International Journal of Applied Mathematical Research, 13 (2) (2024) 74-82

International Journal of Applied Mathematical Research

SPC Website: www.sciencepubco.com/index.php/IJAMR

Research paper

Common Fixed Point Theorems in Extended Rectangular
b-Metric Spaces

Rakesh Tiwari' and Rajesh Patel>

! Department of Mathematics, Government V. Y. T. Post-Graduate Autonomous College, Durg 491001, Chhattisgarh, India
2 Department of Applied Mathematics, Bhilai Institute of Technology, Durg 491001, Chhattisgarh, India
*Corresponding author E-mail: rajesh.patel@bitdurg.ac.in

Abstract

In this paper, we establish common fixed point theorems for quadruple weakly compatible mappings satisfying a new generalized contraction
condition. Our results generalize the corresponding result of Budi Nurwahyu et al. [6]. Non-trivial examples are further provided to support
the hypotheses of our results.
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1. Introduction

The term common fixed point theory refers on those fixed points theoretic results in which geometric conditions on the underlying spaces
and for mappings play a crucial role. For the past several years metric fixed point theory has been flourishing area for many mathematicians.
The first famous result (Banach contraction principle) is due to Banach [5] in 1922.

In 1989, A well-known generalization of the concept of a metric space is introduced by Bakhtin [4], is that of a b-metric space. In
1993, Czerwik [8] used the concept of b-metric space and generalized the renowned Banach fixed point theorem in b-metric spaces.
However, several authors have investigated heavily the space for fixed point results in different type of contraction mapping [9, 19].
In 2016, George et al. [11] developed a new idea as an extension of b-metric, that is said a rectangular b-metric space. By utilizing
this space, some authors, such as [12, 15, 20, 22], have yielded some fixed point theorems on different types of contraction mappings.
Besides, in 2017, Kamran [16] generalized b-metric space to ended up extended b-metric space. Many authors have utilized the space for
fixed point results about such as, [1, 2, 25]. Recently, Mustafa et al. [22] obtained some fixed point theorems for a new generalization
in extended rectangular b-metric space. Asim et al. [3] worked for fixed point results and its applications in this space. For more on
generalized metric spaces (see also [7, 21, 28]). During this period, Banach’s contraction principle was mainly used to test the fixed points
of many kinds of contraction diagrams. Many authors have summarized Banach contraction in various ways [13, 18, 23, 26]. Gener-
alized weak contraction mapping is one of the interesting studies in recent years, such as the generalization of Banach contraction [17, 24, 27].

We first present some important definitions and notations which will be used in the main results as follows:

Definition 1.1. [10]. A mapping T : S — S where (S,d) is a complete metric space is said to be generalized weakly contraction if
d(Ts, Tt) < (d(s,1)) - p(d(s.1)),

where P, @ : [0,400) — [0,+00) are continuous and monotone nondecreasing functions with ¥(t) = @(t) = o if and only if t = 0. Dutta
[10] pointed out that when the function satisfies these conditions, T has a unique fixed point.

Definition 1.2. ([7], [8]). Let S be a non-empty set. A mapping dj, : S X S — [0, +o0) is said to be a b-metric, if there exists b > 1 such that
dy, satisfies the following conditions:

1. dp(s,t) =0, if and only if s=t,

2. db(sJ) = db(t,s),
3. dp(s,t) < bldy(s,r) +dp(r,1)],
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forall s,t,r € S. The pair (S,dy) is called a b-metric space.

Definition 1.3. [16]. Let S be a non-empty set. A mapping dj, : S X S — [0, +o0) is said to be an extended b-metric, if there exists a function
b:Sx 8§ — [1,+e0) such that dy satisfies the following conditions:

1. dp(s,t) =0, if and only if s=t,
2. db(s7t) = db(tvs)v
3. db(svt)Sb(sa[)[db(svr)+db(rat)}v

forall s,t,r € S. The pair (S,dy) is called an extended b-metric space.

Definition 1.4. [11].Let S be a non-empty set. A mapping dj, : S X § — [0, +o0) is said to be a rectangular b-metric, if there is b > 1 such
that dj, satisfies the following conditions:

1. dp(s,t) =0, if and only if s =t,
2. db(svt) = db(tvs)a
3. db(s7l)Sb[db(s7r)+db(r7p)+db(p7t)}7

foralls;t € Sand r,p € S\ {s,t}. The pair (S,d}) is called rectangular b-metric space.

