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Abstract

In this article, a high order implicit compact difference method for the fractional reaction-subdiffusion equation is
presented. The difference scheme is unconditionally stable and the truncation error is of first order in time and forth
order in space. A numerical example is included to demonstrate the validity of theoretical results and efficiency of
the scheme.
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1. Introduction

Fractional partial differential equations (FPDEs) have found very applications in various fields of science, for
example, physics, chemistry, biology and economics. A fractional reaction-subdiffusion equation (FR-subDE) can
be derived from a continuous time random walk model when the transport is dispersive [15] or a continuous time
random walk model with temporal memory and sources [5].

In this paper, we consider the following FR-subDE [2]

ou(z,t) 0?u(z,t)

1—
5 = D7 wa—mu(x,t) + f(z,t), 0<t<T, O0<ax<lL, (1)

subject to the boundary and initial conditions

u(0,0) = plt), 0<t<T, (2)

U(Lat) = d}(t), 0<t<T, (3)

w(z,0) = ¢(z), 0<z<L, (4)

where £ > 0 and £, > 0 denote constant coefficients and 0 < v < 1. Also ¢(t), ¥(t) and ¢(x) are known functions.
oD; v (0 < 4 < 1) denotes the Riemann-Liouville fractional derivative of order 1 — 7 of the function v(z, t) defined
by [16],

1 9 (" w(xs)

1=y, _ - Y S
DT RG a fy Ga ®)



580 International Journal of Applied Mathematical Research

Several approximate and numerical solutions for FPDEs are known. Liu et al. [8,9] applied the Method of Lines for
solving space FPDEs. In [16] an explicit finite difference method for fractional subdiffusion equation is introduced
and a new Van neumann stability analysis is given. Also an implicit numerical scheme for this problem is proposed
in [6]. In [10,12,14], some numerical methods for fractional advection-dispersion equation are presented. Chen et al.
[2], presented an implicit and an explicit finite differences methods for the problem (1)-(4). However, the truncation
errors of their schemes are of first order in time and second order in space.

Compact finite difference (CFD) schemes give us a forth order accuracy to approximate the second order derivatives
and they keep the desirable tridiagonal nature of the finite difference equations. Liao et al. [7] implemented a CFD
scheme for reaction-diffusion problems. A CFD scheme for the generalized one dimensional Sine-Gordon equation
with error analysis was introduced in [4]. A fully implicit CFD method for the fractional diffusion equation with a
Fourier analysis was presented in [3].

In this article, an implicit CFD scheme for the problem (1)-(4) is presented and a Fourier analysis is given. We
approximate the second-order derivative with respect to space by the CFD, then we use the Grunwald-Letnikov
discretization for the approximation of the time fractional derivative. The truncation error of the scheme is of first
order in time and fourth order in space.

The paper is organized as follows: In Section 2, the solution of (1)-(4) by implicit CFD is considered. Section 3
is devoted to the matrix form for the difference scheme and the solvability for the linear system of equations. In
Section 4, by a Fourier analysis we prove that the scheme is unconditionally stable for all v in the range 0 < v < 1.
Finally, some numerical results are provided in Section 5. The accuracy and efficiency of the scheme is demonstrated
through numerical experiments.

In this paper, we use the ”empty sum” convention Z?:p vt =0 for ¢ < p.

2. implicit CFD method for FR-subDE

Let 7 = T'/N be the time step, t, = k7, k =0,...,N, h = L/M be the grid step in space and z; = jh, j =0,..., M.
The familiar central difference quotient

1 1 82U 1 84u
ﬁéiu} - ﬁ(uj_l a Quj + uj-‘rl) = (8.%2) _ + ﬁ (8x4> .h2 + O(h4)7 (6)
J J
gives only a second-order approximation to . By following formula [1]
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in which dpu; = uj11/2 — uj_1/2, and by Eq. (6), we get

o
Ox? ;

L k _ 1 52 _ 754 + L(SG _ Lgs + uk = @VC Souk + O(hG)
nE 1+ 502) 2 144 a7agte ) T g2 240h2 o
0%u 1 O,y ,

pr 5 — 510 5% 5nt + o(n°). (7)

