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Abstract

The nonlinear properties of dust acoustic solitary waves in unmagnetized dust plasma consisting of negative charged
dust particles , Boltzmann distributed electrons and non-thermal distributed ions with variable dust charge are
investigated. By using the reductive perturbation theory, a Korteweg-de Veries (KdV) equation is derived. The
Sagdeev’s potential are obtained in terms of ion acoustic velocity by using the auto-Bicklund (BT) transformation,
the modified g expansion, the sine-cosine expansion method, the sinh-coshine expansion method, and the sech-tanh
expansion method describing the nonlinear propagation of ion-acoustic solitary waves in unmagnetized dust plasma.

Keywords: dust plasma, KdV equation, Reductive perturbation method, solitary waves, Backlund transformations, Traveling wave

solutions.

1. Introduction

The study of dusty plasmas represents one of the most rapidly growing branches of plasma physics. The growing
interest in the physics of dusty plasmas has arisen not only from dust being an omnipresent ingredient of our
universe, but also from its vital role in understanding collective processes in astrophysical and space environments,
such as mode modication, new eigenmodes, coherent structures, etc [1]. Usually the dust grains are of micrometer
or sub-micrometer size and their masses are very large. The consideration of charged dust grains in plasmas not
only modifies the existing plasma wave spectra, but also introduces a number of new eigenmodes, such as dust-
acoustic waves (DAWSs), which were reported theoretically first by Rao et al. [2] and verified experimentally by
Barkan et al [3]. The linear characteristics of DAWs have by now been well established both theoretically [4] and
experimentally [5]. There is also an enormous theoretical literature on the topic of nonlinear DAWs [6, 7, 8, 9]. In
the absence of dissipation (or if the dissipation is weak at the characteristic dynamical time scales of the system)
the balance between nonlinear and dispersion effects can result in the formation of symmetrical solitary waves (a
soliton). Shalini Bagchi [10] investigated the effects of obliquity and external magnetic field on the dust acoustic
solitary waves in hot magnetized dusty plasmas with Boltzmann distributed electrons and two-temperature trapped
ions. It was found that both compressive and rarefactive solitary waves as well as compressive and rarefactive double
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layers exist. Brindaban Das and Prasanta Chatterjee [11] studied large amplitude double layers in dusty plasma
with non-thermal electrons and two temperature isothermal ions. Xie et al. [12] investigated the small- and large-
amplitude dust-acoustic solitary waves (DASWs) in dusty plasmas with variable dust charge and two-temperature
ions. It was noticed that both compressive and rarefactive solitary waves as well as double layers exist.

The multispecies plasmas consisting of cold or warm positive and negative ions with usual Boltzmanns electrons
have been the focus of research for the past few years. Most research work was based on the study of ion-acoustic
solitons. KdV equation is derived in such plasmas using reductive perturbation method [13]. It was predicted
that with the introduction of negative ions, there exists a critical ion concentration of negative ions below which
compressive solitons exist and above which rarefactive solitons exist.

Lin and Daun also considered dust acoustic solitary wave in a dusty plasma with non-thermal ions [14]. In this
paper we we considered unmagnetized dusty plasma which including variation dust charge, Boltzmann distributed
electrons and non thermal distributed ions. We use the reductive perturbation technique to derive a KdV equation.
would like to use the homogeneous balance method [15, 16] to construct an auto-Backlund transformation (BT)[17-

23] , new exact soliton solutions of KdV equation are obtained and we have applied the modified g expansion
method[24-31], the sine-cosine expansion method, the sinh-coshine expansion method [3-36],and the sech-tanh
expansion method[33,37-41] and to obtain a new travelling wave solutions of KdV equation.

The paper is organized as follows :This introduction in Section 1. In Section 2, the mathematical analysis and, the
KdV equation is derived by using reductive perturbation theory. In Section 3, the auto-Backlund transformation
(BT) applying to construct new exact soliton solutions of KdV equation. In Section 4, the modified % expansion
method, the sine-cosine expansion method, the sinh-coshine expansion method, and the sech-tanh expansion method
are applied to construct new travelling wave solutions of KdV equation. Finally, the application of the solutions
are given in Section 5. Conclusions are given in Section 6.

