Z a;; and F= Z aij.
i=1#i i=1#i

Vi
—

Fig 18

Case 2: For the configuration of Fig 19, N= 3, M= Z ag) and F= 3 Z ag).
J=Lj#i J=Lj#i

Vg

Fig 19

Case 3: For the configuration of Fig 20, N= 6, M= ( C;Z ) and F= 6( Cél )

U

Fig 20

Case 4: For the configuration of Fig 21, N= 4, M= Z (2) d; — ) and F=4 Z (2) i —a;; — 1),

J=1j#i J=1j#i
(See Theorem 1.8)

Vi

Fig 21
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Case 5: For the configuration of Fig 22, N= 2, M= Z (2) ; —a;; — 1) and F= 2 Z (2) —1).
J=1,j#i J=1,#i
Vi
Fig 22

Case 6: For the configuration of Fig 23, N=1, M= Z (4) (di +dj—3aij)a;; 2) —(a E?)+a§§)+2< dj; 1 >)aij]

Jj=1,j#i
n

and F= Z [agj) —(di +dj — 3a¢j)a(-2-) - (a;?) + ag‘;) +2 ( 4 2_ L ))aij]. (See Theorem 1.9)

t]

=137
v;
Fig 23
Case T: For the configuration of Fig 24(a), N= 1, M= Z d —a;j — 1)(d; — 1) (See Theorem 1.8). Let Py
J=Llg#i

denote the number of all subgraphs of G that have the same conﬁguration as the graph of Fig 24(b) and are counted

in M. Thus P; =1 x Z a a” (d; —2), where Z a a” —2) is the number of subgraphs of G that have
Jj=1,j#i J=1,5#i
the same configuration as the graph of Fig 24(b) and this subgraph is counted only once in M. Let Py denote the
number of all subgraphs of G that have the same configuration as the graph of Fig 24(c) and are counted in M.
Thus P, =2 x 1 [al(-?) — agf) — 2( éi ) — Z a(j)] where £ [a;; ) al(-iz) — 2( Céz > — Z C%(']Z')] is the number of
J=1,j#i j=1,j%#i
subgraphs of G that have the same configuration as the graph of Fig 24(c) (See Theorem 2.1) and 2 is the number

of times that this subgraph is counted in M. Consequently, F= Z a? (d; — aij )(d; —1) Z a a”

ij
4 2 d; = 2
2~ —a?-2( § ) - 3 o)

Jj=1,5#i Jj=1,g#i
J=1,j#i

U

Vg

Vi

(b) , (c)
Fig 24

Case 8: For the configuration of Fig 25, N= 8, M= % Z agjz-)aij and F=4 Z az(?)aij.
=10 =10

U

Fig 25
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Case 9: For the configuration of Fig 26, N= 6, M= % Z aﬁ)aij. Let Py denote the number of all subgraphs of
J=1,j#i

n
G that have the same configuration as the graph of Fig 26(b) and are counted in M. Thus P1= ZX% Z az(-?)aij,
j=1,j#i

n
Where = Z a alj is the number of subgraphs of G that have the same configuration as the graph of Fig 26(b)
]:1,1751

and 2 is the number of times that this subgraph is counted in M. Consequently, F= 3 Z a§§)aij —6 Z ag?aij.

Ny ey
v; v Jj=1,j#i Jj=1,j#1i

(a) Fig 26 (b)

Case 10: For the configuration of Fig 27, N= 3, M= Z ag)a,ij (dj —2) and F= 3 Z ag)aij (d; —2).

i=li#i i=Li#i
v;
Fig 27
Case 11: For the configuration of Fig 28, N= 2, M= Z 3 ]] a a”)(d —3)and F=2 Z 3 ]] a -
J=1,5#i j=1,j#i
a( )a”)(d —3). (See Case 9) v;
Fig 28
Case 12: For the configuration of Fig 29(a), N= 2, M= = Z a(s) ( 2) (See Theorem 1.1). Let P; denote
Jj=1,j#i

the number of all subgraphs of G that have the same configuration as the graph of Fig 29(b) and are counted

n

in M. Thus P; = 2 x % Z ag)a”, where % Z a” aU is the number of subgraphs of G that have the same

