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Abstract

In this article, we present a comparative study between Adomain decomposition method and the new integral transform
“Elzaki Transform”. We use the methods to solve the linear Partial differential equations with constant coefficients.
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1. Introduction

There are many linear and Nonlinear Partial differential equations which are quite useful and applicable in engineering
and physics. Such as the well-known, heat equations, wave equations and Laplace equations [1-5], etc. Linear and
Nonlinear Partial differential equations are generally difficult to be solved and their exact solution are difficult to be
obtained. The exact solution and numerical solutions of this kind of equations play an important role in physical science
and in engineering fields; therefore, there have been attempts to develop new techniques for obtaining analytical
solutions which reasonably approximate the exact solutions. In recent years, several such techniques have been drawn
particular attention, such as Hirtoa’s bilinear method [6], the homogeneous balance method [7], [8] the inverse
scattering method [9], the Adomain decomposition method, the variational iterational method [10], Fourier Transform,
Laplace Transform, etc. the Adomain decomposition method (ADM) developed by Adomain in [11], [12], and used
heavily in the Literature in [13-20] and the reference therein. The New Integral transform “Elzaki Transform” was first
introduce by Tarig Elzaki in [21] and used heavily in the literature in [22-26] and the reference therein .the main
objective is to introduce a comparative study to solve linear partial differential equations by using Adomain
decomposition method and Elzaki transform. The plane of the paper is as follows: In section 2, we introduce the basic
idea of Adomain decomposition method, then, Elzaki Transform in 3, Application in 4 and conclusion in 5, respectively.

2. Adomain decomposition method

Adomain decomposition method [13], [14] define the unknown function u(x) by an infinite series

u(x) = Xplo un(x), 1)
Where the components u, (x), are usually determined recurrently. The nonlinear operator F(u) can be decomposed into
an infinite series of polynomials given by

F(u) = XiloAn (@)
Where A, are the so called Adomain polynomial of uy, u;u,, ..., u,defined by

1 4" i
A, = ;dT[F(/l ui)] L, m=012.. 3)

Or equivalently
AO = F(uO)l
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Ay =u F'(ug),

Az = WF' (ug) + 5 uF" (uy),

Az = u3F'(up) + uyuF'(ug) + lU%FW(UO)

A4 = u,F'(uy) + (u1u3 +- uz) F'"(ug) + - uluZF’”(uo) + —ulF(“’)(u ) 4

It is now well known that these polynomials can be generated for all classes of nonlinear according to specific
algorithms defined by (3). Recently, an alternative algorithm for constructing Adomain polynomials has been developed
by Wazwaz [16].

This powerful technique handles both linear and nonlinear equations in unified manner without any need for the so
called Adomain polynomials .however, Adomin decomposition method provides the component of the exact solution,
where these components should follow the summation given in (1), whereas ADM requires the evaluation of the
Adomain polynomials that mostly require tedious algebraic work.

3. Elzaki transform

A new transform called the Elzaki transform defined for function of exponential order we consider functions in the set
A, defined by: [14]

Itl
A= {f ) :3IM, ky, k, > 0,|f @) | < MeN,ift € (=1)) x [0, oo)} (5)

For a given function in the set M must be finite number, k,, k, may be finite or infinite.
Elzaki transform which is defined by the integral equation

E(f(©) = T(v) = v [ (e tdt t = 0,k, < v < k, 6)

3.1. Elzaki transform of some functions

~ ¢ _v v (o)
E(1)=T(v)=vj1.e fat = v[-ved| =v2
0
0

E(e®) =T(w) = vf et dt = 1 1_7 et E(e %) = vj e-tteTdt = oo
0 0

E(sin(at)) = T(v) = 1+ % 2,E(smh(at)) =T

E(cos(at)) =T(v) = oy 2,E(cosh(at)) = avZ

Theorem: [21] if E[u(t)] = T(v) then

1) E (‘;t) = E[' ()] = 22 — vu(0).

