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Abstract

In this paper we consider a parabolic integro-differential equation
with delay and a nonlocal boundary condition. We apply the method of
semidiscretization in time, also known as the method of lines, to
establish the existence and uniqueness of the considered problem. We
also establish the continuous dependence of the solution on the initial
data. Finally, an application of the established results is demonstrated.
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1 Introduction

In certain physical situation we need to consider more complex type of initial
boundary conditions which are different from the traditional type of such
conditions. Such type of conditions is termed as nonlocal since these conditions
involve several points or a part or the whole domain. We will consider abstract
formulations of such type of problems and apply the method of time discretization
to establish well-posedness.

In this paper we consider the following parabolic integro-differential equation
with delay and a nonlocal boundary condition,
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%) = 5 (x,0) = Ka)(®) + £ (3, t,ule t = 1), 7> 0,(x,6) € (0,1) x [0,T],
(1.2)

subject to u(x, t) = uy(x,t), (x,t)€ (0,1)x[-1,0], 1.2)
20,6)=0, te[-T], (1.3)

fol ulx,t)dx =0, (xt)€ (0,1) X [-1,T], 1.4)

where K is a nonlinear Volterra operator given by

K@) = [ k(t — 5)g(s,u(s))ds,

in which k is a real-valued function defined on J :=[0,T] and the map g is
defined from J X R into R, f is defined from (0,1) x [0,T] X R into R. The
motivation for such problems comes from different branches such as physics,
rheology and especially the theory of heat conduction in materials when the inner
heat sources are of special types. For example, the hydrational heat, where the
intensity of heat sources depends on the amount of heat already developed.
Cannon and Van Der Hoek [6] have studied the heat diffusion equation with an
integral boundary condition and have established the existence, uniqueness and
continuous dependence on the data. The authors derive an equivalent Volterra
integral equation of the second kind and treat the problem numerically. In [7]
author has used the Galerkin method and analyzed the numerical solution of the
heat equation with an integral condition.

Boundary value problems with integral boundary conditions are an interesting and
important class of problems. The starting work on the use of nonlocal boundary
conditions has been done by Cannon [5]. Subsequently, similar studies have been
done by Kamynin [9], lonkin [11]. Beilin [15] has considered the wave equation
with an integral condition using the method of separation of variables and Fourier
series. The study of boundary value problems with integral boundary conditions
can be found in the papers [3, 12, 13, 14, 5, 6, 7] and the references given in these
papers.

Pulkina [10] has dealt with a hyperbolic problem with two integral conditions and
has established the existence and uniqueness of generalized solutions using the
fixed point arguments.

The motivation for considering a nonlocal boundary value problem of the type
(1.1)-(1.4) comes from the works of [12, 13, 14]. Problem (1.1)-(1.4) withk =0
has been considered by Merazga and Bouziani [14] where the authors have
considered the two-dimensional diffusion equation and have transformed it into a
one-dimensional problem. In [12, 13] authors study a linear heat equation and a
semilinear heat equation with two integral boundary conditions. Recently Dao-
Quing and Yu [3] have established the well-posedness for a semilinear heat
equation with integral conditions, on the basis of the solution of a Dirichlet
problem for a parabolic equation and a Volterra integral equation. Bahuguna and
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Raghavendra [4] have established the existence and uniqueness of a strong
solution using Rothe’s method of the following parabolic integro-differential
equation

%(t) + Au(t) = fot a(t — s)k(s,u(s))ds + f(t,u(t — 1)), t€(0,T], (1.5)
u(t) = uy(t), te[—10], (1.6)

where A is a nonlinear single-valued operator with the domain and the range in
the Banach space whose dual is uniformly convex. The mapping k satisfies a
growth condition, functions f and a are continuous having bounded variations
on[0, T].

We plan to apply Rothe’s method to establish the existence and uniqueness result
for (1.1)-(1.4). Rothe’s method, also known as the method of lines, is a powerful
tool for proving the existence and uniqueness of solutions to evolution equations.
This method is oriented towards the numerical approximations. For instance, we
refer to Rektorys [8] for a rich illustration of method applied to various interesting
physical problems. Bahuguna and Dabas [1, 2] have used the method of semi-
discretization in time to study a partial differential equation with an integral
condition involving delay arising in population dynamics.