J=1,j#i J=1,j#i
configuration as the graph of Fig 29(b) and 2 is the number of times that this subgraph is counted in M. Let
Py denote the number of all subgraphs of G that have the same configuration as the graph of Fig 29(c) and are

counted in M. Thus P, = 1 x Z a(2)a”(d — 2), where Z a alj(dj — 2) is the number of subgraphs of

J=1,j#i J=Lj#i
G that have the same configuration as the graph of Fig 29(c) and this subgraph is counted only once in M. Let
P35 denote the number of all subgraphs of G that have the same configuration as the graph of Fig 29(d) and are

(2) n o®
counted in M. Thus P3 =2 Z < 2 >aij, where Z < Z2J >aij is the number of subgraphs of G that have

Jj=1,j#i Jj=1,j#i
the same configuration as the graph of Fig 29(d) and 2 is the number of times that this subgraph is counted in M.
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n (2)
Consequently, F= Z a(3) (2) -2 Z a(z)a”fQ Z a(Z)a” dj —2)—4 Z (ag >aij.

J=Lj#i J=1j#i J=Lj#i J=Lj#i
Vi (% V;
(a) (0) . (c) (d)
Fig 29
Case 13: For the configuration of Fig 30(a), N= 2, M= = Z a(2) 5‘;’) Let P; denote the number of all

Jj=1,5#i
subgraphs of G that have the same configuration as the graph of Fig 30(b) and are counted in M. Thus P; =

Z ag)aij, where % Z al(?)aij is the number of subgraphs of G that have the same configuration as the
j=1,j#i j=1,j#i

graph of Fig 30(b) and 2 is the number of times that this subgraph is counted in M. Let Py denote the number

of all subgraphs of G that have the same conﬁguratlon as the graph of Fig 30(c) and are counted in M. Thus

Py, =2 x Z a(?’) aij Z al? if am where % Z a(?’) a;j Z aw alj is the number of subgraphs of G

J=Lj#i J=Lj#i J=1,j#i J=1,j#i
that have the same configuration as the graph of Fig 30(c) (See Case 9) and 2 is the number of times that this
subgraph is counted in M. Let P3 denote the number of all subgraphs of G that have the same configuration as the

n (2) n (2)
graph of Fig 30(d) and are counted in M. Thus P3 = 2 Z ( ai2j >a¢j, where Z ( aizj )aij is the number

J=1,j#i Jj=1,j#i
of subgraphs of G that have the same conﬁguratlon as the graph of Fig 30(d) and 2 is the number of times that this
subgraph is counted in M. Consequently, F= Z a(2) —|—2 Z a(2) —2 Z a ij—4 Z ( ) ajj.
Jj=1,j#i Jj=1,j#i J=1,j#i j=1,j#i
(Y V; v;
V; & /\ /\ /\—4
(a) (0) . (c) (d)
Fig 30
. : - dj —1 = dj—1
Case 14: For the configuration of Fig 31, N= 2, M= Z aij 9 and F= 2 Z aij 9 .
J=1,j#1 j=1,j#i
Ui
Fig 31

Case 15: For the configuration of Fig 32, N= 6, M= ( (éi )and F— 6( cg )
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U
Fig 32

" 2 " 2
Case 16: For the configuration of Fig 33, N= 6, M= Z ( aiQJ' )aij and F= 6 Z ( aiQJ' )aij.

