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Abstract

In this study, we investigate the convergence behavior of fixed points for generalized @-nonexpansive mappings using the Picard-Thakur
hybrid iterative scheme. We obtain weak and strong convergence results for generalized a-nonexpansive mappings in a uniformly convex
Banach space. Numerically, we demonstrate that the Picard-Thakur hybrid iterative scheme converges more rapidly than other well-known
schemes. Additionally, we present findings on data dependence and provide a numerical example to illustrate the concept. The obtained
results are expanded and generalized to be consistent with relevant findings in the existing literature.
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1. Introduction

Let .# be a nonempty subset of a Banach space %. A mapping & : 4 — M is;
(1) a contraction mapping if for all a,b € .# and { € (0, 1) such that

[Ga—9b| < Llla—Db]|.

(2) a nonexpansive mapping if for all a,b € A
|9a—%bl| < lla—b].
(3) a quasi-nonexpansive if there exists an element a* € F(¢) such that

|9a—a*|| <l|la—a*|, forallac .#.

We denote the set of all fixed points of the mapping & : .# — .# by F(9).

In [7] Browder showed that, for any nonempty closed convex subset .# of uniformly convex Banach space (UCBS) 8 has a fixed point for a
nonexpansive self mapping.

Suzuki [28] presented a new kind of mapping called Condition (C) in 2008, which is weaker than nonexpansive mappings but stronger than
quasi-nonexpansive mappings. Suzuki discussed the fixed point existence results for a mapping that satisfies the condition (C).

Y . M — A is said to satisfy Condition (C) if

1
Slla=al < la—bl| = |#a— b < a=b||. Va,b €.4. 1)

In 2011, Aoyama and Kohshaka [3] defined a new type of mappings in Banach spaces, known as a-nonexpansive mapping, and explored its
fixed points. A mapping ¢ from .# to ./ is said to be o--nonexpansive if for all a,b € .# there is an & < 1 such that

|%a—%b|*> < a||b—Ga|? + ct||a—4b||*> + (1 —2a) ||la — b|>. )

A nonexpansive mapping is clearly a 0-nonexpansive mapping. An example of a discontinuous a-nonexpansive mapping (with & > 0) has
been given in [3]. In general, an a-nonexpansive mapping and a mapping that satisfies the Condition (C) are not continuous, as demonstrated
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in [21].

Pant and Shukla [19] defined a new type of mappings known as the generalized &-nonexpansive mapping, which is defined in such a way
that:

Yla—al < la—b]|
implies
|9(a) -9 (5)] < allp~F ()| + ola—F B + (1 ~2a)la b, ®

forall a,b € .4 where a € (0,1).
Several researchers used this mapping to approximate the fixed points in Banach spaces. For instance, we refer to [4, 8, 19, 25].
In 1922, Banach [5] introduced the Banach Contraction Principle which states that fixed points of a contraction mapping can be approximated
by Picard iterative scheme [20]. The Picard sequence {a,} defined as follows
a €M, n€LT
{ “

any1 =Yay.

The above sequence generated by the Picard scheme is not converging to a fixed point of nonexpansive mappings. For more details, we refer
the reader to [6].

Many novel iterative techniques have been developed by authors in order to obtain the relative effective rate of convergence and overcome
this kind of difficulty (see:[16, 12, 1, 29]) and many more. Among these iterative schemes, some authors introduced hybrid schemes that
converge faster than simple schemes.

In 2013, Khan [14] gave the concept of Picard-Mann hybrid iterative scheme. This scheme is defined as follows:

ap=ac M
any1 =9b, neZt 5)
by =(1—ay)ap+ 4, Yay

where {0, } € (0,1).
In 2019, following Khan, Okeke [17] gave the Picard-Ishikawa hybrid iterative scheme which is defined as:

ay=a€.H

any1 =9 by c7t
Z
bn = (1 - an)an + Yy "= (©)

cn=(1=By)ay + BnYan

where {a, },{B:} C (0,1).
Recently, Srivastava [27] introduced Picard-S hybrid iterative scheme which is defined as:

ag=a€.HN

Gpy1 =9 by
by=(1—-0,)%an+ a,Gcy
cn = (1= Bn)an+ G an

neZ’ @)

where {a, },{Bn} C (0,1).
Also, Lamba and Panwar [15] introduced the Picard -S*-iterative scheme which is defined as:

ag=a€H
Gpy1 =9 by
by=(1—0oy)%an+0,%Gc, ncZ' (8)

cn=1-PBn%ba,+ B,%d,
dp = (1—"%)an+ mYan

where {a, },{Bn},{%} C (0,1).

