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Abstract

The time fractional heat conduction in an infinite plate of finite thickness, when both faces are subjected to boundary
conditions of second kind, has been studied. The time fractional heat conduction equation is used, when attempting
to describe transport process with long memory, where the rate of heat conduction is inconsistent with the classical
Brownian motion. The stability and convergence of this numerical scheme has been discussed and observed that
the solution is unconditionally stable. The whole analysis is presented in dimensionless form. A numerical example
of particular interest has been studied and discussed in details.
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1. Introduction

The fractional calculus is a name for the theory of integral and derivatives of arbitrary orders, which unify and
generalize the notions of integer-order differentiation and n-fold integration. In recent years, fractional calculus has
been taken by Scientist and Engineers and applied in an increasing numbers of fields, namely in the field of material
and mechanics, signal processing, anomalous diffusion, biological system, finance, hydrology and many others see
(18], [12],[24],[27], [21],[11][1).

Fractional sub-diffusion equation is a class of anomalous diffusive system, which is obtained from the classical
heat conduction equation by replacing the first orders time derivative to a fractional derivative of order « with
0 < @ < 1 (in Riemann-Liouville or Caputo sense). It is a known fact that the anomalous diffusion is characterized
by a diffusion constant and the mean square displacement of diffusing species in the form

(22(t)) ~ t°, t — oo

where, a(0 < o < 1) is the anomalous diffusion exponent.

Numerical approaches to different types of fractional diffusion models have been increasingly appearing in
literature. Meerchaert [13], considered the stochastic solution of space-time fractional diffusion equation. Huang
and Liu [6], considered the time fractional diffusion equation in whole space and also in half space. Yuste and
Acedo [26], and Yuste [25], presented an explicit scheme and weighted average finite difference methods for the
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fractional diffusion equation and analyzed these two schemes stability by von Neumann method. Zhuang and
Liu [30], approximated the time fractional diffusion equation by implicit difference method. For the fractional
sub-diffusion equation Chen and Liu [3], constructed the difference scheme based on Grunwald-Letnikov formula
and showed the stability and convergence of the difference scheme using the Fourier method. Zhuang et al. [31],
introduced a new way for solving sub-diffusion equation by integration of the original equation on the both sides to
obtain an implicit numerical method. Stability and convergence of the scheme were proved by the energy method.
Murio [14] constructed implicit finite difference approximation for time fractional diffusion equations but in showing
stability of the method by Fourier method he made some flaw. Ding and Zhang [4] showed the stability of implicit
finite difference approximation for time fractional diffusion equations. Chen et al. [2] constructed finite difference
method for the fractional reaction-sub-diffusion equation. Zhang [28] considered the unconditionally stable finite
difference method for fractional partial differential equation. Singh et al. [23] solved the bioheat equations by finite
difference method and homotopy perturbation method.

The work mentioned above are dealing with Dirichlet boundary conditions, where no boundary discretization
errors are involved. However, for Neumann boundary condition (i.e boundary condition of second kind), the
discretization of boundary conditions must dealt with carefully to match global accuracy. Langlands and Henry [9]
developed an implicit difference scheme with convergence order o(r + h?) based on L; approximation for Riemann-
Liouville fractional derivative and numerically verified the unconditional stability of difference scheme but without
global convergence analysis. Recently, Zhao and Sun [29] proposed a Box-type scheme for solving a class of fractional
sub-diffusion equation with homogeneous Neumann boundary conditions. Since many application problems in
science and engineering involve Neumann boundary conditions [9] [20],[15], such as zero flow or specified flow
flux condition. Thus, it is very desirable to use high-order algorithms for efficient computations of the numerical
solution of this kind of problem. This motivates us to consider the implicit finite difference approximation for
spatial discretization.

The main purpose of this paper is to construct a mathematical model for time fractional heat conduction in
an infinite plate and discuss the anomalous diffusion, sub-diffusion and also discuss the effect of limiting value of
time fractional constant o by taking a particular example. The rest of the paper is organized as follows. Section
1 deals fundamental of fractional calculus, time fractional heat conduction equation and a mathematical model
of a boundary value problem governing the process of time fractional heat conduction in an infinite plate of finite
thickness whose both faces are subjected to boundary conditions of second kind. An implicit finite difference scheme
is given in section 2. Stability and convergence of the scheme is given in section 3. Section 4 contains numerical
computation and discussion. The conclusion and future research plan is given in section 5.