J=1,j#i j=1,j#i
v;

Fig 33

Case 17: For the configuration of Fig 34, N= 6, M= 1[a;; ) ag) — 2( C;’ ) — Z ag)] and F= 3 [a;; @) _

j=1,j#i
d; " 2 (%
agf) 2< 21 ) - Z al(»j)]. (See Theorem 2.1)
Jj=1,j#i

Fig 34

. . 4 2 d; - 2
Case 18: For the configuration of Fig 35(a), N= 2, M= 1(a;; _ (i) 2< 5 > - Z agj))(dl- —2) (See Theorem
j=1,j#i
2.1). Let Py denote the number of all subgraphs of G that have the same configuration as the graph of Fig 35(b)
n 2 n 2
and are counted in M. Thus P; = 1 x Z < a2ij ) a;;, where Z ( @ij > ai; is the number of subgraphs

2
J=1.j#i J=1.5#i
of G that have the same configuration as the graph of Fig 35(b) and this subgraph is counted only once in M.

n (2)
: — (a _ @ d;
Consequently, F= (a;;” — 2( 9 >— Z )di —2)—2 Z ( >

J=1,j#1i Jj=1,j#i

U; U

(a) Fig 35 (b)

Case 19: For the configuration of Fig 36(a), N= 2, M= 1 Z (ag-;%) - a;?) - 2( dzj ) - Z a;i))aij (See
j=1,j#i k=1,k#j
Theorem 2.1). Let P; denote the number of all subgraphs of G that have the same configuration as the graph of

n (2) n (2)
Fig 36(b) and are counted in M. Thus P; =1 x Z ( 6%2;' ) aij, where Z ( ai2j ) a;; is the number of
J=1,j#i Jj=1,j#i
subgraphs of G that have the same configuration as the graph of Fig 36(b) and this subgraph is counted only once in
M. Let P5 denote the number of all subgraphs of G that have the same configuration as the graph of Fig 36(c) and

4 2 d; —~ 2 4 2 d; —~ 2
are counted in M. Thus Py= 2x $|a;; @ _ 9—2( 9 ) - ;7’& a(j)] where 1[a (Z) agi)—2( 5 ) - ;7’& Ej)]
J=L07F1 J=1,77#2
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is the number of subgraphs of G that have the same configuration as the graph of Fig 36(c) (See Theorem 2.1)

and 2 is the number of times that this subgraph is counted in M. Consequently, F= Z (a Ej) 55) 2( dQJ >

j:17j7£1
n (2) n
@ _ @ d; (2)
_Z ]kau 22( ) ii— 2 lag; — ii_2<2>_zaij]'
k=1,k#j j=1,7#i j=1,j#i
v;
Vi U5
(a) (b) (c)
Fig 36
Case 20: For the configuration of Fig 37(a), N= 1, M= Z (ai;a ]k — aijaik)(d; — 2). Let Py denote the number
£k
jjk:7éz

of all subgraphs of G that have the same conﬁguratlon as the graph of Flg 37(b) and are counted in M. Thus

P, =2x l Z a(3) aij Z a alj Where = Z a(3) Qij Z a alj is the number of subgraphs of G

Jj=1,5#i Jj=1,j#1 Jj=1,j#1 J=1,j#i
that have the same configuration as the graph of Fig 37(b) (See Case 9) and 2 is the number of times that this
n

subgraph is counted in M. Consequently, F= Z (aija§k) a;;aik)( Z aﬁ)am +2 Z al(?)az]
J#k J=1.j#i J=1j#i
7 k#i
v
(%
(a) Fig 37 (b)

Case 21: For the configuration of Fig 38(a), N= 2, M= Z ag) < de_ 1 ) Let P; denote the number of
J=1,5#i

all subgraphs of G that have the same conﬁguration as the graph of Fig 38(b) and are counted in M. Thus

P, =1x Z a(2)a” — 2), where Z a(2)a” d; — 2) is the number of subgraphs of G that have the

Jj=1,5#i Jj=1,j#i
same configuration as the graph of Fig 38(b) and this subgraph is counted only once in M. Consequently, F=

22 <2>< > Zaa”d—Q)

Jj=1,5#i Jj=1,5#i
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(a) (b)

Fig 38
Now we add the values of F arising from the above cases and determine z. Substituting the value of z in Z al(?) —x
J=1j#i
and simplifying, we get the desired result. O

6 6 6
Example 2.6 In the graph of Fig 39, Zag‘?) = 2605, Zaﬁ.) = 520, Za(z) = 20, Zalﬂ =5, Zalj a; = 20,