Definition 1.5. [3]. Let S be a non-empty set. A mapping dj, : S x § — [0, o) is said to be an extended rectangular b-metric, if there exists
afunction b: S xS — [1,+0e0) such that dy, satisfies the following conditions:

1. dp(s,t) =0, if and only if s=t,
2. db(s7l) :db(t7s)7
3. db(svl)Sb(sat)[db(svr)+db(r7p)+db(p7t)}a

foralls,t € Sand r,p € S\ {s,t}. The pair (S,dy) is called an extended rectangular b-metric space.
Definition 1.6. [/4]. Let s, be a sequence in S and (S,d),) be an extended rectangular b-metric space.

o {su} is called convergent to s € S iff dp(sy,s) — 0, as n — oo,
o {su} is called Cauchy iff dp(sn,sm) — 0, as n,m — oo.

Definition 1.7. [14]. Let s, be a sequence in S and (S,d),) be an extended rectangular b-metric space. Self- mapping f and g on S is said to
be compatible, if dj,(fsn,u) — 0 and dy,(gsn,u) — 0, then dp(fgsn,8fsn) — 0, as n — oo.

Definition 1.8. [/4]. Let S be a non-empty set and Ty, T> : S — S be self-mappings. Ty, T, is called weakly compatible, for every s € S, if
T\s = Tps then ToTys = T\ T»s.

Recently, Budi Nurwahyu et al. [6] proved some common fixed point on generalized weak contraction mappings in extended rectangular
b-metric spaces. Inspired by their work, we prove generalized common fixed point theorem in extended rectangular b-metric spaces. We use
an example to prove our theorem and clarify the definitions.

2. Main Results

Now, we present our main results as follows:

Theorem 2.1. Let (S,dy) be a complete extended rectangular b-metric space. Let A,B,C,D : S — S be continuous mappings such that
A(S) C B(S) and C(S) C D(S) and satisfy the following conditions:-
b(r,y)yldp(Ar,Ay) +dy,(Cr,Cy)]
< y[A(dy(Ar,Br) +dy,(Cr,Dr) + dy(Ay, By) + dj,(Cy, Dy))
dh(Br7By) +db(DraDy)]
b(Br,By) + b(Dr,Dy)
— Bo(dy(Ar, By)dy(Ay, Br) +dy,(Cr,Dy)d,(Cy, Dr)), 2.1

v
where B >0,0<A <1,y<1, /}f}f <1, ¥, :]0,+00) — [0,4-c0) are continuous and  is nondecreasing with y(t) = @(t) = 0 if and only

ift =0.
1
IfA, B, C and D are compatible and lim [b(AzrszArz,,) +b(C2r2mDCr2n)] < 7R then A, B, C, D have a unique common fixed point in S.
n——oo

Proof. Let rg € S and since A(S) C B(S) and C(S) C D(S), then we can define a sequence {y, }, where yp, = Arp, = Bra,41 and yp, 41 =
Crop+1 = Dryyyp. Since y is nondecreasing, now using (2.1) we have,

b(ran; ran1) W [dp(Aran, Aran 1) +dp(Cran, Craps1))
< W[A{db(AerBQn) +db(Cr2n7Dr2n) +dh(Ar2n+1 7Ban+l)

dp(Bra, Bry,41) +db(Drzn,Dr2n+1)>
b(BanuBan-‘rl)+b(Dr2n7Dr2n+])

— B (db(Aran,Brans1 )y (Aran 1, Brag) +dy(Cran, Drns1)

dy(Crapy1, Drzn))]

+dp(Craps1 ,Dr2n+1)} + 7(
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or

b(r2n7r2n+1)W[dh(YZn7y2n+l) +db(y2nay2n+l)}
< W[/l{db(mn,yznq) +dp(yans1,Y20) +dp(yon, y2n-1) +db(y2n+1>y2n71)}

dp(y2an—1,Y20) +dp(Y2n—1,Y20) )
b(y2n—1) +b((y2n-1)

-Beo (dh (205 Y20)dp (Y2115 Y20-1)) +dp (Y20, Y20)dp (Y2n 115 Y201 ))]

+1(

1

<—— [W{M (dp(y2nsy20-1) +db(Y2ns1,52n)) } + Y{

db(y2n71 Jzn) }]
b(r2n7r2n+l)

b(y2n—1,Y2n)

S b [\V{Z/'L (dp(y2n,y20-1) +dp(Yant1,Y20)) } + Y(db(mnq Jzn))]