2. Mathematical analysis

Basic equation for consideration dust acoustic wave in unmagnetized dusty plasma with include variable dust charge
, Boltzmann electrons and non-thermal ions , is given by:

% d(nquq)

ot or 0 .
nd% + mw% + T% = —ndzd% (2)
%+Ud%+3pd% =0 (3)
% = ZdNd + Pne — ﬁm (4)

where ng is the dust particle number density normalized to ngy. wug is dust particle velocity normalized to Cy =
AN . . . . .
(%)5 24, mgq and ¢ number of charge on dust particles, particle mass and electrostatic potential, respectively.
T;

24 and ¢ are normalized to z4o and =, respectively. Time and space variable are normalized respectively to the

dust plasma period wpq = (%)% and the Debye length Ap. = (M;ng)% T = % where T; and T, are
temperature ions and electrons respectively and pu = Z‘éf, where nge and ng; are number density of unperturbed
ions and electrons in dust acoustic.

n; is number density of ions and n. is number density of electrons which normalized to ng; and ng. respectively. n;

and n. is given by[42,43]:

4o
1+ 3a

ni =[1+ (¢ + ¢)exp(o) (5)

exp(T'), (6)

a being a parameter defining the population of non-thermal ions [43,44]. In the case of « = 0, we can neglect the
effect of non-thermal ions. Total charge neutrality at equilibrium is:

Ne =

Noe + N0d20d = N0i, (7)
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where nge ,noi, noq and zgg are number density of unperturbed electrons, ions and the number density equilibrium
values of unperturbed number of charge on the dust particles respectively. The variation of dust charge is because
of collision between electrons and ions with dust particles. The collision of electrons and ions with plasma particles
produces a charged current. The charge-current balance equation is given by :

9qa

o = Lot 1 (8)
where I, and I; are current of electrons and ions respectively. If we consider that the streaming velocities of electrons
and ions are much smaller than the thermal velocities. Therefore dditd << I, I, and charge- current balance equation
(8) reduce to equation I, + I; =~ 0.

The current of ions and electrons are[45]:

8T, 1 ed
Ie:* 2 ok e ) 9
emr?(— ) dneap() ©)
8T; 1 ep
I; = emr? i(1— =), 10
e ()1 - ) (10)

where ® denotes the dust particle surface potential related to the plasma potential ¢ [12] and z4 is the normalized
dust charge obtained from:

ta= wﬂ (11)
where ¢ = =42 and ¢y = (¢ = 0).

Teyy

In order to study the nonlinear propagation of the dust acoustic wave in a unmagnetized dust plasma, We now use
the reductive perturbation method to obtain the KdV equation that governs the behavior of small amplitude dust
acoustic waves. The independent variables are stretched as

fzaé(m—)\t) and T =¢ct (12)

where X is the phase velocity and ¢ is a small dimensionless expansion parameter. By expanding the independent
variables we have:

ng =1+ engs +e*nas + *naz + ...... (13)
Ug = eUgy + £2uga + 3Ugs + ... (14)
b =cp — 2Py +3p3 — ... (15)
p=1+epa +&*paz +*pas + ...... (16)
z=14¢e%z1 +e*240 + ... (17)

Substituting equations (13-17) into equations (1-4) and collecting terms with same powers of €, from the cofficients
of lowest order we have:

1 )‘ pT+3apT—a+1 (18)

3 1
nd1 = m@; Udl = mdﬁ; Pa = mqﬁm = 372 = S0 (30

And from the higher order coefficients of € we have:

Ong2 ~ Onag1 +aud2 Jra(ndludl)

A o€ or o€ o€

=0 (19)
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A ge " Mnage + 5o Tuage +T5E = S —na (20)
ATy OBy T4 3T 3 O — 0 e
By substituting equation (19-22) into (18) KdV equation is obtained:

om0 8 <0, (23)

where coefficient C can be positive or negative. With positive C, solitary wave is compressive and with negative C,
solitary wave is rarefactive. The coefficients C and D are functions of T |, o and p and given by:

-2 B 32\ 4 2a\ — 12p3T A
— 14 32T + p2\2 ’ - — 11 4 32T + p2\2

: (24)

where T |, a and p are plasma parameters.