Recently, Jia Jie et al. [13] proposed Picard-Thakur-iterative scheme which is defined as:

a € M

apy1 =9by

bp=1—-0,)9d,+ a,9cy 9)
Cn = (1 7Bn)dn+ﬁngdn7 nelt

dn = (1= "Y)an +mYan

where {a, }, {Bn}, and {7, } are sequences in (0,1).

By using the iterative scheme (9) we prove some fixed point results and discuss a numerical example for generalized @ —nonexpansive
mappings that demonstrates how (9) converges more quickly than all Picard hybrid schemes. Data dependence results for almost contraction
mappings are also presented.
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2. Preliminaries

Definition 2.1. Let .# be a nonempty closed convex subset of a Banach space 5. A mapping G : M — M is called demiclosed w.r.t b € 5,
if for each {an} C M and a € M, {an} — a and {Ga,} — b= Ga=b.

Sentor and Dotson [24] gave the concept of Condition (I) which is as follows:

Definition 2.2. Let Y : .# — M be a self mapping. It is said to satisfy Condition (1), if there exists an increasing function r from [0,e0) to
[0,00) with r(0) = 0 and r(s) > 0, forall, s > 0 such that

d(a,9a") > r(d(a,F(¥))), forall ae A,
where d(a,F (%)) = inf{d(a,a*) : a* € F(¥)}.
Definition 2.3. Let % be a Banach space and {ay} be bounded in B. Define a mapping ro({an},a) : Z — RT by
ra({an},a) = limsup |la, — al|.
n—o0
For a € B, the value ra({an},a) is the asymptotic radius of {a,} at a.
The asymptotic radius of {an} w.rt. to M C B is defined as:
ra(M {an}) =inf{rs({an},a) :a € A}.
The asymptotic center of {an} w.r.t. to M is
A(AM {an}) ={a € M :ro(M {an}) = ra(a,{an})}.

The asymptotic centre of {a,} with respect to .# is nonempty and convex whenever .# is weakly compact [2, 10]. One of the known
properties of the set A(.#,{ay}) is the singleton property in a UCBS 2 [9].

Definition 2.4. [18]
A Banach space B obeys the Opial’s property if for each weakly convergent sequence {a,} to a € %,

liminf||a, — a|| <liminf||a, — b]|
n—oo n—oo

holds, for all b € % with a # b.

Proposition 2.1. [19] Every mapping that satisfies Condition (C) is also a generalized &-nonexpansive mapping, but the converse is not
true.

Proposition 2.2. [19] let .# be a nonempty subset of Banach space B and G : M — M is a generalized oi-nonexpansive mapping. Then
3+a)
(1-a)

Theorem 2.1. [28] Let 4 be a mapping on M, where M is a convex and weakly compact subset of a uniformly Banach space 5.
Let ¢ satisfies Condition (C). Then ¢ has a fixed point.

Lemma 2.1. [23]Let0<x <, <y <1foralln€Z" and % be a UCBS and {a,} and {b,} are sequences such that limsup ||a,| < d,
n—yo0

la—¥(a)ll <

la—%(a)||+|la—b]|. Ya,be .

limsup ||b,|| < d and limsup ||(1 — &, )a, + 0, by|| = d holds for some d > 0. Then lim ||a, — by|| = 0.

n—soo n—soo n—ee
Lemma 2.2. [19] Let 4 be a generalized o-nonexpansive mapping satisfying the Opial’s property. If {a, } — ¢ and lim, o ||ay, —% (an)|| =0,
then 9(c) =c, i.e. I —9 is demiclosed at zero, where I : B8 — A is the identity mapping.

Definition 2.5. Let &4 be an a-nonexpansive mapping and . be a non-empty subset of Banach space % such that§ : M — M, then
F (%) is closed. In addition, F (%) is convex provided that 4 is strictly convex and A is convex.

Proposition 2.3. [22] Let G : # — M be a Generalized o.-nonexpansive mapping. Then the following holds.

i) If condition (C) is satisfied by 9, then condition (Cy) is satisfied as well.
ii) If F(4) # 0 and condition (Cy) holds for 4, then 4 is quasi-nonexpansive.