<y [21 (dp(yansy2n—1) +dp(yans+1,Y20)) + Y(dp(y2n—1 7)’2/1)] .
Again since Y is nondecreasing, we have

2dp (yans yant1) < 22 (dp(yon, y20-1) +dp(y2ns1,520)) + Y(dp(Y2n—1,Y20),

or

2A +
dp(y2n:Y2n11) < (J)(dh()’Zn—la)’Zn)

2-2A
A+%
17; ) (db(y2n—1,Y2n)-

<(

Al
Leta = li_—i, then we have

dp(yan,y2n+1) < 0(dp(yan—1,Y20),

and by using recursively, we get

dp(y2n:y2n+1) < & (dp(yo,y1)- (2.2)
Since 0 < o < 1, then
im dy (y2n,y2n41) < Tim " (dp(yo,y1) =0

ie. dp(yon,Yon+1) — 0 as n—oo. (2.3)
Now we show that {y,} is a Cauchy sequence. By using (2.1), we have
b(ram, r2n) W [dp(Aram, Aray) + dip(Cram,Cray )|

< W[A’{dh(AeraBer) +dl?(C'QZmaD”ZWL) +dh(Ar2mBr2n)

db(BervBan) +dh(Dr21717Dr2n))
b(BervBan) +b(Dr2m7Dr2n)

-Beo (db(AervBan)db(A’?mBer) +db(chvaan)db(Cr2naD72m))}

+db(Cr2,,,Dr2,,)} + 'Y(

or

b(eryan)W[dh(y2m7YZn) +db(y2m7y2n)}
< ‘l/[l{db(yznuyzmq) +dp(Y2m, Yom—1) +dp(Y2n, Y20-1) +db(y2my2n71)}

. (db()’mele/anl) +dp(Yom—1,Y2n-1) )
b(Y2m—1,Y2n-1) +b(Y2m—1,Y2n-1)

7ﬁq)(db(yZmayanl)db(yZmymel) +dh()’zm,yznfl)db(hmyszl))]

or
b(r2m7 r2n)l//[2db(y2m7y2n)]

<y [22{dyamyom 1)+ dp(vamvon1) } H(w)]

b(yam—1,Y2n-1)
< V/P)L{db()’ZmJmel) +db(YZn7y2n71)} + Y(db()’Zm—ly)’Zn—l))}
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< m [V’Zfl {db()’va)’mel) +db(y2n7)’2n71)} + '}'(db()’2m717y2n—1))}

< V/[Z/l{db(yszan) +dp(y2n,Y2n-1 )} + 7<db()’2m—l Y2n—1 ))]
<y [21 {db(yzmyzm—l) +dp(Y2n,Y2n-1 )}
+ 7<db(y2m71 sY2m) Fdp(Yam, Y2n) + dp(Y2n, Yon—1 ))] :

Since v is nondecreasing, we get

2dp(Yom»y2n) <24 {db 2m>Y2m—1) +dp(YansYon—1 )}
+ Y(db(yzmq sY2m) +dp(Yam, Yon) +db(y2my2n71))'

By using (2.2) and (2.3), we get  lim  dj,(Yom,y20) = 0. i.e. dp(Yom,y2n) —> 0 as m,n — . Hence {y, } is a Cauchy sequence in S.
m,n—-o0

Since S is complete, then 3 u* € S such that dj,(yy,,u*) — oo i.e.
dp(Aryy,u™) — 0,dp(Broy,u*) — 0,d,(Cryp,u™) — 0,
dp(Dryp,u*) — 0 as n— oo, 2.4)

Since A, B, C and D are compatible mapping, then from (2.4), we have
dp(A%ry, Au*) — 0,d),(ABryy,, Au*) — 0,d),(BAra,, Bu*) — 0 and
dp(C?ray,Cut*) — 0,dy(CDryy, Cu*) — 0,dy(DCray, Dut*) — 0

as n— oo, 2.5)
Now

(A2, 120) W [dp(A? 12, Aran) ] + B(Cran, ron) W [d)y(CPran, Cray)]

<y [ﬂ, {db (Azrz,, ,BAry,) +dp (Czrzn,Drzn) +dp(Ary,, Bray)

dy,(BAra,, Bra,) +dy(DCray, Dray, ) >
b(BAray, Bra,) +b(DCray, Dray)

+ db(Crngrz”)} + ’)’(
—Beo (dh (A%r3, Bx2,)dy(Aran, BAray) +dp(C*ran, Dray)

db(chn»DCVZn))]

or
1
b(c"2m"2n)