Jj=2
6 4 — 6 6
Z( 7/, ) = 120, Z< ary >a1j =30, > aar; = 100, Za arj = 100, Za<2) —ay —1) =
j=2 j=2
6
2 (3) (2 2 2
60, Za( Ndy — ay; — 1) = 60, Za aij(d; —2) = 60, Y a{Yal? = 400, Za]j al? = 400, Za() -
j=2
6
—1)(dy — 1) = 240, Z(2a§j)a —alay;)(d; —3) = 60, () —ai} — ( ) Zal (dy — 2) = 180,
j=2
: d; K d d
St 2 4 ) 3 =00 S ol ety -2) = 50 (4)-m(%)-
= k=1,k+j G#k,j,k#£1
10. So, by Theorem 2.5, the number of paths of length 5, starting from the vertex vy in the graph of Fig 39 is 120.
1 e A V2
Vg v3
v5 ¥ vy
Fig 39

Theorem 2.7 Let G be a simple graph with n vertices and the adjacency matriz A= Ja;;]. The number of v; — v;

paths of length 5 in G is a( — (2d;+ 2d;+ didj+ a(4)+ a(4) (2) a?— a2 < di )— 2 ( d; )—i— 2 ( di 2_ 1 )

i g 2 2
d; —1 a? ) —~ @
+2 9 —6 ZQJ —4) a;; — (a;; + a 2Dy Z alk a;j + Z %k a;j — Z ayy Gikljk
k=1 ki k=1,k£] k=1 ki,

— Z (2) 52) — Qik — Gk — 2a¢kajk) aij + Z Ei) — CLU)(3CLZ'J' + 3a;, — d; — dj — d + 1) Qjk

k=1,k#i,j k=1,k+#i,j
+ Z — Q4 (Sajk —dy, + 2) Ak -

k=1 ki,

Proof: By Proposition 1.5, the number of v; — v; (j # 7) paths of length 5 in a graph G is az(-js-) — x, where x is the

number of v; —v; (j # ) walks of length 5, that are not paths. To find x, we have 23 cases as considered below; the
cases are based on the configurations-(subgraphs) that generate all v; — v; (j # ¢) walks of length 5, that are not
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paths. In each case, N denote the number of v; —v; (j # ¢) walks of length 5, that are not paths in the corresponding
subgraph, M denote the number of subgraphs of G of the same configuration, F denote the total number of v; — v;
(j # i) walks of length 5 that are not paths in all possible subgraphs of G of the same configuration. However, in
the cases with more than one figure (Cases 5, 6, 7, 8, 9, 10, 11, 14, 15, 17, 18, 19, 22 and 23), N, M and F are based
on the first graph of the respective figures and Py, Ps,... denote the number of subgraphs of G which do not have
the same configuration as the first graph but are counted in M. It is clear that F is equal to N x (M— P;—Py—...).
To find N in each case, we have to include in any walk, all the edges and the vertices of the corresponding subgraphs
at least once.

Case 1: For the configuration of Fig 40, N= 1, M= a;; and F= a;;.

V; Uj

Fig 40

Case 2: For the configuration of Fig 41, N= 3, M= a;;(d; — 1) and F= 3a;;(d; — 1).

Vi Vj

Fig 41

Case 3: For the configuration of Fig 42, N= 3, M= a;;(d; — 1) and F= 3a;;(d; — 1).

Vi Uj

Fig 42

Case 4: For the configuration of Fig 43, N= 3, M= Z (al(.i) — a;j)aj, and F= 3 Z (agi) — )0k
k=1,k+i,j k=1,ki,j

(See Theorem 1.10) i v

Fig 43

Case 5: For the configuration of Fig 44(a), N= 1, M= q;;(d; — 1)(d; — 1). Let Py denote the number of subgraphs

of G that have the same configuration as the graph of Fig 44(b) and are counted in M. Thus P; = 1 x ag)aij,

(2)
ij
subgraph is counted only once in M. Consequently, F= a;;(d; — 1)(d; — 1) — agf)aij.

where a;;”a;; is the number of subgraphs of G that have the same configuration as the graph of Fig 44(b) and this

V; Uy

(a)

b

(b) .