Next, we review some definitions and lemmas that helped us to demonstrate the validity of our data dependence results. The following
general definition for contractive-like operators was taken into consideration by Imoru and Olatinwo [11].

Definition 2.6. An operator ¢4 is called a contractive-like operator if there exist a constant q € [0,1) and a strictly increasing continuous
Sfunction ¢ : [0,00) — (0,00) with ¢(0) = 0, such that for each a,b € A,

[9a—4b| < ¢(lla—%all) +qlla—bl|. (10)

Definition 2.7. [26] Let Y, : M — M be two operators. We say that . is an appropriate operator of 4 if for fixed € > 0, and for all
a € M, we have
|“9a— Za| <e.

Lemma 2.3. [26] Let {x, } be a nonnegative sequence for which there exists no € N such that for all n > ny, one has the following inequality,
Xpp1 < (] - 2rn)xn + 2ran
where A, € (0,1), VneN, Y> | A, =coand g, >0, for all n € N. Then,

0 < limsupx, < limsupg,.
n—oo n—soo
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3. Rate of Convergence

By using (9), we demonstrate convergence results for generalized a-nonexpansive mappings in UCBS Z.

Lemma 3.1. Let .# be a nonempty closed convex subset of UCBS B. Let Y . .M — M be a generalized oi-nonexpansive mapping with

F(¥) # 0. Let {ay,} is defined by the Picard-Thakur hybrid iterative scheme (9), then lgn lan —a*|| exists ¥V a* € F(9).
fraresy

Proof. Since ¥ satisfies condition (Cy), therefore by proposition 2.3, ¢ is a-nonexpansive mapping that is

Jlla—(@)) <lla—b| implies
1% (@)~ 9(b)| <allb—F (@) + alla—F(b)]| + (1 - 200)]|a—b]

Leta* € F(¥). By (9)
dn=(1="%)an+ %9 (an).

So,
lldn —a*[| =[I(1 = tu)an + 1% (an) —a"|
=[[(1 = m)an+ 1Y (an) —a" +1a" — ya”||
=[I(1=m)(an—a") + (¥ (an) —a’)||
<(I=m)llan —a*[|+ ¥ (an) —a"|
and
19 (an) —a* | < allay — 4 (") ]| + &% (an) —a* || + (1 - 20) an — "
that is,
19 (an) —a*|| = atljan —a* || + || ¥ (an) — a*[| + (1 - 20 |lan — a"||
Hence,
(1-a)||9(an) —a*[| < (1 - a)llan —a”|.
Therefore,
19 (an) —a*|| < llan —a"||.
So,

ldn —a*[| <(1=p)llan — @™ || + Yallan —a”||

<[lan —a"|.
As, ¢y = (1= Bp)dn+ B9 (d,), then
llen —a*[| =I1(1 = Bu)dn + Bn¥ (dn) — a* ||
<(1=Ba)lldn —a* || + Ball (dn) — a*||.

From (11), we have
lldn —a”|| < [lan —a"||

and
19 (dn) —a*|| <alldn —F (@) ||+ |G (dn) —a”|| + (1 = 2a) || dp — a”]|.
<alld, —a* ||+ |9 (dy) —a*|| + (1 - 20)]|dy — a”].
Hence,
(I-a)[|9(dy) —a"| < (1 — a)|dn —a"|.
Therefore,

|9 (dn) —a”|| <||dn —a"||

< Han 7a*H7

which implies
llen —a™|| < [lan —a™||.
For third step of (9), as b, = (1 — 0,)¥4(dp) + 0,9 (cy,), then we have
1bn —a*|| =[|(1 — )4 (dp) + % (cy) — a*||
<1 =) |9 (dn) —a” || + nl|F (cn) —a” |-

As, from above |4 (d,) — a*|| < ||a, —a*|| and

9/ (ca) —a"|| < &||F (cn) —a"[| + tljcn =4 (a") | + (1 = 20) [ en — "],

SO,

(1=a)¥(cn) —a"|| < (1 = &) flen —a”]],

1D

(12)
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which implies that
I (cn) —a”[| <llen —a”]|