1
b(AerVZn)

G v {2 (ba%r20,B4r)

W[db(AernaA”Zn)} + V/[db(CZVvaCVZnH

< 1
b(Ar2n7”2n)+b

+b(CPra, DCrzn)> (db (A%rpn,Au”™) + dy(Au*, ABry,)

+d,(ABryy, BAry,) +dp(C*ryy, Cu*) + djy (Cu*,CDry,)
+dy,(CDr,,DC r2n)> +dy,(Aran, Broy) +dp(Crap, Dray) }

+ (db(BAerBrZH) +db(Dcr2naDr2n) ):|
b(BAanvBan) +b(DCVbHDVZn)

1
<
= b(Aryy,r2n) +b(Crap, )

(db (A2rap, A*) + diy (A, ABray) + dy (ABray, BAra,)

[w{A (6(4%rs0, BAPs,) +-5(Cray, DCr2))

—O—db(Czrszu*) +db(Cu*,CDr2n) +db(CDr2n,DCr2n)>

+dy,(Ary,,Bry,) +db(CV2mDr2n)} + Y(db(BAQmBQn) +db(DCV2mDV2n))]

< [W{A (64720, BArsy) +b(Cr2, DCr) ) (dy (4212, Au) + dy (A ABr)
+d(ABray, BAry,) + dy(C*ray, Cu*) + dy(Cu* ,CDryy ) + dh(CDrszCrzn))

+db(A’AZn:B’AZn) +db(Cr2n7Dr2n)} + Y(db(BAVZmBan) +db(Dcr2n7Dr2n)>:|
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< [w{a (b(Azrzn,BAan) + b(Czrgn,DCrzn)> (d,, (A2ra, Aus) + dy(Au*, ABray,)
+dy(ABry,,BAry,) +dp (Czrgn,Cu*) +dy,(Cu*,CDry,) +d (CDrzn,DCrz,,))
+dp(y2n,Y20-1) +dp(y2n, y20-1) } + Y(db (BAran, Brap) +dp (DchmDr2n)>:|

< {Vf{l (b(AerthAan) +b(C2r2n7DC72n)> (db(AzrzmAu*) +dp(Au”,ABr,)
+dy(ABray, BAray) + diy(C2rom, Cu*) + diy(Cu* ,CDray ) + diy(CDray, DCr2,1)>

+ 2db(Y2n7y2n71)} + Y(db(BArszrzn) +db(DCV2n7DV2n)>} .

Using(2.2), we have
< [W{A (642720, BArsy) +b(C2r20,DCr2) ) (dy (42720, Au") + dy (A ABr)
+dy(ABray, BAryy) +dy(C2ran, Cut™) +diy(Cu*™ ,CDray) + diy(CDrop, DCrz,,)>
+20" dyy (0,1 )} + Y(db (BAran, Bra,) +dy, (DchnaDan)>:| :

Since v is nondecreasing, we get

1 1
b(cr2n772n) b(Ar2n7r2n)

< {/1 (b(Azrzn,BArz,,) +b(C2r2n,DCr2n)) (db (A7, Au™)

(dp(A%rap, Aray) + dp(C?ray,Cray)

+dy,(Au*,ABra,) + dy (ABray, BAra,) + diy (C*rap, Cu*)
+d,(Cu*,CDry,) + db(CDrszCrzn)) +2a" dy(yo, )1 )}

+ y(db(BAan,Ban) +dy(DCra, Drz,,)) . (2.6)

Since |
lim [b(Azrzn,BArz,,)+b(C2r2n,DCr2n)} <=

n—soo A

Using (2.4), (2.5), (2.6) and for n — oo, we get

1

dy, (A2 A —_
(h( 2n; r2")+b(Ar2n,r2n)

1
lim

s i _
n—soo [b(chern) »(C rgn,Cr2n)] 0

This implies that

1
lim

1
2 _ .
Jim [7b(Cr2n,r2n) (dp(A rzn,Arzn)} =0 and nhm

— 4, (C*ryy,,C ]:0
Hf"’[b(f‘\rzn,rzn) p(Cron )

yields (dy,(A%ry,Aryy) =0 and n@wdb(czrzn,CrZH) =0. 2.7

Now
dy(Au” ) < D(AW ) [dy (Au, A2720) + dp (A%, Arag) + iy (Ar, )]

and dy,(Cu*,u*) < b(Cu*,u*) [db(Cu*,Czrzn) +d,(C*ryy,Crap) +db(Cr2n,u*)] . (2.3)