1.1. Fundamental of fractional calculus
The Grunwald Letnikov fractional derivative [18] ,D§*g(t), of order a > 0, of a function g(¢) is defined as

t

— g a)t —a (math) 1 m—o  m+1
aD?g(t):kZ_()glg\()_(a+]€)+1) +F(—a—|—k—|—l)/(t_7) 9" (r)dr (1)

a

This definition of fractional derivative is defined under the assumption that functions are m+1 - times continuously
differentiable in the closed interval [ a, t | where, m is an integer number satisfying the condition m > o — 1. But
such type of functions are very narrow.

Let [a, t] be a finite interval on the real axis . The Riemann-Liouville (R-L) fractional derivative [18] Bl Dgg(t),
of order a > 0, of a function ¢(t) is defined by

t

/(t — T)"_O‘_lg(T)dT7 (n—1<a<n) (2)

a

FEDRg(t) = (]
a Tt dt™ ' T'(n — «)
The Riemann-Liouville approach have played an important role in the development of theory of fractional calculus
due to their applications in pure mathematics. However, R-L approach lead to initial conditions containing the
limit values at the lower terminal ¢ = a as

. RL —j _ .

tlgr(ll DY gt)=¢, j=1,2,..n.

where, ¢; are given constants. The above initial value problems with such initial conditions can be successfully
solved mathematically but their solutions have no known physical interpretation due to which they are useless.
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The Caputo fractional derivative [18] ¢ D¢ g(t), of order a, of a function g(t) is defined as

OD2g(t) = ﬁ /(t —r)melg(rydr, n—-1<a<n (3)

a

Under natural conditions on the function g(¢), for « — n the Caputo derivative becomes a conventional n-th
derivative of the function g(¢). The main advantage of Caputo’s approach is that the initial conditions for fractional
differential equations with Caputo derivatives takes on the same form as for integer-order differential equations, i.e.
contain the limit values of integer-order derivatives of unknown functions at the lower terminal ¢ = a, due to this
in present study we take Caputo fractional derivative.

1.2. Time fractional heat conduction equation

The classical theory of heat conduction is based on Fourier law, § = — sy 7T, relating to the heat flux vector
(¢) to the temperature gradient (77), where, thermal conductivity K is a geometry-independent coefficient and
mainly depends on the composition and structure of the material and the temperature. In many one dimensional
systems with total momentum conservation, the heat conduction equation does not obey the Fourier law and
heat conductivity depends on the system size [8]. Such size dependent thermal conductivity has been observed in
theoretical models, such as the harmonic chains [22], the FPU-5 model [10] and the hard point gas model [5].

The heat conduction equation is a combination of conservation equation of energy and conduction law. The
energy conservation is expressed locally by

B oT
- vt = Py (4)

where, ¢, is the specific heat capacity at constant pressure and p, is the density. The theory of heat conduction
proposed by Norwood [16], the corresponding generalization of Fourier law,

t

@)= ~K [ alt=7) v T(r)dr o)

where, a(t — 7) is the kernel. The time non local dependence between the heat flux vector and the temperature
gradient with long tale power kernel [19],

t
_ K 10V T(7)
t)= — [ (t— 1) ——=dr, 0<a<l 6
t) = g [ ¢ =77 T ar as ()
0
Considering the definition of Caputo fractional derivative for 0 < a < 1

t

oDig(t) = F(ll—a) / (tg—(:;adT7 0<a<l (7)
0

Now equation (6) becomes,

qt) = —K@GDy ' v 1) (8)

In uni-dimensional case, the gradient of temperature in orthogonal curvilinear coordinate system is given by [7]

VT =x——— (9)
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The heat flux vector ¢ becomes,

10T

7P=—K ch—a e 1
q (0 i xhl ax) (O)

Therefore divergence of heat flux vector ¢ in orthogonal curvilinear coordinate system is given by