<llan—a"|],
which implies
b0 —a*]| < llan—a”]. (13)
Next
lan1 —a" || < (| (bn) —a"||
We know that
9 (bn) —a"[| < ellbn —F (a*) | + al|F (bn) — a” || + (1 = 200)[|bp — a”||
S0,
(1=a)[|¥(bn) —a’|| < (1= a)|[by — "
and hence
9 (bn) —a*|| <[lbn —a”||
<llan —a|.
This implies,
a1 —a*ll < llan — "L (14)
Equation (14) show that {a,} is non decreasing and bounded. Hence ,,hjolg |lan — a*|| exists for every a* belongs to F(¥). O

Lemma 3.2. Let #, B, 4 and {a,} are as in Lemma 3.1. Then F(¢4) # 0 if and only if {a,} is bounded and lgrl llan — G au|| = 0.
el

Proof. Leta* € F(¥), {a,} be bounded and from Lemma 3.1, the limit exists for a* € F(%¢). Let
lim |la, —a*|| =d. (15)
n—oo
Using the proof of Lemma 3.1 and keeping equation (11), we obtain
lldn —a*|| < llan —a"||. (16)
By applying limsup as n — oo, we get
limsup ||d, —a*|| < limsup ||la, —a*|| =d. (17)
n—yoo n—oo
By above Lemma 3.1, we have
|19 (an) = (a")|| < llan —a"||.
Applying limsup as n — oo, we get

limsup |4 (an) — ¥4 (a")|| < limsup ||a, —a*|| < d. (18)
n—oo

n—oo
From Lemma 3.1, we also have
lans1 —a*|| < |ldn —a"]|.
Applying further liminf as n — o we get
dSlinII_l)i;lfHdnfa*H. (19)

From (18) and (17), we have
lim ||d, —a*|| =d.
n—oo

Hence,
d = lim ||d, —a*||
n—oo
= lim ||(1 — W)an + mWZa, —a*||
n—oo
:nhj}m”(l —Yn)(an—a" )+ m(Ga, —a")|. (20)

From (20), (18), (15) and Lemma 2.1 we have
lim ||a, —%ay|| = 0.
n—soo
Conversely, if {a, } is bounded and lgn llan —%an|| = 0, then F(¥) # 0.
fraresy
Let a* € A(.# ,{uy}); by Proposition 2.2 we have

ra(9(a”), {w}) =limsup |#(a”) — an|
. B+a)
<limsep((T )

<limsup |la, —a”||
n—yoo

llan =% (an) | +llan —a”|

so,
ra( {an}) = ra({an},a")

which implies 9a* € A(A ,{an}).

Since 4 is uniformly convex then A(.#,{a,}) is singleton. Hence, ¥a* = a*. O
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Theorem 3.1. Let .#, B, 4 and {a,} be are as in Lemma 3.1. Let A satisfies Opial condition. Then {a,} converges weakly to a point of
F(9).
Proof. Leta* € F(¥). Then by Lemma 3.1 lgn |la, — a*| exists. In the next step, we demonstrate that (%) has a unique weak subsequential
n—oo
limit for {ay, }.
Suppose [ and m are the weak limits of {a,, } and {ay,} as subsequences of {a,}. By Lemma 3.2, lgn lan —¥(ay)|| =0and I — ¥ is
: e

demiclosed at zero.
Using Lemma 2.2 we can conclude that (I —¥¢)] =0 =1 = ¥(l), similarly m = ¥ (m).
Further, we show the uniqueness of the solution. If / £ m, using the Opial condition, we have

i [lay — 1] = lim [l ~ ]
< lim ||a,, — ||
[—o0
= lim ||a, — ||
n—soo
:nllgananm =1
<”lg{}°”anm —m|

= lim |ja, —|.
n—yoo

Hence,
lim |la, —!|| < lim ||a, —{||
n—oo n—yoo
which is a Contradiction; then [ = m. Consequently, {a,} — F(¥). O

Theorem 3.2. Let 4, B, 4 and {a,} be as in Lemma 3.1. Then {a,} converges to a point of F(¥) < lirginfd(an,F(%)) =0 or
o0
limsupd(a,,F(¥)) =0, where d(a,,F(¥4)) = inf{||a, —a*|| : a* € F(¥)}.
n—roo