Liouville fractional

Using the above equation a fourth-order approximation fo
derivatives, we have [13],

[t/7]
0Dy f(1) wi VI = k) + O(), (8)
k=0
where wl(ﬂlfy) are the coefficients of the generating function, that is, w(z, @) = > ;o wk )2k For w(z,a) =(1-2)2,
these coefficients are w(() ®) =1 and w,(ca) = (=1)* (Z‘) and can be evaluated by following recursive formula [11,16],

« (0% 1 (0%
wi® =1, wé):(l—a;: >w,§)1, k> 1. (9)
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Also, in this case p =1 in (8). For the convenience of notations, we define \; = w

the generating function w(z,a) = (1 — 2)%, by Eq. (8) we get
k
()Dtl_wu(xj7 ty) =771 Z Au(zj, te—y) + O(7).
1=0

By (7) and (10), and backward difference formula

ko k-1
3U|k uj — Uy

5 +0(r),

the implicit CFD method for problem (1)-(4) is given as follows

o981

(1 7) [=0,...,k. Then, for

(10)

(11)

uﬁ_Tujl iy e Z 11+162] —m%limf—wg, j=12,...,M-1, k=12...N (12
127z

where

uj =), j=1,2,...,M -1,

and

ulb = o(ty), Wk =wty), k=1,2,...,N

(14)

By multiplying both sides of (12) by the operator 7(1 4 -12), after rearranging the terms and noting that Ao = 1,

2%
we get

k
1+ po 2|k L o po1 2 k1 2\, k-l
{14'”2_'—( 12 _N1> 54 uj = (1+Ec5x)uj + g NiGzui ™" — pio E Al 1—|——5

=1
+(1+E(5§,) , 1<j<M-1, 1<k<N, (15)
where ;Ll:n,y;—z and po = k77
So, for k = 1, we obtain
1+ p1o 5 1+ po
( D —Ml)u 1+[6 + p2) +2M1}U +( D _Ml)u}-i-l
p2\| o 5 5p2°\ | o p2\| o
< [on ot [on (s Bt e - )]
{12+1’“‘1 12]J1+{6 1(’“+6>]“+[12+1 12/
-
+ 15 (i T 106 + fia), (16)
and for 2 < k < N,
1+ po k 5 ko (L1tpe k
( 12 _M1>Uj—1+{6(1+ﬂ2)+2/l1} u; + 2 M) Wi
H2 k—1 H2 k—1 k—1
=)t v (o 2 o -12)
[124' pa— 7 }%1‘*‘[6 1(M1+ 6)} j +{12+ L= 35 ) | Wi
- OH 1%
2 — 2 — 2 —
+Z)\l |:([L1—12>U‘]7€_i—<2,u1+6>u‘]; l+( 1 — 12) ]+1:|+12( 1+10fk+ ]+1) (17)
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By using the "empty sum” convention, we can write (16) and (17) simply as
1+ po k 5 ko (Ltpe k
( T M1> Uj_q + {6(1 + p2) + 2#1} uj + o M) %
5 YIS h—1 M2 k—1
o 5o o2 [ - )
[12+1‘“ 12}% Tle M\t )| +12+1 12/ i+

)
+Z)‘k ! [(Ml—m) uf_y - <2M1+g2> u§-+<u1—%> ué—H}

(f’“1+10f+]+1) 1<j<M-1, 1<k<N. (18)

3. Matrix form of the numerical scheme

By multiplying both sides of (18) by a common factor 12, the matrix form of the scheme is given by