Fig 44

n
Case 6: For the configuration of Fig 45(a), N= 1, M= Z aijaﬁ). Let P; denote the number of subgraphs of

k=1,k#i,j
G that have the same configuration as the graph of Fig 45(b) and are counted in M. Thus P; = 1 x Z Qi ik
k=1,k7i,j
n

where Z a;ja;; is the number of subgraphs of G that have the same configuration as the graph of Fig 45(b)

k=1,k#i,j
n n

and this subgraph is counted only once in M. Consequently, F= Z aijaﬁ) — Z Qi ik

k=1,k#i,j k=1,k#i,j



44 International Journal of Applied Mathematical Research

Vg V; Uy

Fig 45

Case 7: For the configuration of Fig 46(a), N= 1, M= Z ai;a Ek) Let Py denote the number of subgraphs of
k=1,k#i,j
G that have the same configuration as the graph of Fig 46(b) and are counted in M. Thus P; = 1 x Z i 0k,
k=1,k#i,j

where Z a;jajk is the number of subgraphs of G that have the same configuration as the graph of Fig 46(b)

k=1,k#i,j
n n
and this subgraph is counted only once in M. Consequently, F= Z a;j aii) — Z ;.
k=1,k7#i,j k=1,k7#1,j
'Uj Vs
(a)
Vk Uj V;

(b)
Fig 46
Case 8: For the configuration of Fig 47(a), N= 3, M= Z aﬁ) a;ra;. Let Py denote the number of subgraphs of
k=1,ktij
G that have the same configuration as the graph of Fig 47(b) and are counted in M. Thus P; = 1x Z ik Qi Ak,
k=1,k#i,j

where Z a;xa;ja;) is the number of subgraphs of G that have the same configuration as the graph of Fig 47(b)

k=1,k#i,j
and this subgraph is counted only once in M. Consequently,
F=3 Z Jk ~ Qij)Qikjk- U v; Vg
k=1,k#1i,j

Vj Uy U
(a) , (b)
Fig 47
n
Case 9: For the configuration of Fig 48(a), N= 3, M= Z agz)aikajk. Let Py denote the number of subgraphs of

k=1,k4,j
n

G that have the same configuration as the graph of Fig 48(b) and are counted in M. Thus P; = 1x Z ik Qi Ak,
k=1,k#1i,j

n
where Z a;xa;ja) is the number of subgraphs of G that have the same configuration as the graph of Fig 48(b)
k=1,k#i,j
and this subgraph is counted only once in M. Consequently,

F=3 E Zk — 0ij) ik Q-
k= lk:#z,]
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Vi Uj Vk

Vi Vi Uj
(a) _ (b)
Fig 48
n
Case 10: For the configuration of Fig 49(a), N= 1, M= Z (al(.i) —a;;)(dj —1)ajx (See Theorem 1.10). Let Py
k=1,k#i,j
denote the number of subgraphs of G that have the same configuration as the graph of Fig 49(b) and are counted

in M. Thus P; = 1 x Z (aﬁ) — aij)aikajr (See Case 8), where Z (aﬁ) — a;j)a;ka;k is the number of
k=1,k+i,j k=1,k+i,j
subgraphs of G that have the same configuration as the graph of Fig 49(b) and this subgraph is counted only once
in M. Let Py denote the number of subgraphs of G that have the same configuration as the graph of Fig 49(c) and
n n

are counted in M. Thus Py = 1 x Z (al(.,z) — a;j)ajka;; (See Theorem 1.10), where Z (agi) — Qi )Gk
k=1,k+i,j k=1,k+i,j
is the number of subgraphs of G that have the same configuration as the graph of Fig 49(c¢) and this subgraph is

counted only once in M. Consequently, F= Z (al(-i) —ai;)(dj — ay; — Daji — Z (a;i) — Gij) ik -

k=1,k#i,j k=1,k#i,j
Vj Uj
(a)
Vk Vi Vg Vj
Uj
(b) Fig 49 (c)