2 Preliminaries and Main Result

The problem (1.1)-(1.4) is considered in the real Hilbert space H = L?(0,1) of
square-integrable functions defined from (0,1) into R with the inner product and
the corresponding norm

W) = [ u@)v@)dx, l[ull? = [} lu@)|*dx u,v € H.

Given a  function h:(0,1) X [a,b] > R such that for each
t € [a,b],h(.,t):[a, b] —» H, we may identify it with the function h:[a,b] > H
given by h(t)(x) = h(x,t). The integral condition (1.4) is adjoined with the
space itself by taking V c H defined by

V= {u € H:J u(x)dx = O}.
0

V is closed subspace of H and hence is a Hilbert space itself with the inner
product(.,.), and the corresponding norm||.||. By H?(0,1) we denote the usual
second order Sobolev space on (0,1). For any Banach space X, with the norm
[l.llx and an interval I = [a,b],— < a < b < oo, we shall denote C(I;X) the
space of all continuous functions u from [a, b] into X with the norm
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u .y = max |[u(t .
lullcax = max lu(®)llx

The space L?(I; X) consists of all square-Bochner integrable functions (equivalent
classes) u such that with the norm

b
el = | el
a

Also, we need the space B1(0,1) introduced by Merazga and A. Bouziani [12]
being the completion of the space C,(0,1) of all real continuous functions having
compact supports in (0,1) with the inner product and the corresponding norm

:QMW§QMWQM|MgﬂKKMWYM

o) = |

It is clear that v € B2(0,1) if and only if fox v(&)d¢€ € L?(0,1). It follows that the
following inequality ||v||§21 s%llvll2 holds for every v € L?(0,1), and the

embedding L?(0,1) — B21(0,1) is continuous.
We assume the following:
(D1) The function g is continuous in both the variable and forall t € J and x € H

lg(t, Iy < Cillxllpy + C,

where C;, C, are positive constants.
(D2) Forae.t e Jandallx,y € H

lg(t, ) — gt Mgz < LONx = yllg3,

where L € L*(J) is nonnegative.

(D3) uo(x) € H2(0,1) also uo(x) €V, ie. [ up(x)dx = 0.

(D4) Functions f:] X H x H — H. The functions f and k are Lipchitz continuous
onJ.

The following defines a weak solution to (1.1)-(1.4).

Definition 2.1 A weak solution u of (1.1)-(1.4) is a function u(x, t) defined on
0 < x < 1,0 <t < T which has the following properties

u € L*(J;V) nc(J; B;(0,1)); (2.7)
u' € 12(J; B3(0,1)); (2.8)
u(t) = uo(t) € €([-7,0],B3(0,1)); (2.9)
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T du(t) T
fo (v(t),7>321 dt+f0 (v(©), u(t))dt
Iy (v K@® + f(Lut-0)) |, Ywel2(;V)  (210)

B}

Theorem 2.2 Suppose that (D1)-(D4) hold onJ = [0,7],i.e., T = 7. Then (1.1)-
(1.4) has a unique weak solution on j. For the set of data (u),f;), the
corresponding solutions u;, i = 1,2, satisfy the following estimate

t
s = w2 )+ 2 [ s = w2, 1y
: 0 :
t
2 2 rad G
< <||u2(l) - u(Z)”le + CT”ul - uZ”c(]tlel) + -];) ||f1 - fz”C(]s,le) dS) exp{t})

where J, = [0,¢],0 < t < 7, and f;(t) = f;(t,uo(t — 7)), i = 1,2. This shows the
continuous dependence of the solutions on the data.

In the next section we establish the existence, uniqueness of a weak solution to
(1.1)-(1.4). We shall prove theorem 2.2 in the last section with the help of several
lemmas.