AU = ByU° + F! (19)
AU =S BFUN 4 FF, k=2,3,...,N

where the tridiagonal matrices A, By and BF (0 <1<k —1) are given by

14 pg — 12 10(1 4 po) + 24p1 14 pp — 1241
LA g — 12 10(1 + p2) + 24
10 — )\1(24#1 + 10,&2) 1-— )\1(,[142 — 12#1)
1-— )\1(#2 — 12[141) 10 — )\1(24#1 + 10”2) 1-— )\1(#2 — 12‘LL1)
By = . ;
1-— )\1(#2 — 12#1) 10 — A1(24ILL1 + IO,UJQ) 1— )\1(#2 — 12#1)
1-— )\1(#2 — 12#1) 10 — A1(24M1 + 10#2)
—24pn — 10p2 12 —
129 — po —24p1 — 10p2  12p1 — po
Bf = My . - , 1=0,1,... k-2,
12‘LL1 — U2 724/11 - 10‘LL2 12,11,1 — U2
12/1,1 — U2 —24/1,1 - 10/1,2

and Bf | =By, k>2.
Furthermore, the column vectors F* and F* in (19) are as follows

[1— i (p2 — 12p1)]uf (1+M2—12M1)Uo+7(f0 +10f! + f3)
T (fl +10f3 + f3)

(fihs"'lof%pr’;fzbfﬂ) ) ) )
(1= Ar(pz = 12p0)] ufy = (L + p2 = 12p0)uyy + 7 (fag—o + 1031 + fir)
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and
S g Net(12401 — po)ub + [1 = Mg (2 — 12#0]%“": = (Lo = 12 ) 7 (f3 + 107 + 13)
T (ff +10f5 + f5)
Fr = :
o 7 (fir—s +10f% o+ frr1)
=0 Me—1(12p1 — po)uby + [1 = A (p2 — 12p) uly " — (14 po — 12p)uly + 7 (F5 o + 10f5 4 + f5)
for k > 2.

Theorem 3.1 The difference system (15) is solvable.

Proof. Because for any i = /@7;—; > 0 and py = k77 > 0, the coefficient matrix A in (19) is strictly diagonally

dominant. Consequently the matrix A is invertible and the system (15) has a unique solution.

4. Theoretical analysis of the CFD scheme

4.1. Stability

We investigate the stability of the CFD scheme by the Fourier method. Let p’“ be the roundoff error in the mesh

point (jh, k7). Noticing (15), the following roundoff error equations are obtained

1+ po 2 2) k-1 2)
[1+u2 + ( 19 ,u1> 54 =1+ 125:,3 JF/HZ)\Z 2P; ﬂzz)\z (1+ 12535 L

ISJSM—L 1<k<N,

ps=ph =0, 1<Ek<N.
We let
T
p* = (1,05, ) s
and introduce the following norm

1/2
M-1 /

¥l = | D hlpkP?

j=1
Now, suppose that the solutions of equations (20) and (21) have the following form
pF =G’ j=1,2,... . M—1k=12,... N,

where o = 2nn/L (n € Z). Substituting the above expression into (20), we get

1+ . h 1—A
[1 + o + (— 3'u2 +4,u1> 51n2(02)} G, = [1 — Ao + (_31;12 — 4/\1,ul> sin ( )} Gr_1
[u2+(‘;’2+4u1)sm }2/\;6 G, 1<k<N.
Consequently,
Gy = 1—/\1M2+(— 1721“2 —4A1u1)51n2(7h)G0’

Tt po+(— Ihp +4p1) sin? ()

17A1u2+(7H71“2 4)\1/1,1)sm (”—h) u2+(7—+4ul)sm (“—) k—2
Gy = s 2-Gp_1 — 2 MG 2<k<N.
k 1+u2+(71+3“2 +4u1)51n ("2") k-1 1+,u2+( 1+3“2 +4u1)sm2(%) El 0 Nk=1MTl

(24)
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Lemma 4.1 The coefficients \; (1=0,1,...) satisfy [17]

MAo=1, \i=7—1, N <0,1=1,2....
2)> 2N =0, and for alln > 1, =5 N\ < 1.