Proof. 1f the sequence {a,} — a* € F(¥), then it is evident that lirginfd(an,F(g)) =0 or limsupd(a,,F(¥4)) =0.
n—ee n—oo
On the other hand, suppose that lirginfd(an, F(%))=0. From Lemma 3.1, 1iﬁm |lan — a*|| exists, for all a* € F(¢@). Therefore, by assumption
n—oo n—o

lijn d(ay, we get F(4)) =0.
fraresy
Now we show {a,} is Cauchy in ¢. As
lim d(a,,F(¥)) =0,

n—oo

for € > 0, there is mg € Z™ such that for all n > myq, we have

d(an, F(9) <

N m

which yields that
inf{|ja, —a*||:a* € F(¥) <

N m

In particular, d(a,,F(¢)) = inf{||a, —a*|| : a* € F(¥))} < §.
Therefore, there is a* € F(%)) such that

For m,n > my,

Han+m _anH §Ham+n - a*|| + |lan _“*H
Sllam, —a* || + llam, —a”||
=2lam, —a"||
<E,
which implies {a,} is Cauchy in .#. As ./ is closed in 2, so there is k € .# such that, nlglgoan =k. nlggd(a,,,F(g)) = 0 gives that
Jgrgod(an,F(g)):OimplieskeF(%). O

Theorem 3.3. Let A, B, 4 be as in Lemma 3.1. If F(4)) # 0 and lirlinwaan —F(9))|| =0, then {a,} defined by (9) converges strongly
e
to F(¥9).
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Proof. Assume that
linlianaan(%)H =0. (21)
n—soo

Then there is, {g, } a subsequence of {a,} such that:
liminf||g, — F(¢)]| = 0.

Suppose, {gx; } is again a subsequence of g, for which

1 .
llgn; — £ill < 5 Vil
such that {f;} C F(¥), then by Lemma 3.3:
1
Hgnj+1 _fjH < Hgn, _fjH < 5

Now, we show {f;} is Cauchy in F(¥). By (21) and triangular inequality:

. 1
fer = Fill < W jr = 8npd I < Mgy = fill < 55

Hence, the above argument implies that {f;} is Cauchy in F(%¢). By definition 2.5,F(%¢) is a closed convex subset of the Banach space .
Thus {f;} converges to the fixed point f, we have

l1gnj = 11 < llgnj = £ill + 1155 = £1I.

Let j — oo implies {g,;} converges strongly to f.
Accordingly, 1Lm |lun — f|| exists. For f € F($¥), by Theorem 3.1 we get {a,} converges strongly to F(¥). O
n—oo

Further, we demonstrate the strong convergence result due to Condition (1).

Theorem 3.4. Let 4, B, 4 be as in Lemma 3.1 and satisfying the property (I). Then the sequence {a,} defined by (9) converges strongly
toF(9).

Proof. From Lemma 3.2, we can conclude that
linl)ian%(an)fanH =0. (22)
n—soo

Since ¥ fulfills Condition (I), we have
linliana,, —F(@)||=0.
N—soo

Since, the conditions of theorem 3.2 are all met, its conclusion shows strong the convergence to F(¥). O

4. Numerical Example

Now, we provide a numerical example to support our results.

Example 4.1. Ler .# =[0,4] endowed with the usual norm |- | in Banach space R. Let G : M — M, such that

2a+3
vw-{% if a€[0,2:50)
Then

1. 9 does not satisfies Condition (C).
2. 9 is a generalized 0.-nonexpansive mapping.

For (1), let a=2.85 and b = 2.37. Then we get

1 1 3
5la=9a) :5‘2.85—a+ ‘
1 0.15
=—12(2.85)—2.85—-3| = —— =0.375
4‘ (2:85) ’ 4
and, a—b‘ = ‘2.85—2.37‘ =0.48.

So, % a—9(a)| <

a—b’.
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Now,

a+3 _ 2b+3
2 2

_ a+3f2b73‘

‘g(a) fg(b)' =

2
a—2b
-|e ‘
2.85—2(2.37)
.