Using (2.4), (2.5), (2.7) and (2.8) for n — oo, we obtain dj,(Au*,u*) = 0 and d;,(Cu*,u*) = 0. Thus we have Au* = u* and Cu* = u*. Now

dy(u*,Bu*) = diy(Au*, Bu*) < b(Au*, Bu*) [db(Au*,ABrzn)

+dp(ABray, BAry,) +dj(BAray, u*)]

and dy(u*,Du*) = dp(Cu*,Du*) < b(Cu*,Du’") [dh(Cu*,CDrzn)

+dy(CDay, DCryy) + dy(DCra, u*)] : (2.9)

By using (2.4), (2.5) and taking n — oo in (2.8), we get dj,(u*,Bu*) = 0 and d,,(u*,Du*) = 0. Hence we get Au* = Bu* = u* and
Cu* = Du* = u*. Thus u* is common fixed point of A, B, C and D.



International Journal of Applied Mathematical Research 79

Next, we show the uniqueness of common fixed point of A, B, C and D. Suppose that t* is another common fixed point of A, B, C and D. i.e.
t* = Ar* = Bt* = Cr* = Dt*. From 2.1, we have

b(u*,t* )y [dy(Au* ,Ar*) + dp(Cu*,Ct*)]
< w[l{db(Au*,Bu )+dy(Cu*, Du* )+db(Az*,Bz*)+d,,(Ct*,Dt*)}

(db(Bu* ,Bt*) +d,(Du*,Dr*) >
b(Bu*, Bt*) + b(Du*, Dr*)

—ﬁ(p(db(Au Bt*)dy(Ar*, Bu* )+d,,(Cu*,Dt*)db(Ct*,Du*))]

or

dp(Au* | At*) + djy(Cu* ,Ct")]
_
b(u*,1*)

+db(Ct*,Dt*)}+}/(

[
< l//[l{db(Au*,Bu*) - dy(Cu*, Du*) + diy(At*, Br*)

db( 5 t*)+dh(Du*7Dt*)>}
b(Bu*,Bt*) 4+ b(Du*,Dt*)

< w[l{db(Au*,Bu*) +dy(Cu*, Du*) + dy(At*, Bt*) +db(Ct*,Dt*)}
+ Y(db(Bu*7Bt*) +db(Du*,Dz*)>] .
Since v is nondecreasing, we have
[dy(Au*, At") + dy(Cu*,Cr*)] < [QL {db(Au*,Bu*) +dy(Cu*, Du*) + dyy(At* Br*) +db(Ct*,Dt*)}
+ y(d,,(Bu*,Br*) + db(Du*,Dt*))]
< [ dpl ) + dy (' ')+ dy (7, 1°) + dy(7,17) |
+y (A1) +dy(u,1) )]

or
[dp(u*,t*) +dp (u* 1) [ {db u* u* +db(u*,u*)+db(t*,t*)+db(t*,t*)}
+y(dyu 1)+ dy (1) )|
[2dy (" ,1%)] < [ZA{db(u*,u*))+db(t*7t*)}+2y<db(u*,t*))]
§27<db(”*7t*))

Thus
(I=7)(dp(u*,t*) <0. Since 1 —y >0, we have dp(u*,t*) = 0.

This implies that

u =r".
O
Now, we provide an example of our proven result.
Example 1. Ler S=[0,1], eﬁne dp(r,p) = 5 Lr—p)? and b(r,p) = 40r=p)’ on S x S. Define A,B,C,D to be self-mapping on S as follows:
A(r) = 55,B(r) = 57,C(r) = 5,andD(r) = r, and define y(t) = %t,(p = 35 fort € [0,0) and take A = %,[3 = %,y: 2%
In fact, it is clear that dj(r, ) é(r — p)? is an extended rectangular b—metric with b(r, p) = 4=p?_ Now we have
. 2 2 T I'n 'n I'n I'n
lim [b(A%r, BAr,) +b(Cr, DCr)] = Tim [b(AC). B 4 b(c(2), D(2))]
. 'n Tn 'n Tn
= lim (56, 55) #0557l
— tim (43 H) 4GB
n—70
1
=l+1=2<-=4.
* p
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Consider

dy,(Br,B dy,(Dr,D
w[x(db(Ar,Br)+db<cwr>+db<Ap7Bp>+db(Cp,Dp>>+y b(Br, Bp) =+ dy(Dr, ”)}

b(Br,Bp) + b(Dr,Dp)
- ﬁ(P(db(Ar7Bp)db(Apor) +db(cr7Dp)db(Cp1Dr))

d L27£2 d, r,
§W|:A( (23722)+db( )+db(23722)+db(2 ))+Y b(z 2£)+ b ( p):|

b(zLZa 22)+b(r7p)