3. Auto-Bicklund transformation (BT) and new exact soliton solu-
tions of KdV equation

By using the idea of the Homogeneous balance method [46], we seek for Bicklund transformation (BT) of equations
(23) in the form

$1(&,7) = Y()PEFIX(E 7). 0(E, 7)) + o€, 7), (25)

where (1) is a differentiable function, f(x,n) is a function to be determined later and ¢ be the special (old)
solution of KAV equation (23). In the following analysis, we will stay with the following conditions

(1) = 1,ne(&,7) = 0= n(&7) = n(T) (26)

Substituting (25)and (26)into equation (23) yields

(Ofxxfxxx + Dfxxxxx)X? + (X&fT + Cxeedoe + Cxeeedo + DX&ééii)fx
+ (2xexer + Xrxee + Oxédoe +3Cxexeedo + 10Dxeexeee +5DxexXeeee) Frx
+ (X X2 + Oxgdo + 15DxexZe + 10DxExeee) Froox + (10DxExee) Frooxx + (Cxeexese) [y + (BCxExee) fy
+ (Cxéxeee + 3Cxexze) Frfrx + (Cxéxee) [ Sxx + M Xe Fxxn + T Xee fxn + Gor + Cdodos + Ddogee =0 (27)

Setting the coefficients ofxg in (27) to zero, we obtain the ordinary differential equation for f; namely

Cfxxfxxx + Dfxxxxx =0 (28)
which admits the solution
[ =cln(x) +xo(n) (29)

where o(n) is differential function and c is arbitrary constant. According to (27), we obtain

c —c 2c —6¢c o —c 5 —1 9
fx= X +0, fux = x2’ Foox = ?’fxxxx T fao = FfXXXX’ = T(C+XU(77)) Fox

Ffon = 5+ X0 Frons e = (e + X0 0) froer (30)
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Substituting (28)and(30)into (27)yields a linear polynomial of fy, fyy:fxxx and fyyxx- Equating the coefficients of
Frorfxxand fyyyy to zero, holds

Xeer + OXxecdos + Cxeeedo + Dxeeece =0 (31)
2XeXer + XrXee + CxZdoe +3Cxexeedo + 10D xeexeee + 5D xeXeeee — %(C +x0(n)*(Cxeexeee) = 0 (32)
erg + ng’% + 15DX5)<§5 + 1ODXgX§55 - %(c + xo(n))(C’xfxggg + 3ngxg£) =0 (33)
10Dx¢xee — %(3CXZX§5) - %(C +x0(n)(Cxéxes) =0 (34)
dor + Coodoe + Doogee =0 (35)

The next crucial step is the assumption that
X(&7) =1+ exp T andgo (¢, 7) = ¢o (36)
where k is arbitrary constant. Substituting into equations (31-35), results in

N (1) 4 Ckoo + k*D =0 (37)

(c+x0(n))?