1 . 10T
— _ c « 11
Va hl[axK(ODt h1 833) ( )

Then, the fractional heat conduction equation in orthogonal curvilinear coordinate system is given by substituting
the result of Eq. (11) into Eq. (4) i.e.
1.0 pl-a 10T oT

c

hT[an (0 t E%)]:Pcba

1.3. Mathematical model of heat conduction in an infinite plate of finite thickness

The transport process in an infinite plate of finite thickness 2R, with the long memory where, the rate of heat
conduction in the body is inconsistent with the classical Brownian motion model, is considered. At initial instant,
the temperature of the body is a function of space coordinate and the faces are subjected to boundary condition
of second kind. The mathematical model describing this anomalous heat conduction in presence of internal heat
source, in dimensionless form can be written as:

00 9%

w Z@‘FPO(%FO) (12)
(P00 =k (R), @ = (-1, j=1,2 (13)
0(x,0) = f(z), Fo>0 (14)

Nomenclature, dimensional variable and similarity criteria

aq thermal diffusivity (m?2s—!) f(x) dimensionless initial temperature

by time dependent coefficient (s~1K) Fy Fourier number, 3%

Ch specific heat capacity (J/kg K) k;(Fy)  Kirpichev number, %

o DY Grunwald Letnikove fractional derivative ki, (Fp) dimensionless heat flux at boundary x=-1
RLpe  Riemann-Liouville fractional derivative ki, (Fy) dimensionless heat flux at boundary x= 1
Dy Caputo fractional derivative Py Pomerantsev number, %

g(t) a continuous differentiable function of ¢ Py Predvoditelev number, :ql g’;

hq scale factor T dimensionless spatial coordinate,

K thermal conductivity (W/m K) 0 dimensionless temperature, 771; iTT‘Z)

k temporal grid size q(t) heat flux (W/ m?)

Q heat source (J) 2R thickness of the infinite plate (m)

T temperature (K) To initial temperature (K)

T. ambient temperature (K) vT temperature gradient (KX /m)

Az spatial grid size (= h) ! order of fractional derivative in (n-1, n]

P density (kg m~3) a,t lower and upper terminals of fractional order

2. Implicit finite difference scheme

To establish the numerical approximation scheme, let Az = h = % >0 and k = ﬁ be the grid size in space and
time direction respectively. The grid points in the space interval [—1, 1] are the numbers z; = ¢h,i = 1,2, 3...p and
grid points in the time interval [0, Fp] are labelled Fy, = nk,n = 1,2,..,m. The values of the functions 6 and f
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at grid points are denoted by 6 = 6(x;, Fy, ) and f; = f(x;), respectively. In the differential Eq. (12), we have
adopted a symmetric second difference quotient in space at level Iy = Fy,,, for approximating the second order
space derivative. The time fractional derivative term can be approximated by the following scheme:

Fo, 1y
80‘9(xi,F0n+1) N 1 / 89(331,5)
OF¢ CT(1-a) OFy

(Fo s)"%ds

nl
0

0]-0—1 _ 9]

L Gk
1_a§) / P 4 )k~ ) ds

n 9J+1 9j

- e e S =4 1170 = e
J:O

1 11 :
- (T
TA—a (i aki —0)+

1 1 & . - —a
T0—a)d—a) ko ZW“ 0D)[(n—j+ 1) = (n - )]

By taking o, x = F(l I la) 7= and shifting indices w$ = (j)'~* — (j — 1)'*, and define

n
L3 0(xim,, ) = 0ok »_wi (O —6777)

7=0
We have,
aae(xi,Fon 1) o
|T+ — Ly ib0(@im,, )l
n F0j+1
PREE N T R
> (1 — Ol) —0 g 85 k (_F()n+l — g)a
Foja
C] n dé—
< k
F(l — Oé) ; (F0n+1 5)0{
0;
F0j+1
& d¢
< k
“I(1-a) J (Fo,,, — &)
aae(l‘i,FO" 1) o ~
|W+ — Lh,kQ(Ii,FonHﬂ < 1k .