=B (g5 Bl ) + o5 (o))

T R T e el

1, r 1 r r 1
~po(5Gr - 35G35 G5 G -07)

9{ (1 Lr o Lop po Lp o\ 1 (5(F-5>+50-p)
= lilaG -5 +3G-" +5(H -5 +5(-») )+*9( 2
214\9 22) 9l 9\23 22/ To9ly P\ () g
1,7,721 p_ryp Lo olip o
( 505 —2) 5wtz PG )>

Since r,p € S =0,1], then we have

2 2
< 1(17r +17p +i
-8 26 212

_1 (17r2+17p2 (r*p)2) w32 = F G2+ —rptp?)

) 26 + 29 210
17}’24-17172 (r—p)2 r2+p2+r2+p2
=z 29 2 710
172 +17p* | (r=p)* _ (P +p)
- 29 212 29
136(r% + ) + (r— p)* = 8(r* +p?)
= 712
128(r2 4 p*) —2rp
T
128(r2 +p2 — %rp)
= 212
128(r%2 + p* —2rp)
>\ 7 =F
= 212
128(r— p)?
I

~56((r—p)*+(r—p)?)
= 212 .
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. (r—p)?
It is clear that r,p € [0,1], we have 25762 > 42: , SO

r— 2 r— 2 (r—p)?
e =y

> b(r,p) [w (d,, (Ar,Ap) +dy(Cr, Cp)):| .
Thus the condition:
b(r, p)wldy(Ar,Ap) +d,(Cr,Cp)]
<y |A(dy(Ar,Br)+dy(Cr,Dr) +dy,(Ap,Bp) +dy,(Cp,Dp))

dp(Br,Bp) +dy,(Dr,Dp)
b(Br,Bp) + b(Dr,Dp)
— Bo(dy(Ar,Bp)dy,(Ap, Br) +dy(Cr,Dp)dy(Cp, Dr)) holds.

Hence, based on theorem 2.1, this implies that A, B,C and D have unique common fixed point.

Corollary 2.1. Let (S,dp) be a complete extended rectangular b-metric space. Let A,B,C,D : S — S be continuous mappings such that
A(S) CB(S) and C(S) C D(S), B(S) and D(S) are closed and satisfy the following conditions
b(r, p)ldy(Ar,Ap) +dy(Cr,Cp)]
< Ady(Ar,Br)+dy,(Cr,Dr)+dy(Ap,Bp) +d,(Cp,Dp)
dy(Br,Bp) +d;,(Dr,Dp)
b(Br,Bp) +b(Dr,Dp) ’

(2.10)

7 1
where 0 < A,y < 1, ’}f; < 1. IfA, B, C and D are compatible and lim [b(A’r,,BAr,) + b(A*r,,DCr,)] < o> then A, B, C, D have a
n—yoo

unique common fixed point in S.

Proof. By taking y(¢) =t, B =0 in Theorem 2.1 . Then we conclude that A, B, C, D have a unique common fixed point. O

Theorem 2.2. Let (S,d),) be a complete extended rectangular b-metric space and the functions g, h : |0,00) — [0, 00) be Riemann integrable
on [0,00) with [§ g(p)dp > 0 for every € > 0. IfA,C : S — S be a self-mapping satisfying the following integral inequality condition

/db (ArAy)+d, (Cr,Cy)

g(p)dp
0

<

1 A (d(Arr)+dy (Crr)+dy (Avy)+dy (Cry) )+ B 24, (ry)
(/ sp)dp=B [ hp)dp,
b(r.y) \Jo

Y
where B > 0,0 < A(#£1),y< 1, ?ji < 1, then A and C has a unique common fixed point.

Proof. Taking B(r) =C(r) =r,y(s) = [y g(p)dp and ¢(s) = [5 h(p)dp, since g(p) and h(p) is Riemann integrable on [0,0), we have
v (s) and @(s) is continuous and nondecreasing on [0,0). Then we immediately conclude that A and C has a unique common fixed point. [

3. Conclusion

In general, extended rectangular b-metric space is not a Hausdorff space. So, we need a Hausdorff property in this results, therefore there
exists a unique limit point of sequence as the uniqueness of fixed point.
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