3 Discretization Scheme and A Priori Estimates
Let t/* denote a partition of the interval J = [0, 7] defined by t/* = jh,,j =
0,1,2,....,n, where h, = % forn=1,2, .. We set ug = u, for alln € N, and

replace, at the point of division t/* the derivative % by the corresponding

difference quotient and the integral by a sum. In this way, problem (1.1)-(1.4)
reduced to the solutions of n elliptic problems.

ut-ut,  d*ul

’ hn] - dxzj = f}n + hn Z‘l];(:)l k(t]n - tln)g(tln' U?), X € (0;1); (311)
du}l
= (0)dx =0, (3.12)
Jy W (x)dx =0, (3.13)

forj =1,2,.....,n. We shall denote, for 0 < i,j < n, by

sup = L, (3.14)
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fr=f (t]ﬂ,uo(t}l _ T)), (3.15)
K= k(] —t") (3.16)
and

g7 = g(t},u"). (3.17)

The existence of a unique uj' € H?(0,1) satisfying (3.11)-(3.13) is ensured as
established in theorem 3.2 of [8].

Definition 3.1 Define the “Rothe sequence” {U™(t)} of functions from J into
H?(0,1) defined by

Une) = uf g+ (= )W —uly), te (gt (3.18)

forj =1,2,...........,n. Further, we define the sequence {X™(t)} of step functions
from J into H%(0,1) by

XM0)=uy, X"®)=u}, te(t ], j=12...,n (3.19)
We prove the convergence of the sequence {U™} to the unique solution of the
problem as n — oo using some a priori estimates on U™. We first prove the
estimates for u}* and §u}* using (D1)-(D4). To establish the estimates first we take

the variational formulations of the discretized problem (3.11)-(3.13). For any v be
inV, we have

2
du]

(0,8 , - (v )Bl = (0.1, + (0B S0 90) (3.20)
2

Using (3.12), the second term in left hand side of (3.20) become
d*ult [duf dul! x
(v, Tx2 )Bl =f0 [dx () —— (O)l (fo v(f)d€> dx
2

Tdul x
- jo L (jo D(€)dE | dx

=y d — n d
u' (x) <f0 v($) f) . Jou, ()v(x)dx
= —(v, ujn) (3.21)

Finally (3.20) becomes,
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(v8)),, + (0 w) = (v f7),, + | v b Y LG (3.22)
i=0

B;

In the next lemma we find the estimates by using variational inequality (3.22).
Throughout, C will represent a generic constant independent of j, h,, and n and
CT,Ce‘T, etc., are again replaced by C.

Lemma 3.2 Assume the hypothesis (D1)-(D4) are satisfied then there exists a
positive constant C, independent of j, h,, and n such that.

[l < c (3.23)
||6u}1||821 < C. (3.24)
n=>1landj=12,.... .

Proof. In (3.22) letj = 1 and v = duf, we have
(6ut, ut)py + hn(uf, 6ur) = (6uf’, hakiogr + fi)p — (6uf,ug).  (3.25)

From relation (3.21), we have

d?u,
(6utl,ug) = —| 6ut, )
dx? .
2

Hence, from (3.25), we have the estimate

Zug
T2

ISutllsy < halicfolllgslag + A" 15y + ||

= C. (3.26)

B;

Using identity (3.22) for j and j — 1, by subtraction, we obtain

(6w}, 8u') +h(6u ,6ult)
—(6u Sult ) + h,(6ul, ks_, g} 1)31

j—2

tho | 0w, Y k= Ky gt |+ (S = )

i=0
B}

Taking the norm, we get

5wf |5y < N8l y + Anlksialllgfall 5y
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j-2

i D [l = Kyl 197 g + 17 =l (3.27)

i=0

Repeating the inequality (3.27), leads to the estimate

5071, < N6y + o chu g2l

2 Zlkpl— p-ail | 197 ||B;+Z||fl —flllgy (328)

Making use of (D1) and (D4) in inequality (3.28), we obtain

||5u}l||321 < [16utll 5
j—2
+krhy, z(cluu gy + C2) + Ve (R, Z(cl||un||31 +C,)
+ VT(f)
j—1
< C + Cy(ky + Vp(K))hy, leu"l|31 + (kr + Ve (k)G — 1) hyCy + Vi (),