1.89
=——=0.945.
2

Hence, |9 (a) — 9 (b)| > |a—b|. Then & does not fulfill the Condition (C).
The following step is to demonstrate that 4 is an generalized o-generalized mapping. The following cases are taken into account for this.
Case—1: When a,b € |0, %), then

2a+3 2b+3
[9(a) =4 ®)l|=|—F———F—I=la—?|
and
1 2a+3 2b+3
alb—Z(a)|+alla= )| +(1-2a)]la—bll =56 - ——[+ *I —7\+*| el
2a+3 b+3 1
> llp -2 fm—2|}fwfm
1 2a 3 2b
—§[|b*?*§*a+7+*u *\a*b\
l,a—2b—b+2a
|2 TN L Cla—b
HE |3m |
1
\b a—a+bl+= |afb\
:§\2a72b|+§\afb\
2 1
—§|afb|+§\afb\
=la—b| =¥ (a) = (b)]|
Case—2:lfa,b€[%,4),then
a+3 b+3 1
9(a) -2 0)l| =123 =222 = Zla—p
Then we have the following estimation:
1 a+3 b+3 1
allb—<(a)l +alla—< @) +(1-2a)]la—bll =50~ — \+*| 5|+ 3la-?]
1 a+3 b+3
>— —b————al+zla—b
231 > H | |
1 a 3 b
_ 1, —a-2a b+2b| 7| |
3 2 2
1,3a 3b, 1
*ﬂz"“ﬂ+§"“

1
=Zla=bl> Zla—bl = —a@(b)ll.
2la—b| > Sl bl = |9(2) -9 0)]
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Case—3:1Ifa €0, )andb€[67 ), then

allb =G (a)l|+afla—Z ()| + (1 -2a)|a—b|

1. 2a+3 b+3
—21p- 2211 Ja —|+f| b
1 2a 3 b
13 4a, 1
S A BT P A
317~ t3lebl
13 4a

71‘3b—2a—2a+2b|
3 2

71‘—4a+5b|

l‘4a 5b|

EE\Za—b| =9(a) -9

. . 1 . .
& is therefore a generalized 5 —nonexpansive mapping.

Next, we perform some experiment to compare convergence behaviour of the scheme (9). In the Table 1 we perform some tests for

. . . . L . 7 n o
the convergence behaviour of an iterative scheme for various initial points. Let the parameters are , = 1 — ;15, fn = 7o and
Yhw=1/% +7 and fix the stopping criteria to ||a —a*|| < 10710 where a* is a fixed point. Here, we found that the fixed point of the generalized

o-nonexpansive mapping is reached more quickly by the iterative scheme (9).

Table 1: Comparison of the convergence of iteration processes for various starting points

Initial points ~ Hybrid Iteration Processes

Picard- Picard- Picard- Picard- Picard-

Mann Ishikawa S iteration S* Thakur
0.2 29 27 15 14 12
0.4 28 27 14 14 12
1.6 27 26 14 13 12
2.7 25 24 13 12 12
3.8 26 25 15 14 12

In the Figure 1, we perform the convergence for different choices of parameters. For this, assume a; = 0.5 and we observe that iterative
scheme (9) reached faster to the fixed point of the generalized a—nonexpansive mapping.

5. Data Dependence

We show the data dependent result for iterative scheme (9) in this section, and use a numerical example to support our theoretical result.
Theorem 5.1. Let & be a Banach space and & be a contractive-like operator on a nonempty closed convex subset M of B , with F(4) # 0.
Let {ay} is generated by (9). Then {a,} — F(9).

Proof. Leta* € F(%) and from (9), we have

lldn —a" || =[(1 = )an + 1% (an) —a”||

<(I=m)llan—a*|| + wmll¥ (an) =4 (@) ||

(1 =m)llan —a* ||+ 8mlla® — an|l + mdlla” — ¥ (a*)
(L=")llan — a* ||+ 8Vnllan — a” ||
<(I-m(-

IN N

lldn —a™[| <(1—m 6))llan—a*|],

”Cn_a H :H(1 — Bu)dn + B9 (dn)_a*H
<(1=Bu)lldn — a*[| + Bull¥ (dn) — 4 (a*) |
<(1=Bu)lldn —a*[| + &Bulla” —dnll + Buglla” — % (a") |
=(1=Bu)lldn — a"|| + & Bul|dp — a"||

llen —a*|| <(1—Ba(1—6n))l|dn —a” ||,
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Figure 1: Comparison of the iteration processes for different parameter selections.

bn —a*|| =[I(1 — )9 (dn) + 0 (cn) — a||

Let o, 8, = v,. Then we have

Since, 0 < 6 < 1, then lim,,_co
F(9).