3N (1) +3Ckeo + 15k*D — C ; K =0 (38)
N(7) + Ckeo + 25k3D — 2C(c + xo(n))k* = 0 (39)
5 c
10D — ECC - gXU(U) =0 (40)
Solving the above system , we have
A—i(—czk?’—mcm) +ec D—i _o00=% (41)
- 30 0)T 05 - 3070 — Y% - 5

where ¢ is an integration constant, and let ¢y = 0 . Substituting from equation (41) into equation (36), we have
X(E7) = 1+ expan CHTIRROE gy (€, 7) = g (42)
Substituting from equation (42) into equation (29), we have

f=cln(l+ expﬁ(%%tucwo”ikg) (43)

Substituting from equation (43) into equation (25), we have, the new exact soliton solution of KdV equation (23)
in the form

exp%(fc2k3712ck¢o)-rik§ exp2(3—10(7c2k3712ck¢0)‘ri]€§) V4
— Pk~ 12chdo) THKE )2 0

é1 = ck?( (44)

1 —i—exp%(

1 +eXp%(fc2k3fl2ck¢>o)‘r:|:k£ o (

where ¢ be special (old) solution of KdV equation (23).
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4. Travelling wave solutions of the KdV equation by applying the mod-

ified % expansion method, the sine-cosine expansion method, the
sinh-coshine expansion method, the sech-tanh expansion method

4.1. The modified g expansion method and new travelling wave solutions of KdV
equation

Suppose that NPDE is given by
F (¢, ¢, bry Gee, Orry Pery ovnen) = 0, (45)

where ¢ = ¢(&,7) is unknown function and F is a polynomial in and its partial derivatives, in which the highest

order derivatives and nonlinear terms are involved. In the following we give the main steps of the modified %
Expansion method:

Step 1. The travelling wave variable

¢(§> T) = (b(X)a X = lg - PT, (46)
where p and 1 are constants, permits us to reduce (45)into ODE;
F(¢,¢',¢",¢",...) =0. (47)

Step 2. Suppose that the solution of (47) can be expressed by a polynomial g in as follows;

600 = a0+ o (g) ta (g) ] (45)

where G = G(§) satisfies the second order linear ODE
G'"++G =0, (49)

where ag, a;,a_; and v are constants to be determined.
Step 3. The parameter "m” in (48) can be found by balancing the highest order derivatives term and the highest
nonlinear term in (47) ;

(1)if m is a positive integer then go to step 4;
(i1)if m is not positive integer, we put ¢ = v™ and then return to step 1.

Step4. Substituting (48) into (47) and using (49), collecting all terms with the same powers of % together,and then
equating each coefficient of the resulted polynomial to zero, yield a system of algebraic equations for aq, oy, a_;
and 7.

Step 5. Since the general solutions (48) are well known to us, then substituting ag, «;, a—; and v and the general

solutions (48) into (47), we have the traveling wave solutions of the given NPDE.
For KdV equation (23), to transform it to ODE using the wave variable y = £ — p7 , so these equation became

—p +1Ch1¢) +1°Dgy" =0 (50)

integerating these equation once and setting the constant of integration equal to zero

c
—po + 6+ DYl =0 (5D

, AN\ —1 N\ 2 s\ —2
(8o (§) (8] ()
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Substituting from (52) into (50), setting the coefficients of gtogether to zero, we have the following set of over
determined equations in the unknowns ag, a1, as,a_1,a_sand 1. Solve the set of equations of coefficients of

gtogether , by using Mathematica we obtain the following solution:

Dag = —4Dé2”’,041 =0,00=0,0_1 =0,00_9 = —%,p = +4DI3y

So that, the generalized solution can be written as

b1 = 4DI?~y  12DI%4? ( C1€08,\/YX + 251N,/ X >2
1 — — - .

C C C2\/YCOS\/TX — C1/VSIN\/TX

3

My = 579,k = 8Dy
So that, the generalized solution can be written as

¢1=ap+

i (CQﬁm‘ﬁX — Cl\ﬁsmﬁxy =2 <G/>2 —y[-3+4 (g)4 (54)

3+72 c1€08\/YX + c25in /YX G G

4.2. The sine-cosine expansion method and new travelling wave solutions of KdV
equation

Suppose that a nonlinear partial differential equation (NPDE) is given by

F(¢, e, O, Pces Prrs ez omnen )=0. (55)

where ¢ = ¢(&,7) is unknown function and F is a polynomial in and its partial derivatives, in which the highest
order derivatives and nonlinear terms are involved. In the following we give the main steps of the Sine-Cosine
expansion method:

Step 1. The traveling wave variable

(&, 7) = d(x), x = 1§ — pr, (56)

where p and | are constants, permits us to reduce(55)into the following ordinary differential equation (ODE);

F(¢,¢',4",¢",....) = 0. (57)

Step 2. Suppose that the solution of (57) can be expressed in the form as follows;

B(x) = Ao + Y cos' ™ (w(x))[Assin(w(x))] + Bicos(w(x))], (58)
i=1
whereAd; (1=0, 1, ..., n) and B; (i =1, ...., n) are constants to be determined.

Step 3. The parameter "n” in (58) can be found by balancing the highest order derivatives term and the highest
nonlinear term in (57);

(1)if n is a positive integer then go to step 4;

(ii)if n is not positive integer, we put ¢ = v™ and then return to step 1.

Step 4. Substitute (58) with the fixed parameter n into the obtained ODE using

d‘«;;X) = vy a+ bsin?w(x),y = *1, (59)

where a and b are constants. collecting all terms with the same powers of w’®sin‘wcos’w together. Set to zero the
coefficients of w'*sin‘wcos’w(i =0, 1; s =0, 1; j = 0,1, 2,.,n) to get a set of algebraic equations C;j;, (Ag, Bs) =0
with respect to the unknowns Ay, 7, A;(i = 1, ...., n) and B; (i=1, ...., n).

Step 5. Solve the set of algebraic equations to get Ag, A; and B;, then we have the traveling wave solutions
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of the given nonlinear equation. In The sine-cosine expansion method there are three cases of (59):

Case I

In these case a=0, b=1, then the equation reduces to the first-order ODE

d

) sin(u() (60)

which has the solutions:

sin(w(x)) = sech(x), orcos(w(x)) = —tanh(x)

and sin(w(x)) = icsch(x), orcos(w(x)) = —coth(x),
where i = /—1

Case II
In these case a = 1,b = —m?, then the equation reduces to the first-order ODE
dw
= ++/1 — m2sin2(w(x)), (61)

where m is the modulus of Jacobi elliptic functions, which has the solutions
sin(w(x)) = sn(x;m), orcos(w(x)) = en(x; m)

and sin(w(y)) = 7"8(7’;%) yorcos(w(y)) = LS%W)
Case III
In these case a = m?,b = —1, then the equation reduces to the first-order ODE,
dw
= +/m? — sin2(w(x)), (62)

which has the solutions,
sin(w(x)) = msn(x;m), orcos(w(x)) = dn(x;m).
and sin(w(x)) = ns(i m), orcos(w(x)) = ics(x;m).

For KdV equation (23), to transform it to ODE using the wave variable x = pr — £ , so these equation became
—p¢ +10¢1¢ + I>De’ = (63)
integerating these equation once and setting the constant of integration equal to zero

o1+ S+ 1D = 0 (64)
according to steps ,we know that n=2 and suppose that the solution take the form

#1 = Ag + Aysin(w(x)) + Bicos(w(x)) + Assin(w(x))cos(w(x)) + Bacos?(w(x)) (65)
Substituting from (65) into (64), setting the coefficients of sin‘wcos’w(i = 0, 1; j = 0, 1, ...., n) to zero, we have

the following set of over determined equations in the unknowns Ag, A1, Ao, By, Boand [. Solve the set of equations
of coefficients of sin‘wcos’w, by using Mathematica we obtain the following solutions:

a’p ab b2p aDI?p 26DI%p _ _ _
DA = cziasrm T cararmm T carrarri + V@ +ab ) Do | Orf(a? rab b)) Do Ar =0, 4, =0,B1 =
3bDI%p p
0,B2 = 2 o’ | = 5\ 1
C\/(a +ab+b2) D21 2(a2D2l6+abD216+b2D2l6)4