where, C; and C; are constants.
On using finite central difference formula and approximating derivatives at zy and x,, the differential Egs.
(12)-(14), reduces in the vector-matrix form as follows:

A0 =0+ P! (16)
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AL = 10" 40" + 0! +dp 0%+ P, n>1 (17)
oV=rf (18)
where,

0" = 0" (0ak);51

n n n n n n t
o" = (01 oy 03 . . . . 0), 9p_1)
a; =381 91 O 0
—r b —r 0 0
0 —r b —r 0
A =
0 . . .. —r b —r 0
0 . . . 0 —r b —r
0 . . . 0 97“1 —387”1 aq (p—1)x (p—1)
P" = (Pln + 20}1]{7;717"1 P2n Pgb . e P];l_3 P;_Q P]:L—l + 20hk7172’r‘1)t
t
f= (f($1) flze) flxs) - . . . flep-3) flzp—2) f(xp—1))
cj = (W§ —wy), dp = wy, a1 = (Gak +2971), b = (0ak +27), 11 = 5=, 7 = 77 and X' be the transpose of
matrix X.

From Eqgs. (16)-(18) we observe that at each time step, we get a triangular system of linear equations which
utilize all the history of the computed solution up to that time. In present analysis, Mathematical software MATLAB
7.0 has been used to obtain dimensionless temperature ©".

3. Stability and convergence

In this section we will analyze the stability and convergence of the implicit finite difference scheme for time fractional
heat conduction equation. From Egs. (16)-(18), and by using the property of the function g(x) = 2!~ (1 < )
and

1=wy >ws >w§ >wg > ... —0

we have the following,

n
E _ @

G = 1- Wp41
j=1

ch =1,1 —olma sy 92ma _gl-a_q _( >ep> c3.... — 0
j=1

e Matrix A is strictly diagonally dominant with positive diagonal term and non positive off-diagonal terms.
Hence the Egs. (16)-(18) can be solved.

e The solution 07 (i1 =1,2,3....p — 1;n = 1,2, 3...m) possess non negativity, if 67 is non negative.

. o0 o0 . e°]
e Solution #7 is conservative, i.e > [0 <oo = > |¢/|= > |69],j €N

1=—00 1=—00 1=—00
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Now we suppose Gg is the approximate solution of Egs. (16)-(18), then the error eg = 03 - Gg satisfies,
AE' = E°

AE™ M = ¢ E™ 4 B b BV + e, E' + dn_HEO, n>1

where, E" = E" (Tak)1x1
and E" = (6? €y €35 . . . . €9 6;71)
Hence, by the mathematical induction following result can be proved.

t

Theorem 3.1 [|E"||cc < ||E°||oo

Proof : For n=1,

—1€}_1 + (O + 2r)el — T€l = O pEr

Let |ef| = maz le}| then we have
1<i<p—1

e < —rlei_y |+ (Tan +2r)|el]| = rlei]

< | —rel_q + (Oak +2r)e —re ]

= |0ak€] ]

1B o0 < 1Bl

Therefore, ||EY||oo < [|E°]|oo-
Suppose that ||E7||e < [|E°||c, j= 1,2,3...n. Let |¢) ™| = maz ||, then we also have,
1<i<p—1

| < =l + (o +20) | =l

+1 +1 +1
<|=reg) + (Oak +2r)g T — 7'6?+1

n—1
_ n n—j 0
= |e1€f’ + E cir16 "+ dnir€]
j=1

n—1

<cle| + Y il |+ dugale]]
j=1

n—1
™ Hlos < erllE" oo + 37 esall B 1]+ w11 o
j=1

n—1

et it ¢ |IE s

j=1

IN

= 1B
IE" oo < [I1E%|s
Hence, the following theorem is obtained.