A

<(1—a)dl|dn — a* || + 0 S|cy — a”|]

A

(1= )9 (dn) —a" || + O||F (cn) —a”||

=(1= )8+ 0 5(1 =B (1= 8))(1 = 1u(1 = 8))lan —a’|

=0—380,+da,(1

= Bu(1=8))(1 = (1= 8))[lan —a”||

=8~ 800, (1— (1—By(1— 8))(1— (1 8))lay —a”|
=81~ (1= (1 Bu(1 = 8)) (1 — (1 — &)y —
=51~ (1~ 8)) (1~ (1~ 8))lan — "I

l[bn —a*[| =8(1 = Va(1 = 8))(1 = 1u(1 = 8))lan —a’

lant1 —a"[| =|1% (bn) — o’
<8|bp —a’|
<8(8(1—wy(1

:6211[(1 _

52"

—8)(1— (1 -
=82(1 = vi(1 = 8))(1 = (1 -

8))llan —a*|))
8))llan —a’|

v(1=8))(1 = y(1=8))]"[lar —a"||

0 which yields that hm l@n+1 —a*|] = 0, which completes the proof. Hence, {a, } converges to the

2n —
~onyge T =1

JR
n3+5

(1= 0)8(1 =1 (1 = 8))llan —a*[| + 08 (1 = (1= 8))(1 = Ya(1 = 8))[lan — a"||

O
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Theorem 5.2. Let .4, 5B, 9 and {a,} be as in Theorem 5.1 and . be an approximate operator of 4. Now, define {g,} for .% as follows:

g1EM
hn = (1= Y)8n+ ¥n"8n
en=(1=B)hy+PpShy, neN (23)
Jo=(1=04)S hp+ 00T ey
gnr1 =,
where {Y,}, {Bn} and {0, } C (0,1). Let a* € F(¥4) and a™* € F(.7). If {gn} — a™* as n — oo, then we have
€

* sk
— <=
<15

[la
Proof.

ldn — Bl =|1(1 = %) an + %% (an) — (1 = V) gn — % (&)l
< =) llan — gnll + %1% (an) — -7 (gn)|

(I =%)llan — gnll + |9 (an) — ¥ (8n) +9 (gn) = (gn) |l

(I =%)llan — gnll + |9 (an) = (gn)ll + 1l|¥ (gn) — - (gn)l
(I=%)llan — gnll + 12 [0lan — gnlll + @llan —F (an)||] + Y€
(I=%)llan — gnll + W0 l|an — gnlll + @ llan — < (an) || + Ve
(
(

IAIA

1- 7n + Yn Man — gl + 1@ llan — % (an) || + 1€
1 =% (1=6))llan — gnll + Wmdllan —Z (an) || + Tt

Since, a* € F(¥) and ¢ is a contractive-like operator, Theorem 5.1 implies
lim ||, —a*|| = 0. Hence
n—soo

0 < llan =% (an)ll < llan —a"[| + (|9 (a") = Gan||
<llan —a"|| + 8llan —a”||
<(1+96)|lap—a*|| =0 as n— .

So,
lldn — |l < (1= %(1 = 68))llan — gnll + e, (24)

”Cﬂ_enH :H(] _ﬁn)dn +ﬁng(dn) - (l _ﬁn)hn _ﬁny(hn)‘l

<(1=Ba)lldn = all + Ball¥ (dn) = (hn)
( _ﬁn)Hdn_hn”+Bn[5‘|dn_hn]“+¢Hdn dn)m"'ﬁns
(1= Bu)lldn = Tall + BnS | dn — hnlll + Ba || dn — 4 (dn) ] + Bue
(1= PBa(1 = 8))lldn = hnll + Bu®ldn — % (dn) | + Bre-

Since, a* € F(¥) and ¢ is a contractive-like operator, Theorem 5.1 implies
1ijn lan —a*|| = 0. Hence
N—3oo