So that, the generalized solution can be written as

a’p abp b%p aDI?p

C(a?2 +ab+b2)l  C(a? + ab+ b2)l * C(a? + ab+ b?)l + C+/(a% + ab + b2) D2[6
2bDI2p 3bDI2p

- cos? (w .
C\/(a2—|—ab—|—b2)D2l6 C\/(a2—|—ab+b2)D2[6 (w(x)). (66)

¢1 =
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For three cases

Case I:
b = a’p n abp n b%p n aDI?p
T C(@+ab+ b2l Cla?+ab+b2)l | Cla+ab+b2)l | C\/(a® + ab + b2) D10
20DI1%p 3bDI%p 9
+ 2 575570 2 e o () (67)
Cy/(a2 +ab+b2)D25  C/(a® + ab+ b2)D2]
or
b = a’p n abp L b?p L aDI?p
T C(aab+b2)l T Cla?+ab+b2)l | Cla+ab+b2)l | C\/(a® + ab + b2) D20
26DI2p 3bDI2p
coth® 68
Cy/(a2 +ab+b2)D26  C\/(a® + ab + b2)D2[6 b (68)
Case II:
a’p abr b%p
o1 = + +
Cla2+ab+ %)l  C(a®2+ab+b2)l  C(a? + ab+ b2)l
n aDI?r 20DI1%p _ 3bDI%p CnQ( ‘m) (69)
C\(@ +ab DB C/(@ + ab + )DB  C\/(® tabt D2
or
b = a’p n abp n b%p n aDI?r
T C(@+ab+b2)l T Cla?+ab+b2)l | Cla+ab+b2)l | C\/(a® + ab + b2) D6
N 2bDI2p 3 3bDI2%p ids?(x;m) (70)
Cy/(a2+ab+b%)D26  Cy/(a® +ab+b2)D26 m
Case III:
b = a’p n abp n b%p n aDI?r
T O+ ab+b2)l T Cla?+ab+b2)l | Cla+ab+b2)l | C\/(a® + ab + b2) D0
20DI%p 3bDI%p
+ — dn?(x;m 71
C+/(a®+ab+b2)D26  C./(a? + ab+ b2) D26 Cam) (71)
or
b1 = a’p abp n b%p n aDI?p
'O+ ab+02)l T Cla2+ab+ %)l Cla2+ab+ %)l C\/(a2 + ab+ b2) D216
2DI2p 3bDI2p

ics’(x;m)  (72)

C\/(a> +ab+ 2D  C\/(a® + ab+ b2) DO
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4.3. The sinh-coshine expansion method and new travelling wave solutions of KdV
equation

Suppose that NPDE is given by
F(¢7 ¢fa¢7’a¢§£7¢7’7’3¢57’3 ------- ) = 07 (73)

where ¢ = ¢(&,7) is unknown function and F is a polynomial in and its partial derivatives, in which the highest
order derivatives and nonlinear terms are involved. In the following we give the main steps of the sinh-coshine
expansion method:

Step 1. The traveling wave variable

¢(§? T) = ¢<X)’ X = lg - pPT, (74)
where p and 1 are constants, permits us to reduce (73)into ODE;
F(g,¢',¢",¢",.....) = 0. (75)

Step 2. Suppose that the solution of (75) can be expressed in the form as follows;

o(x) = Ao+ Z cosh'™1(x)[Assinh(x) + Bicosh(x)], (76)
i=1

whered; (1=0,1, ..., n)and B; (i=1, ...., n) are constants to be determined.

Step 3. The parameter "n” in (76) can be found by balancing the highest order derivatives term and the highest
nonlinear term in (75) ;

(1)if n is a positive integer then go to step 4;

(i)if n is not positive integer, we put ¢ = v™ and then return to step 1.