2 EGH=EW'®]= @— u(0) — vu'(0).

3 E(SY)=Ew®l= T(V) — TR vETTR Uk (0),

4. Applications

4.1. Example 1

Considers the following the first order initial value problem:
pl 2 — + u ()
u(x, 0) = 6e 3% And u is bounded forx > 0,t > 0

4.1.1. Use Adomain decomposition method

We first rewrite Eq. (7) in an operator L is
Leu = %Lxu —u 8
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Where the differential operators L& L are

] a
Le() =2 (), Ly() = 2= () ©
The inverse L.~ are assumed as an integral operator given by
L' () = [{()dt (10)
Appling the inverse operator L.~ on both sides of (8) and using initial condition we find
u(x,t) = 6e73% + %L{l[LXu] — L [u] (11)
Substituting (1) into the function equation (11) give
Tioo un (6 ©) = 67 4+~ L Ly [B0 un (6 O1] = L [Z5o un (x, O] (12)
This can be rewrite at the form
Ug +uy +uy + - = 673 +%L{1[Lx(u0 +u; +uy + )] = Litfug +uy +uy + -] (13)
In view of (12), the following recursive relation
uo = 66_3X
U (6 ) = 2 Le Ly ()] = L ug, k= 0 (14)
Follows immediately. Consequently, we obtain
U, = 6e73%,
u = %L{l[LX(6e‘3X) ] — Lil[6e3%] = —15te~3%,
Uy = S e [Ly(—15te™) ] — Ly} [~15te ] = Z2e ™3 (15)

- 5.5 _ _ 15 5 _ 25 5 _
us = %Ltl [LX(—%tze 3X)] — Lt [—the 3x] =-= t3e-3%

Finally, using (1) we obtain the solution in series form:
u(x,t) =uy+u; +u, + -
That is

5

u(x, t) = 6e73% — 15te™3* + 14—5t2e‘3X - % t3e™3X 4 ... (16)
— fa—3x0q _ 15 5.2 25,3, .

u(x, t) = 6e .(1 ) 6-t+24t Bt

The exact solution is given by

u(x,t) = 6e 3. e2t,

4.1.2. Elzaki transform

Let U be the ELzaki transform of u .then, taking the ELzaki transform of (7) we have

dU(x, 2 -
LY (24 1) UG v) = —12ve 3 (17)

This is the linear ordinary differential equation
The integration factor is

p =exp (f - (% + 1) dx) = e () (18)
Therefore

U(x,v) = zli:i e X + celv+1)x (19)
Since U is bounded, C should be zero .Taking the inverse ELzaki transform we have:

u(x,t) = 6e7?t e3% (20)
4.2. Example 2

Consider the Laplace equation
Uy + U = 0,u(x,0) = 0,u(x,0) =cosx, x,t>0 (21)

4.2.1. Use Adomain decomposition method

We first rewrite Eq. (21) in an operator L is

Liu = —Lyu (22)
Where the differential operators L& L, are

9% 82
L() =55 O, Lx() =5 (), (23)

The inverse L, are assumed as an integral operator given by
L0 = ) [i()dtdt, (24)
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Appling the inverse operator L,~* on both sides of (22) and using initial condition we find

u(x,t) = tcosx — Lyt[Lyu] (25)
Substituting (1) into the function equation (25) give

Yioun(x,t) = tcosx — Lyt [Ly(uy(x,1))] (26)
This can be rewrite at the form

Ug+u; +uy +ug+ - =tcosx — Ly [Ly(up + uy + uy + uz + -+ )] 27)

In view of (26), the following recursive relation

uy(x,t) = tcosx

U1 (%, 1) = =L [Le(ue (x, )L k > 0 (28)
Follows immediately. Consequently, we obtain

u, = tcosx,

3
u; = —L [Ly(tcosx)] = —%Cos X,
3 5

u, = —L3! [LX (—%Cos x)] = %Cos X,
E (29)
Finally, using (1) we obtain the solution in series form:
u(x,t) =uy+u; +u, + -

2 5 t7
= Cos x (t—;'i‘a—;‘l'a— )
The exact solution is given by

u(x,t) = Cos(x )Sinh(t). (30)
4.2.2. Elzaki transform

Let T (v ) be the ELzaki transform of u .Then, taking the ELzaki transform of equation (21)we have:
V) u(x,0) —vu(x,0) + T'(x,v) = (31)

vz
v2T" (x,v) + T(x,v) = v3 cosx (32)
This is the second order differential equation have the particular, solution in the

Form

T(x,v) = v3cosx _ v3cosx Where D2 = da* (33)
XV) = v2D2_+1 T o1-v2 . ~ dx? . .