i=0

where kr = sup.e;|k(t)| and Vr(k),Vr(f) are the total variations of k and f
respectively. Using the fact that (j — 1)h,, < T and all constant term by generic
positive constant C , we have

j-1

lswl,, < Cha Zuunugl +C

i
< chy Z B Y 18P ll3 + luollgy |+
r=1

< ChnZ|I6uille1 +c, (3.29)

i=1

Using the discrete version of Gronwall’s inequality (see Rektorys [8], Remark
15.3, p. 286) in (3.29) we obtain the desired estimate (3.24) of the lemma. Now
taking v = u}' — w; in (3.22) and using the identity,
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(R 1)——(||u — [ ol = ),

we get
2 1 2 1 2
hn|80f Iy +5 1 = wia| +§||uf||

1
2

j-1
=(u]n Uj— I'fJn Bl+ ” 1” +h 6” h Zkﬂgl .
i=1 B
Ignoring the first two terms in the left hand side, we have
j-1

I 27 g + Il + 3 st o
=1
< chy + +Ch22“u"“31 (330

Repeating the above inequality and using the similar arguments as above we get
the required estimate (3.23). This completes the proof of the lemma.

Remark 3.3 From Lemma 3.2 it follows that the function U™ is Lipschitz
continuous on [0, T]. The sequence {U™(t)} and {X™(t)} are uniformly bounded

ot <c, NIxX"®ll<c vte], (3.31)
X™"(t) —U™(t) » 0asn — oo uniformlyon . (3.32)

Lemma 3.4 There exists a function u € L2(J;V) n C(J; B2(0,1)) with % €
L*(J; B3(0,1)) and subsequence {U™},, of {U™},, and {X™»},, of {X™},, such that

U =y and X™ —u, inL2(J;V), (3.33)
av™r du .
— Ad—j in L2(J; B3(0,1)) (3.34)

where " — " denotes the weak convergence.

Proof. Remark (3.3) implies that the Rothe sequence {U™(t)} and the sequence
{X™(¢t)} of step functions are bounded in the space L2(J; V). Since these are in a
Hilbert space, subsequence {U™(t)} and {X™(t)} can be found weakly
convergent in the space to abstract functions u, x € L?(J; V), respectively,

Uw —u and X" —x inlL2(J;V). (3.35)

To show that u = x we have to show, that
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(W, u—X") 24y = 0, Vv ELX(J; V). (3.36)
The convergence in (3.36) follows from Remark 3.3 and the following inequality
|(v,u = X™) 20| < |0, = U™) 20| + 1Mz 1UTP = X7l 121 (3.37)

Passing to the limit in (3.37) we have u = x. We define a sequence of abstract
functions Y"*(¢t):] - L?(0,1) by

Y™(0) =6ul, Y*(t)=6ut, te (', t]]ji=12 ... .
From Lemma 3.2 it follows that the sequence {Y™(t)}is bounded in the space
LZ(]; B%(O,l)), a subsequence {Y™»(t)} can be found converging weakly to a
function y € L2(J; B3(0,1)),
Y —~y in L*(J;B3(0,1)). (3.38)
Thus the integral
t

[ ¥srds = weey

0
exists it follows that in the space L(J; B3(0,1)) we have

U (t) — uo = f, Y (s)ds. (3.39)

From (3.35) and (3.38) we have w = u in L2(J; B1(0,1)) and %(t) = y(t) in

12(J; B1(0,1)). Since % = Y™ it follows that

du™ du
R N —
dt dt

in L2(J;B3(0,1)). (3.40)

This completes the proof of the lemma.
Remark 3.5 The function u(t) from Lemma 3.4 possesses the following
properties:
(a) Since u € L*>(J; V) we have for almost all ¢t € J,u € V. The integral
boundary condition (1.4) of the problem satisfied. The initial condition is

fulfilled in the sense of (3.39).
(b) w is strongly differentiable a.e. in J and % € L?(J; B3(0,1));
(c) U™ (t) and X™(t) —= u(t) in L(J; B2(0,1)) for all ¢ € J;
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n
au”r(t) . du .