Step 4. Substitute (76) with the fixed parameter n into the obtained ODE. Collecting all terms with the same
powers of sinh®xcosh?x together. Set to zero the coefficients of sinhiycosh/x(i = 0, 1;j = 0, 1, 2,.,n) to get a set
of algebraic equations Cjjs (Ag, Bg) = 0 with respect to the unknowns Ay, 7, A;(i=1, ...,n) and B; (i=1, ...,
n).

Step 5. Solve the set of algebraic equations to get Ag, A; and B; then we have the traveling wave solutions
of the given NPDE.

¢1 = Ag + Aysinh(x) + Bicosh(x) + Agsinh(x)cosh(x) + Bacosh?(x) (77)

Substituting from (77) into (64), setting the coefficients of sinh‘xcosh?x(i =0, 1;j = 0, 1, ...., n) to zero, we have
the following set of over determined equations in the unknowns Ag, Ay, As, By, Boand [. Solve the set of equations
of coefficients of sinhiycosh?x , by using Mathematica we obtain the following solution:

AlziﬁaAQ = Bl = B2:O

So that, the generalized solution can be written as

/D216 — p2 —Clp+Cly/D216—p2sinh(x)+1/ C212(p2—2DI3\/D216— p2sinh
b1 :AoiTpsmh(X)vAo _ p p (x) \4212 (p p (x)) (78)

4.4. The sech-tanh expansion method and new travelling wave solutions of KdV
equation

Suppose that NPDE is given by

F((st ¢Ea¢‘l’a¢£§>¢7’ra¢§‘ra ~~~~~~~ ) = Oa (79)
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where ¢ = ¢(&,7) is unknown function and F is a polynomial in and its partial derivatives, in which the highest
order derivatives and nonlinear terms are involved. In the following we give the main steps of the sech-tanh expan-
sion method:

Step 1. The traveling wave variable

Qb(f, T) = (b(X)a X = 1§ — pr, (80)

where p and 1 are constants, permits us to reduce (80)into ODE;

F(gp,¢',¢",¢",.....) = 0. (81)
Step 2. Suppose that the solution of (81) can be expressed in the form as follows;

¢(x) = Ao + Y _ sech’™ ' (x)[Aitanh(x)] + Bisech(x)], (82)

i=1

whered; (1=0, 1, ...,n) and B; (i =1, ...., n) are constants to be determined.

Step 3. The parameter "n” in (82) can be found by balancing the highest order derivatives term and the highest
nonlinear term in (81) ;

(1)if n is a positive integer then go to step 4;

(ii)if n is not positive integer,we put ¢ = v™ and then return to step 1.

Step 4. Substitute (82) with the fixed parameter n into the obtained ODE. Collecting all terms with the same
powers of sechixtanh?x together. Set to zero the coefficients of sechixtanh/x (i =0, 1;j =0, 1, 2,.,n) to get a set
of algebraic equations Cjjs (Ag, Bs) = 0 with respect to the unknowns Ay, 7, A;(i=1, ...,n) and B; (i=1, ...,
n).

Step 5. Solve the set of algebraic equations to get Ay, A; and B; then we have the traveling wave solutions
of the given NPDE .

é1 = Ag + Aitanh(x) + Bysech(x) + Astanh(x)sech(x) + Basech?(x) (83)

Substituting from (83) into (64), setting the coefficients of sechixtanh’x (i =0, 1;j =0, 1, ...., n) to zero, we have
the following set of over determined equations in the unknowns Ag, A1, A2, By, Boand [. Solve the set of equations
of coefficients of sech’xtanh?y, by using Mathematica we obtain the following solution:

I)AO = —%,Al = O,Bl = O,AQ = O,BQ = IleZHO = —4D13

So that, the generalized solution can be written as

8DI?> 12DI?
- + s

= F—sech®(x) (84)

¢1 =

)Ag = 0,4, =0, By =0, Ay = 0, By = 2E , — 4py3

So that, the generalized solution can be written as

12D1?
= S

61 = S sech? () (35)

IN)Ag=0,4; =0,B; =0,4y =+% By =4+% D=+4

So that, the generalized solution can be written as

b1 = :I:%—'lotanh(x)sech(x) + i%sechQ(X) (86)
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5. Applications

Now, we shall look at three explicit physical applications of the solutions given above. We investigate Sagdeev
potential ¢ corresponding to the solutions of KAV equation (23).The detailed application of these solutions requires
a judicious of the free parameters occurring in the solutions.