Theorem 3.2 The time fractional implicit difference approzimation defined by (16) and (18) are unconditionally
stable.
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3.1. Convergence

To discuss the convergence of implicit finite difference approximation for time fractional heat conduction equation
under non-homogeneous boundary conditions of second kind, let 6(z;, Fp, ) be the exact solution of the time frac-
tional heat conduction Eqgs. (12)-(14) at mesh point (z;, Fy, ). Define e = 0(x;, Fo,) — 07,1 =1,2,3...p— 1;n =
1,2,3....m and €" = (0o, ke, 0a,k€3, 00 k€4 ..0a kep_1)". Using e’ = 0, and substitution into (16)-(18) leads to,

1 1 1
—re;_; + (Oak +2r)e; —rej . = R;

n—1
+1 +1 41 _ n—j n+1
—re; ] + (Oan +2r)efT —relly = ciel + E cjrie; ) + R}
j=1
where,
n—1
n+1l «
R =00 40w, Fo,,) — 0aib(@i Fo,) + 0ok D wi [0(xi, Fo,.,_,)
Jj=1

79(581',F0n7j)] —-Tr [9(1’7;4_1,F0n+1) — 29(1’1',F0n+1) + G(xi_l,FonJrl)] — P-n+1

3

=0q,k Z w? [0($i7 F0n+1—j) - e(xi» FOn—j )] -r [9(xi+1, F0n+1) - 29(%7 F0n+1) + 9(%2;1, F0n+1)] - Pz'nJrl (19)
j=0

From Eq. (15), we have

Oak zn:w;)‘ [0(zi, Fo, . ;) — 0(z, Fo, ;)] = % + Cik (20)
=0 Ont1

and

O(xip1, Fo,.,) — 29(:51»;150%1) + 0(xi—1, Fo,..) _ aZG(va-;fo,,L+l) L Coh? (21)

Therefore from Eqgs. (19), (20) and (21) we get,

|RIY < C(BM™ + k*h?),i =1,2,3..p— L;n = 1,2,3...m.

where, C is a constant.

Theorem 3.3 ||¢"||oc < C(wd) (k™ + k®h?),n =1,2,...m where, ||e"||o = maz le?| and Cis a constant.

1<i<p—1

Proof : We will prove the above theorem by mathematical induction method. For n =1, let ||e!||s = |oare]| =

loakllet] = maz |oarer| =|oar] maz |el|ie|le!]|l = |ei| = maz |el], hence we have
1<i<p—1 1<i<p—1 1<i<p—1

le7] < =rlerya] + (@ak +2r)le| = rler |
< | = refyr + (Oag +2r)e) —rel]
= Ri]
< C(wf) (K + k¥h?)

Suppose that [[e7|[oe < C(w§) ™ (k' +Ek*h?), j=1,2,.n and loare) ™ = maz |oarel|iele] T = maz |el|.
1<i<p—1 1<i<p—1

Here we note that (ch-“)’1 < (w¥)~1, j=1,2,3....n. Then we have
e < —rle |+ (o + 20) e = rlep |

+1 +1 +1
<|- re?_H + (Oak +2r)e T — el
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n—1

= leref + > cjpae) ) + RpHY
j=1
n—1 )
< cilef'| + Z cjrile] |+ C(kMT + k*h?)
j=1
n—1
<clle®loo + D eiralle™ |loo + OB + k%)
j=1
n—1
< e+ e Fwiyy | (i) T ICRT + k2 R?)
j=1
= (wi 1) TTO(ETY + EOR?)
Since,
i @) (n+ 1)~

oo (n+ 1) nooo (n+2)l=@ — (n+ 1)i-@

(n+1)71
= lim T
n—)oc(]_-|_m) a_ 1
-1
= lim (n+1)
A A= a)(n £ 1)
o 1
C1-—a’

hence, there is a constant C,such that ||e"||oc < C(n + 1)®(k1** + k*h?). Since, nk < Fy is finite, we obtain the
following result.

Theorem 3.4 Let 07 be the approzimate value of 0(x;, Fy,) computed by use of the difference scheme (16)-(18)
then there is a positive constant C such that |07 — 0(x;, Fy, )| < C(k+ h?),i=14,2,3..p—1,n=1,2,3...m.