If we take the inverse ELzaki transform for Eq. (33), we obtain solution of Eq (21)[

In the form

u(x,t) = Cos(x) Sinh(t) (34)
4.3. Example 3

Solve the wave equation
Uy — 4uy, = 0,u(x,0) = sin (1x), u(x,0) = 0,x,t > 0. (35)

4.3.1. Use Adomain decomposition method
We first rewrite Eq. (35) in an operator L is

Leu = 4Lgu (36)
Where the differential operators L, & L, are

82 92
Lx() = 55 O L) = 350 (37)
The inverse L.~ are assumed as an integral operator given by
L) = f [yCdedt, (38)
Appling the inverse operator L,~* on both sides of (36) and using initial condition we find
u(x, t) = sin (x) + 4Lg Ly [u]] (39)
Substituting (1) into the function equation (39) give
Yo Un (%, 1) = sin (mx) + 4 L ! [Ly (un (x, )] (40)
This can be rewrite at the form
Ug +u; +uy +ug + -+ = sin (nx) + 4Lt [Ly(up + u; + uy +ug + )] (41)

In view of (40), the following recursive relation
Uy (x,t) = sin(mx),
U (X%, 0) = 4L{1[Lx(uk(x, t))] k=0 (42)
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Follows immediately. Consequently, we obtain
u, = sin (mx),

2
u; = 4L Ly (sin (mx))] = —4m? %Sin(nx),
’ 4
u,(x,t) = 4L L, (—2n?t2sin (x))] = 4n4%sin(nx),

_ 471 att — a6
u,(x,t) = 4Ly Ly (4w 4‘ sin(mx) )| = —4m 5 sin(mx),

Finally, using (1) we obtain the solution in series form:
u(x,t) =ug+u; +u, + -
2 4 6
=sin(mx) — 4m? %Sin(nx) + 4m* % sin(mx) — 4m® %sin(nx)
The exact solution is
u(x,t) = sin(mx) cos(2mt)

4.3.2. Elzaki transform

Taking the ELzaki transform for Eq (35) and making use of Conditions we obtain
4vT" (x,v) — T(x,v) = —v? sinmx
This is the second order differential equation we have the particular, solution in the form:
T(x,v) = — v? sin mx _ v? sinmx
’ 4v2D2-1  1+(2m)2v2
Now we take the inverse ELzaki transform to find the particular solution of (35) in
The form
u(x, t) = Sin(mx)Cos(2mt).

4.4. Example 4

Consider the homogeneous heat equation in one dimension in a normalized form
4u; = Uy, u(x,0) = singx, x,t>0

4.4.1. Use Adomain decomposition method

We first rewrite Eq. (49) in an operator L is

Liu = ELXXu

Where the differential operators L.& L, are

L) = 2 (), L) = 25 ()

The inverse L, ™" are assumed as an integral operator given by

LG = [0t

Appling the inverse operator L~ on both sides of (50) and using initial condition we find
u(x,t) = Singx + %L{l[Lxx[u(x, D]]

Substituting (1) into the function equation (53) give

220 Un(6,8) = sinZx + 2L [Ly (Un (x,1))]

This can be rewrite at the form

Up+u; +u, +ug+-- = singx +%L{1[Lxx(u0 +u; +uy +uz+ )]
In view of (54), the following recursive relation

uy(x,t) = singx

Uy (X, 1) = iL{l[Lxx(uk(X, ) k=0

Follows immediately. Consequently, we obtain

up(x,t) = singx,

u, (x,t) = iL{l [LXX (singx)] = —:—zt Sin GX)

060 =12 o (o020 < 5 5
3

o0 =i () 22 £ sn (29

(43)

(44)

(45)

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)

(56)

(57)
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Finally, using (1) we obtain the solution in series form:
ux,t) =ug+uy +uy + -

_.T LA 2, 2 L. (T 23 2 . (m
—Sll’l;X _Et Sin (;X) + (E) ; Sin (EX) - (E) ; Sin (;X) + - (58)
The exact solution is
—gin T (1 -y (M2 B ™y e
U(X, t) = Sin 2 X (1 16t T (16) 2! (16) 3! t ) (59)

T
u(x,t) = e 16" Sin gx

4.4.2. Elzaki transform

By using the ELzaki transform for Eq (49)
vT"(x,v) — 4T(x,v) = —4vzsingx (60)
Solve for T(x,v) we find that the particular solution is

. T
VZSlIl—X

nlv

T(x,v) = - 2 (61)

16

And similarly if we take the inverse ELzaki transform for Eq (61), we obtain the
Solution of (60) in the form
2

u(x,t) = e_%t Sin gx (62)

5.

Conclusion and discussions

The main goal of this paper is to conduct a comparative study between Adomain decomposition and Elzaki Transform.
The two methods are powerful and efficient.

An important conclusion can made here. Adomain decomposition methods for solving linear partial differential
equations, the same problems are solved by Elzaki Transform. Adomain decomposition method provides the
components of exact solution, where these components should follow the summation given in (1). However,
Application of the new transform *’Elzaki Transform”’ to Solutions of linear PDESs has been demonstrated.
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