Case 11: For the configuration of Fig 50(a), N= 1, M= Z (GEZ) —a;;)(d; — 1)aj, (See Theorem 1.10). Let Py
k=1,k+i,j
denote the number of subgraphs of G that have the same configuration as the graph of Fig 50(b) and are counted

in M. Thus P; = 1 x Z (agi) — aij)a;pajr (See Case 9), where Z (agi) — ajj)a;pajk is the number of
k=1,k#i,j k=1,k#i,j

subgraphs of G that have the same configuration as the graph of Fig 50(b) and this subgraph is counted only once

in M. Let Py denote the number of subgraphs of G that have the same configuration as the graph of Fig 50(c) and

are counted in M. Thus Py = 1 x Z (al(-,i) — a;j)ajka;; (See Theorem 1.10), where Z (agi) — Qi )Gk
k=1,ki,j k=1,ki,j
is the number of subgraphs of G that have the same configuration as the graph of Fig 50(c) and this subgraph is

counted only once in M. Consequently, F= Z (agi) —a;j)(d; — a;; — 1)aj, — Z (al(-z) — i) Qi
k=1,k#i,j k=1,k+#i,j

Uj V;

Vk ’Uj (% 'Uj

Vs

(b) Fig 50 (c)
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Case 12: For the configuration of Fig 51, N= 2, M= a;; < d; 2_ 1 > and F= 2a;; < d; 2_ 1 >

Vi

Yj

Fig 51

Case 13: For the configuration of Fig 52, N= 2, M= a;; < di; 1 ) and F= 2a,; ( diz_ L )

Uj

Fig 52
n
Case 14: For the configuration of Fig 53(a), N= 1, M= Z (aﬁ) —a;j)(di — 2)aix (See Theorem 1.10). Let Py
k=1,k#i,j
denote the number of subgraphs of G that have the same configuration as the graph of Fig 53(b) and are counted

in M. Thus P; = 1 x Z (aﬁ) — @i5)a;k0;), , Wwhere Z (aﬁ) — @i;)a;ka; is the number of subgraphs of G
k=1,ki,j k=1,k#i,j
that have the same configuration as the graph of Fig 53(b) (See Case 8) and this subgraph is counted only once in

M. Consequently, F= Z (aﬁ) — a;;)(di — aji — 2)ai.

k=1,k#i,j v,
7

Vk
Vk (o
Uj Uj
(a) Fig 53 (b)

Case 15: For the configuration of Fig 54(a), N= 1, M= Z (al(.i) —ai;)(dr — 2)aji (See Theorem 1.10). Let Py
k=1,k+i,j
denote the number of subgraphs of G that have the same configuration as the graph of Fig 54(b) and are counted

in M. Thus P; =1 x Z (agi) — @i;)@;kQj, , Where Z (agi) — @i;)a;k ;) is the number of subgraphs of G
k=1,k#i,j k=1,k#1i,j
that have the same configuration as the graph of Fig 54(b) (See Case 9) and this subgraph is counted only once in

M. Consequently, F= Z (agi) — ai;)(dr — ai — 2)aj.
k=1,k#1,j
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Uj

U,
Vi Uj
(O Vi
(@) Fig 54 (b)

Case 16: For the configuration of Fig 55, N= 4, M= al(-?)aij and F= 4a5]2.)aij.