5.1. First application by using auto-Bdcklund transformation

Now on inserting the special (old) solution ¢q [47,48] of the KdV equation (23) given by

P s _\F
QSO—CSech( )yw=2 3 (87)

w

The new exact soltion solution (44)of the KdV equation (23) can be given as

) exp%(fc2k3fl2ck%56ch2(%))’r:ﬁ:kﬁ exp(%(781@3712ck%sech2(%))rik§)
o1 = ck 1 +exp;—o(—c2k3—12ck%3ech2(—5;”))Tikg N (1 +exp%(—02k3—12ck%Sech2(7§’WM))T:i:kf)
3\ - A 5C
+ R ean2(E2AT o > (68)

C

Applicable to some relevant values of C, D, A and k, the Sagdeev potential ¢, is displayed in Figures 1.

5.2. Second application by using the modified g expansion method

Now, using the backward substitution of the solution (53) through the backward transformations (46), we obtain
the travelling wave solution of the KdV equation (23) in the form

¢1 =

_4D12'y B 12D1%~? ( circos /(1§ — pT) + casin, /(1§ — pT) )2
i)

C C cay/ycos\ /(€ — pT) — cr\/ysiny /A (1€ — pT (89)

Applicable to some relevant values of C,D, 1, p, ¢1, ¢o, and -y, the Sagdeev potential ¢; is displayed in Figures 2.

5.3. Third application by using the sech-tanh expansion method

Now, using the backward substitution of the solution (85) through the backward transformation (80), we obtain
the travelling wave solution of the KdV equation (23) in the form

_12DI?
- C

o sech?(1€ — pr), p = 4DI3. (90)

Applicable to some relevant values of A,,l,and p, the Sagdeev potential ¢; is displayed in Figures 3

From the above travelling wave solution (90) of KdV equation (23), the amplitude take the form % and p = 4DI3.
This solution also stands for n;. It should be noted here that the perturbation method, which is only valid for small
but finite amplitude limit, is not valid for large propagation angle 6, which makes the wave amplitude large enough
to break the condition 1 > en;. For p = 4DI? > 0, there exist solitary waves with positive density only. It is seen
that as p increases, the amplitude increases, from equation (24) since C = the amplitude decreases

for A < 0 and the amplitude increases for A > 0.

. N
—pF3p2T+p22>
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Fig.2.1. The Sagdeev potential ¢; (89) in the surface graphic for C' = 2.1, D =0.9,1=0.4,¢; =2, ¢ =3, p =1,
v =1
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Fig.3.1. The Sagdeev potential ¢; (90) in the surface graphic for C =1.2, D = 0.1, [ = 0.5.
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Fig.3.2. The Sagdeev potential ¢; (90) in the plane graphic at 7 = 0.01 for C = 1.2, D = 0.1, 1 = 0.5.
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6. Conclusions

In this Work, We have investigated the propagation of nonlinear dust-acoustic waves in unmagnetized dusty plasma
with Boltzmann distributed electrons and nonthermal distributed ions considering variable dust charge. By using
the reductive perturbation technique, a KdV equation with a nonlinearity proportional to three-half power of the
wave potential is derived to investigate the nonlinear propagation of dust acoustic solitary waves. The stationary
new soliton solution and travelling wave solutions of the KdV equation are derived. The auto-Bédcklund (BT)

transformations, the modified g expansion method, the sine-cosine expansion method, sinh-coshine expansion
method and the sech-tanh expansion method have been successfully applied to find the Sagdeev potential ¢; for
KdV equation which described unmagnetized plasma with Boltzmann distributed and nonthermal distributed ions.
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