(d) = —— = in *(J; B3(0,1)).

|
dt dt

Definition 3.6 Further, we define the sequence {f™(t)} and {K™(t)} of step
functions from J into H? by

10 = fo, f1©) = (g —uo(tf = 7)), te (gl tf] 1<j<n (341
And

K™(0) = hokfogy, K"(t) = Ry XI kg, te (P, tl], 1<ij<n (342
Integral identity (3.20) may be rewritten as

(v(t),i—;U"(t))Bl + (00, X"©®) = (v, F*©) .y + (VO K"(©),,, (343)
2
forall v e Vanda.e. t € (0,T], where Z—; denote the left hand derivative.
Lemma 3.7 Let {K™(t)} be the sequence of functions defined by (3.42) and
t
K(u)(t) = f k(t—-s) g(s,u(s))ds,
0

where u is determined from Lemma 3.4. Then
K™ (t) = K(u)(t),
uniformly on [0, T] as p — .

Proof. Let K(®)(t) denote the integral

K@)(t) = J k(t —s) g(s, 0(s))ds,
0

where @:] - X is a piecewise continuous function. We first show that
K(X™)(t) » K(u)(t), uniformly on [0,T] as p — .

t
IK)(©) = KX")(O)llpy < ka lg(s,uls)) = g(s, X””(S))HB%ds,
0
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hence K(X™»)(t) —» K(u)(t), uniformly on [0,T] as p — o. We now show that
K™ (t) — K(X™)(t) » 0asp — oo uniformlyon /. Fort € (t] Pt ”] , we have
j-1
K™ (t) — K(X™)(t) = h, k L — f k(t —s)g(s, X" (s))ds

=0
n

j—1
2f [k Pg(t;,u;) —k(t—s)g(s, ui)] ds

1=

t
+h,k (t;lp — top) g(to, up) — Jtnp k(t —s) g(s, X™(s))ds.
j-1

Remark 3.3 and assumptions (D1) and (D4) imply that the last two terms on the
right hand side tend to zero strongly and uniformly on J as p — oo. Since k and g
are continuous, for every e > 0 we can choose a positive integer n sufficiently
large such that for t € (t;_4,t;], and s € (¢;_4, t;], we have

ki 9t = k(e = g (s,us
Therefore

— P

Zfl [knpg(t- u;) —k(t—s)g(s u-)] ds|| <jh E<6
n i iUy gis,u; =) nr

=1 ti—p1

B;

which show that K™»(t) — K(X™)(t) - 0 as p — oo, uniformly on [0,T]. This
completes the proof of the lemma.

4 Proof of the Theorem 2.2

Proof. In view of Remark 3.5, it remains to show that integral identity (2.10) is
satisfied by u(t). We consider the integral identity (3.43) written for n,,:

(U'%Unp(t))gl + (v, X" (@) = (v, f"zv(t))le + (v, K"P(t))le, Vv € V. (4.44)

Integrating (4.44) between 0 and T. We obtain



561

T — T
fo (v,%U”w(t))B21 dt+f0 (v, X™(t))dt

= fOT(v.f P (t))ledt + fOT(v, K™ (t))ledt, vv € L2(J, V). (4.45)

Now, as n, — 0, We have

Z U@ = (0 in 2(J; B3 0,D), (4.46)
and
fOT <v,‘;—; Umr (t)>321 dt - fOT (v,i—lu(t))B21 dt, forn, — oo (4.47)

Further, for a fixed v € L2(J; V) the linear functional (v, X™(¢)) is uniformly
bounded on L2(J; V), and from the convergence result in Lemma 3.4, we have

fOT(v, X" (1)) dt - fOT(v,u(t))dt, for n, — oo, (4.48)

Now using Lemma 3.7, (4.47) and (4.48), passing to the limit in (4.45) as n,, — oo,
we have

fOT (v, dl;(tO)BZl dt + jo T(v,u(t))dt = fo ' (v f(tutt—0) + K(u)(t))B% dt,

forall v e L2(J; V).