U

vy
Fig 55
Case 17: For the configuration of Fig 56(a), N= 2, M= % Ef)a@-). Let Py denote the number of subgraphs of

ij
G that have the same configuration as the graph of Fig 56(b) and are counted in M. Thus P; = 1 x agj)a” , where

ag)aij is the number of subgraphs of G that have the same configuration as the graph of Fig 56(b) and this subgraph

is counted only once in M. Let Py denote the number of subgraphs of G that have the same configuration as the

graph of Fig 56(c) and are counted in M. Thus Py = 1 x Z (al(.i) — @ij)a;ka;r, where Z (al(-i) — Qij) ik
k=1,k#i,j k=1,k#i,j

is the number of subgraphs of G that have the same configuration as the graph of Fig 56(c) (See Case 9) and this

subgraph is counted only once in M. Let P35 denote the number of subgraphs of G that have the same configuration

(2) (2)
as the graph of Fig 56(d) and are counted in M. Thus P3 = 2 x < ain ) a;;, where ( ain > a;; is the number of

subgraphs of G that have the same configuration as the graph of Fig 56(d) and 2 is the number of times that this
subgraph is counted in M. Consequently,

(2)
F= a(g) (2) 2a(2)a”- —4 ( ai2ﬂ' ) i — 2 Z — Qij ) Aik Q.
k=1,k#1i,j

Vi

Vi o é Y /\1}4 /\Uk v.j Vi
(a) (b) (c)

(d)

Fig 56

Case 18: For the configuration of Fig 57(a), N= 2, M= % (2 (]2). Let P; denote the number of subgraphs of
2

G that have the same configuration as the graph of Fig 57(b) and are counted in M. Thus Py = 1 x a;5"a;; , where

ag)aij is the number of subgraphs of G that have the same configuration as the graph of Fig 57(b) and this subgraph
is counted only once in M. Let Py denote the number of subgraphs of G that have the same configuration as the

graph of Fig 57(c) and are counted in M. Thus P = 1 x Z (aﬁ) — @;j)Qik0;k, where Z (aﬁ) — Qi) Qik ik
k=1,k#i,j k=1,k#1,j

is the number of subgraphs of G that have the same configuration as the graph of Fig 57(c) (See Case 8) and this

subgraph is counted only once in M. Let P3 denote the number of subgraphs of G that have the same configuration
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a? a'?
as the graph of Fig 57(d) and are counted in M. Thus P3 = 2 x < 123 ) ai;j, where ( 121 > a;; is the number of

subgraphs of G that have the same configuration as the graph of Fig 57(d) and 2 is the number of times that this
subgraph is counted in M. Consequently,

(2)
F= agi)ag)— 2a£?)aij— 4 ( ai2j ) -2 Z — i) QK-
k=1,k#1,j
Uj Uj Uj Uj
Vi Vs
(O (O . (O
(a) (0) (c) (d)

Fig 57

Case 19: For the configuration of Fig 58(a), N= 2, M= % Z a,(i)aikajk. Let P; denote the number of
k=1,k#i,j
subgraphs of G that have the same configuration as the graph of Fig 58(b) and are counted in M. Thus P; =
1x Z (agi) — a45)Qika;r , where Z (agi) —a;j)aika;jk is the number of subgraphs of G that have the same
k=1,k7i,j k=1,k#i,j
configuration as the graph of Fig 58(b) (See Case 9) and this subgraph is counted only once in M. Let Py denote
the number of subgraphs of G that have the same configuration as the graph of Fig 58(c) and are counted in M.

Thus Py = 1 x Z (aﬁ) — a;5)Qika;;, where Z (aﬁ) — a;j)aika;; is the number of subgraphs of G that
k=1,k#i,j k=1,k#i,j

have the same configuration as the graph of Fig 58(c) (See Case 8) and this subgraph is counted only once in M.

Let P53 denote the number of subgraphs of G that have the same configuration as the graph of Fig 58(d) and are

n

counted in M. Thus P3 = 1 x Z @0k 0k, Where Z aijajKaik is the number of subgraphs of G that have

k=1,k#i,j k=1,k#i,j
the same configuration as the graph of Fig 58(d) and this subgraph is counted only once in M. Consequently, F=
n n
Z a,(ck AikQjp— 2 Z lk — Qij )ik — 2 Z —a”)alka]k 2 Z i 0k
k=1,k#i,j k=1,k#1i,j k=1,k#i,j k=1,k#1,j
Ui Uk Vi U, v Vg Vg

V; g ’UJK Vi (%

(a) (b) . (c) (d)
Fig 58

2 2
Case 20: For the configuration of Fig 59, N= 6, M= ( al2' > a;; and F= 6( aiQJ' ) Q.