Thus we can proof following lemma

Lemma 4.2 Suppose that Gy, (1 < k < N) are defined by (26), then for 0 < v < 1, we have
|Gk <|Gol, k=1,2,...,N.
Proof. We prove the lemma by mathematical induction. For k = 1, from the first equation in (26) we have

1-— /\1,ug + (-HTIM - 4)\1#1) Sinz(%h)
Lot pip + (=552 4 4p) sin (%)

|G1| < |Gol-

From the lemma 1, we have —1 < A; < 0 and consequently |G| < |Go|. Now suppose that |G| < |Gopl; 1 < k < n—1.
By this hypothesis and the second equation in (26), we get

1= Aipg + (*HT”” 74)\1M1) sin® (%) p2 + (— 42 + 4py) sin® -
Gl < 1+u2+(—1+%+4u1) sin®(%) 14 p2+ (— 1+“2 + 441 sin? "7 ; netl| 1Gol @7)
By the lemma 1, we can write
n—2 n—1
S Pl =D ncal = Ml < 1T+ A (28)
1=0 1=0

Now, from (27) and (28) we obtain |G,,| < |Go|. Hence the proof is completed.

Theorem 4.3 The implicit CFD scheme defined by (15) is unconditionally stable for 0 < v < 1.

Proof. From (23) and (24), and by applying Lemma 2, we have
M—1 M—1 M—1 M—-1

p* 17 = b Y |GRe™ P =0 Y GRP <h DY |Gol* =h Y [Goe' P = [|p°|z, k=1,2,...,N.
=1 j=1 j= j=1

Hence the unconditionally stability of the scheme is proved.

By Egs. (7), (10) and (11), the local truncation error of the scheme (15) is obtained as follows

k k
w(wj, ty) — w(x;, th—1) -1 52
: : —Hy s Z T+ Lo2 (g, te—y) + w7771 Nula, ti—) = f g te)
=0

k
R;

T

—g('t le/\ t)h48—6(.t)+
= 6tu Ty, k — KyT 1 xj, k—1 2403I6u Ljylk—1

k

FRTTY Nl ther) = flag,te) + O(7)
=0

0 _ 0?u(xj,t)

= &u(azj,tk) — oD} [/fﬂ,a;zk — ku(zj,ty) | — fzj,ty)
+K"Y % ODt ﬁu(ﬂf],tk) + 0(7_) + O(h )

= O(r+h?).

Also, the consistency of the scheme is concluded through above relations.
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5. Numerical experiments
We applied the method presented in this paper and solved 1 example given in [2].

Example 1. Consider [2],
Ou(x,t) Dl &%u(x,t)

o 0P Er u(z,t)| + (1 +7y)e"t?, 0<t<1l, O<z<l, (29)
u(z,0) =0, 0<z<1, (30)
u(0,8) = ' w(l,t) =et’™, 0<t<T. (31)

The exact solution of the problem is u(z,t) = e®t! 7.

2.6

2.4+

2.2+

1.8

1.6

1.4+

1.2

o compact
— exact solution

—

0 0.2 0.4 0.6 0.8 1
X

Figure 1: CFD solutions with & = 1/16 and 7 = 1/8 together with the exact solution at T=1 (v = 0.8 ).

We solved the problem (29)-(31) by the method presented in this paper. In Table 1, the maximum error for
numerical solutions and the experimental convergence order for v=0.25 and different values of 7 and h, are shown.
The followings are used for the maximum error and the experimental convergence order (C — Order).

N
lelli = | max {Ju(z;, 1) — |},
and
C — Order = log, (||e(167, 2h) |1 /|le(T, h) |1 ) , (32)

in which ||e(7, h)||;- means the error ||e|/;~ computed with mesh sizes 7 and h. The comparison between the exact
solution and the numerical solutions of CFD method for h = 1/16; 7 = 1/8 and v = 0.8 at T'= 1 is shown in Fig.
1.

6. Conclusion

In this paper, an implicit CFD scheme for FR-subDE is presented. By the method, the computation of FR-subDE
is reduced to some linear systems with a tridiagonal coefficient matrix. So, the systems are easy to solve. The
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Table 1: Maximum error and experimental convergence order for our CFD scheme (y=0.25).

Mesh sizes elljoe C — Order
h=r=1/4 1.47615 x 1072 -
h=1/8, 7=1/64  1.24074 x 1073 3.57
h=1/16, 7=1/1024 8.78350 x 10~° 3.82

method is unconditionally stable for 0< v <1 and it has accuracy of four in the spatial grid size and one in the
time step. Numerical results are in the agreement with the our theoretical findings.
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