4. Numerical computation and discussion

Consider the heat conduction equation in an infinite plate of finite thickness with the boundary and initial condition:

o°0 9%

oFg ~ a2 (22)
199 i

(_1) % = kij (FO)a T = (_1) y J = ]-72 (23)

0(z,0) =0, Fy >0 (24)

where kil (Fo) = kiz (Fo) = kilo exp(—PdFo)

In this study the computation has been made and the results are presented in ten Figures. On the Figures
presented in this study, only the parameters whose values different from the reference value are indicated. The
selected reference values include h = 0.2, k = &, kiy, = ki,, = 1.0.

Variation of dimensionless temperature 6 with space coordinate x is given in Fig. 1. The temperature decreases
as x increases and attains a minimum value at centre i.e x = 0 and then increases symmetrically. Further we observe
that for Fy = 0.375, temperature decreases as « increases as shown in Fig. 1(a) whereas for Fy = 1.50, temperature
increases as « increases as shown in Fig. 1(b).

From Fig. 2, it is evident that, dimensionless temperature increases and attains a maximum value with increase
in time fractional order a.. A close examination of Figs. 2 and 3 reveal that:
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e For Fjy < 0.375 (say critical time F{}) and Py = 1.0, dimensionless temperature decreases for any small increase
in time fractional order o at z = 0.

e For Fy > 0.375 and P; = 1.0, dimensionless temperature increases and attains a maximum value for certain
time fractional order (say a*) and decreases further with increase of « as shown in Fig. 3(a).

e When P, decreases, the critical time F{j increases as shown in Fig. 3(b).

e When Fj increases from 0.375, for fixed P; = 1.0, the value of o* at which maximum temperature attains,
increases, as shown in Fig. 4. Also from Fig. 4 we observe that the value of a at which dimensionless
temperature is maximum, increases with Fp, for fixed P;.

Variation of dimensionless temperature with F for different « is given in Fig. 5. For small time fractional
order, dimensionless temperature decreases with increase of Fy at fixed P; = 1.0, as shown in Fig. 5(a). A close
examination of Fig. 5 reveals that temperature increases and attains a maximum value for certain Fjj and then
decreases with increase of .

From Fig. 6(a) it is evident that dimensionless temperature increases then decreases gradually with Fy, whereas,
for « — 1 i.e. in case of normal diffusion, dimensionless temperature increases with increase in Fourier number
Fy, as shown in Fig. 6(b).

From Fig. 7, it is evident that dimensionless temperature decreases with increase of P; for any fixed Fj and
any fixed time fractional order o € (0,1]. At the same time, as Py increases, for small Fj and small « very close to
zero, dimensionless temperature decreases with increase in o as shown in Fig. 7(a).
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Fig. 8 reveals that the dimensionless temperature increases for very small increase of o at Fy = 1.50, which
shows that there is a state of Fy and « at which dimensionless temperature decreases then further increases with
increase of Py, as shown in Fig. 7(b).

For very small « in the range of (1071,1072) dimensionless temperature decreases as shown in Fig. 9(a) and
for v in the range (1071, 1071%) dimensionless temperature decreases and then takes a fixed value for any fixed P,
and any fixed Fp, which indicate the stability of temperature as shown in Fig. 9(b).

Fig. 10 shows the executing time of our method in 2.3 GH i3 processor with 2 GB ram and Windows 7 operating
system.

5. Conclusions

A mathematical model describing time fractional heat transfer (in the sense of Caputo), in an infinite plate of
finite thickness whose faces are subjected to non-homogeneous boundary condition of second kind has been ana-
lyzed using a fully implicit unconditionally stable finite difference scheme. This implicit finite difference scheme is
unconditionally stable and convergent.

Our simulation shows that for Fy < FJ, 0 decreases as « increases. Further, after Fy > F{, 0 increases as
a — aF, and for a > a*, 6 decreases as « increases. This is because of Fourier number is a measure of rate
of heat conduction in comparison with the heat storage in the given volume element. Larger the Fourier number,
deeper is the penetration of heat into a body over a given period of time. The Predoditelev number is defined as,

2
Pd bR

= aT—To) due to which, Fy increases as P, decreases. For any fixed Fy and Py, when time fractional order
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a — 0, corresponding temperature tends to a fixed value showing the stability of scheme. This technique can also
be applied to solve the time fractional heat conduction equation under most generalized boundary conditions.
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