Uniqueness: Let two weak solutions u, (t), u,(t) exist. Denote their difference
by u(t) = u,(t) — u,(t). Then u(t) satisfies

[ (v(t), d”(t))B1 dt + [} (v(), u(®))dt

dat

= fOT (v(t), fot k(t —s)[g(s,uz(s)) — g(s,us ()] ds)B1 dt, (4.49)

for all v € L?(J; V). We have to show that u = 0. Let us divide the interval J into
a finite number of subintervals of lengths [, with [ satisfying
krl? fOTL(s)ds s% where k; =max{|k(t),t € J}.
The function [|u(t)]| is continuous in J and in J; = [0, []. Consequently, [[u(t)]|
attains its maximum on certain point t; € Jj,
trg[gfcl]llu(t)ll = [lu(t)II.
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Take
_ fu(), for te[0,t]
v(t) = { 0, for te(t,T]
as a test function in (4.49), we obtain

fo . <u(t),dl;—§t)>3% dt + fo 1P de

= f 1<u(t),f k(t —s)[g(s uz(s)) —g(s,ul(s))]ds> dt.
0 0 B

1
2

According to assumption (D2), we have

T

1 1
S (e I? = DIk ? [ 10)ds < (eI,

0

and so u(t) = 0 on [0,!]. Similar argument are repeated to show that u = 0 on
[il, (i + D!],i =1,2,...whichyieldsu = 0on]J.

Continuous dependence: Let u; and u, be two weak solutions of (1.1)-(1.4),
corresponding to (u?, £,) and (ud, £,), respectively, and the initial data satisfy the
given assumptions, from (2.10), putting u = u; — u,, and the assumption on
g(t,u) we have

I + 2o
=2 (At ult - 1) - fotult - r)),u(t))le +2(K (uy)(6) -
K () (0, u(D)
< A utt =) = (6w = D)7, + luOlZ; + Crllul(, ),
where J, = [0,t] and C; = k; fOTL(s)ds.

Integrating over (0,s) for 0 < s <t < T and using the fact that u;(0) = u?, for
i = 1,2, we get

t
@I +2 [ I ds
0
t t
x ~ 2
< I = w8l + [ i) = Folodly s + Cr [ Ml s
0 0

t t
+ [ Iy ds + [ Tu)IPds
0 0
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Taking the supremum and applying Gronwall’s inequality we obtain

t
s = w55y + 2 [ Moty = sy
0
t
2 2 F z 112
< <||uf - u(z)”le + Crllu, — u2||c(]t;321) +f0 \f = fZHC(Js:le) ds> exp{t}.

This shows the continuous dependence of the solution on the initial data. This
completes the proof of the theorem.

Remark 4.1 Uniqueness of the weak solution u(t) implies that not only the
sequence {U™»(t)} converges weakly to u(t), but the whole sequence {U™(t)}
converges weakly to u(t). This can be proved as follows. Suppose that {U™(t)}
does not converge weakly to u(t) in L2(J,V). Then there exists at least one
function v € L2(J, V) and an € > 0 such that

|f0T(v(t).u(t) —U™(t)) dt| > €, (4.50)

for infinitely many values of n. Let {U™(t)} be a sequence satisfying (4.50). This
sequence, being a subsequence of {U™(t)} is bounded in L?(J; V). Consequently a
subsequence {U™} can be found converging weakly in L2(J; V) to a function
& € L2(J; V). This function have all the properties of the solution of the problem,
thus it is also the weak solution of the problem (1.1)-(1.4) and u # & in L2(J; V).
This contradicts the fact that the problem has a unique weak solution.

Example 4.2 Consider the initial and nonlocal boundary value problem for the
heat equation

ou 0%u mtt?
E(X, t) — e (x,t) =1—m?t+ — e ™t 4 ™ (=D cosx — u(x, t — T)
t
+TL'4] (t—9)|1—ulx,s)|ds, t>0, x € (0,1) (4.51)
0
u(x,0) = cosmx, x € (0,1), (4.52)
Jdu
—(0,t) =0, t=>0, 4.53
axl( ) (4.53)
f u(x,t)dx =0,t > 0. (4.54)
0

It may be seen that all the assumption of theorem 2.2 are satisfied for the
functions appearing in the above example. Hence this problem has a unique

solution. We may verify that u(x,t) = e ™ ¢ cosmx is the solution of (4.51)-
(4.54).
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