U

Uj

Fig 59
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n

Case 21: For the configuration of Fig 60, N= 3, M= Z (a(i) aij)a;ra;; and F= 3 Z — Qi) k0
k=1,k#i,j k=1,k#i,j
(See Theorem 1.10) .
'Ui Uj
Fig 60
Case 22: For the configuration of Fig 61(a), N= 2, M= %(agf) - agf) - 2( C; > - Z a(i )aij (See Theo-
k=1,k+i
rem 2.1). Let P; denote the number of subgraphs of G that have the same configuration as the graph of Fig 61(b)
a?; a;;

and are counted in M. Thus P; =1 x 53 ai;j, where 5

the same configuration as the graph of Fig 61(b) and this subgraph is counted only once in M. Let Py denote the
number of subgraphs of G that have the same configuration as the graph of Fig 61(c) and are counted in M. Thus

J ) a;; is the number of subgraphs of G that have

Py, =1x Z (af;i) — a;j)0;k0;, where Z (agi) — a;j)a;jk0q; is the number of subgraphs of G that have
k=1,k#i,j k=1,k7i,j
the same configuration as the graph of Fig 61(c) (See Theorem 1. 10) and this subgraph is counted only once in M.

Consequently, F:(agf) — a,Eiz) — 2( (éi ) - Z E?)alj -2 ( 2 ) i — 2 Z — Qij )0k G55

k=1,k#i k=1,k#i,j

Uj

Vi Vi Vi

(a) (b) (c)
Fig 61

n
Case 23: For the configuration of Fig 62(a), N= 2, M= %( ) ag) - 2( dQJ ) - Z a§2 )a;;j (See Theo-

k=1,k#j
rem 2.1). Let Py denote the number of subgraphs of G that have the same configuration as the graph of Fig 62(b)

(2) a®
and are counted in M. Thus P; =1 x ( aZ'QJ' ) ai;j, where ( ZQJ ) a;; is the number of subgraphs of G that have

the same configuration as the graph of Fig 62(b) and this subgraph is counted only once in M. Let Py denote the
number of subgraphs of G that have the same configuration as the graph of Fig 62(c) and are counted in M. Thus

Py =1x Z (agi) — a;j)a;jka;;, where Z (agi) — a;j)ajkai; is the number of subgraphs of G that have

k=1,ksi,j k=1,ksi,j
the same configuration as the graph of Fig 62(c) (See Theorem 1.10) and this subgraph is counted only once in M.
) n (2)
Consequently, F= (ay;) — a;-?) — 2( d2] ) — Z aﬁ))alj -2 ( ai2j ) -2 Z — )0k 055

k=1,k#j k=1,k#i,j
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Vg

V; U

(a) (b) (c)
Fig 62

Now we add the values of F arising from the above cases and determine x. Substituting the value of z in

ag?) — z and simplifying, we get the desired result. O

Example 2.8 In the graph of Fig 39, ag ) = = 521, (2d1+ 2da+ drda+ aﬁ)—i- ag;)— aﬁ) ag) ag)— 2 ( d21 )— 2 ( da )

d -1 d2 —1 al3) 3 3)y (2
+ 2( 12 ) + 2( 22 ) _ 6( 122 _ 4) a19 = 1857 (a’g_l) + aé;) a12) — 160 Zalk ajp =

6
Z (l( @12 = 20, Zakk aixasz; = 80, Z aqy (2) + a a1 — Qg — 2a1ka2k) a2 = 16,
k=1, k2
6 6
Z(aﬁ) — a12)(3a2 + 3a1x — di — do— di+ 1) agr = —96, Z(agg — ai2)(3asr —dp+ 2) ayp, =0.

k=3 k=3
So, by Theorem 2.7, the number of vi — vy paths of length 5 in the graph of Fig 39 is 24.
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