IN

0 < |dn =G (dn)|| < l|dn —a*[| + [|Fa” =G (dn)
<lldn —a*|| + 8||dn —a”|

<(1+6)|dp —a"||
<(148)[[(1 = W)an + 1% (an) — 4 (a") ||
<14+ 8)[(1 =) llan —a*[| + ml|¥ (an) =4 (a") ]
<(1+8)[(1 =) llan —a*[| + 8¥nllan — a*[]
<(148)(1—(1=8)y)||lan—a*|| — 0 as n— oo,
So,
llen —enll < (1= Ba(1=8))ldn — hnl| + Bre, (25)
[bn = fall =(1 — @)¥ (dn) + 09 (cn) — (1 = 04)F (hn) — 07 (en) |
<(1—a)[¥(d, ) S ()|l + |G (cn) = (en) |
<(1 =) |9 (dn) =< (ha) || + 1% () = () [[] + 0 [ (cn) =% (en) || + % (cn) = (en)|l]
=(1—05,) [9( |\d,, G (dn)|])+ 8|dn — hal| + €] + 06 [¢(l|cn —Z (cn)||) + 8lcn — enl| + €]
=(1—00) [@(ldn — G (dn)[|) + 8l dn — hull] + 0ta [@([lcn —F (ca) )+ Sllen — enll] + e
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Since, a* € F(¥) and ¢ is a contractive-like operator, Theorem 5.1 implies
lgn |lan —a*|| = 0. Hence
n—seo

0 <lea = (cn)ll < llen —a” || +[|9(a") = (ca)

<llea —a*[| +8llcn —a||

<(1+8)llen —a*||

<(L+0)[1(1 = Ba)dn+ Bu (dn) _a*”

S(l + 6) [(1 - Bn)”dn _a*H +Bn“g(dn) —%a*”]

<(1+8)[(1=Bn)lldn — a* || + 8 Bulldn — a” ]

<(14+8)1—(1-8)By)|ldy—a*]| — 0 as n— oo.
So,

1bn — full = (1 — 04,) S ||dn — hn|| + 0t S ||y — enl| + €, (26)

and

lant1=gni1ll =1 (bn) = (fu)
<N (bn) =4 (Sl + 19 (fa) + - (f)
<O (l1bn = (bu)ll) + 8[1bn — full + &

Since, a* € F(¥) and ¢ is a contractive-like operator, Theorem 5.1 implies
lgn |lan —a*|| = 0. Hence
n—soo

0 < bw =4 (ba)ll < |bn —a™|| + (|9 (a®) = (bn) |

<||bn —a* ||+ 8||bn — a” ||

<(1+8)|[bn —a"||

<1+ 8)[(1 = )9 (dn) + 0¥ (cn) —a”|

<(148)[(1 = o) | (dn) = " + 0¥ (cn) — ¥ (a")]]

S(1+8)[(1— on)8lldy —a” || + Sanllen —a”||]

<8(148)[(1— o) ||dn — a*[| + anllcn —a*||]] =0 as n— e,
and

[an+1 = gnr1ll < 8lbn — ful +e.

Put the values from (26), we get

llans1 — gns1ll <8 [(1— )8y — hull + S ||cn —enl| + €] + €
<82[(1— o) |ldn — hnl| + Onlcn — en]|] + S +&.

Put the values from (25) and (24), we have

As1—7%,(1-8) <1, then:

lan1 = gne1 ]| < (1= 06Ba(1 —8))8%|lan — gull + 8% + (8 0t + 8)e + €.

62 nn 5
Here, X, = || — gull, An = 0uBa(1 — §), and g, = S Cabrtdleve,
All requirements of Lemma 2.3 are fulfilled. Hence, we have
. . €
0 <limsup||a, — gn|| < limsupg, = —,
n—soo N—so0 1-6

additionally, Theorem 2.5 yields

€
* sk
— < .
”a a H— 1—-6

In addition, we present an example of numerical validation of Theorem 5.2.



46 International Journal of Applied Mathematical Research

Example 5.1. Let B =R and # = [0,6]. Let G : M — M be defined as:

4, ifaclo,3,)
4. ifac3,6].

9(a)

Clearly, 0 = a € F(%). Firstly, we establish ¢ as a contractive-like operator rather than a contraction. Since the operator ¢ is not continuous
ata =3 € [0,6], ¢ is not a contraction. We demonstrate that the operator ¢ is a contractive-like.
For this define a continuous and strictly increasing function ¢ : [0,00) — [0,0) as ¢ (a) = §. We have to prove that

[9a—9b| < ¢(|la—Yal])+Slla—b|. (e2))
forall a,b € [0,6] where 6 € [0,1).
Here, we considered the four cases:
Case: A.Leta,b € [0,3), then
a 2a
la—al = lla—51 =5
S0, )
a a
o(la—al)=9(5) =%

which implies

a b
Ga—9b|| == — =
|Sa—sb] =I5 -]

1
< lla=s|
<<fla—bl+ 1]
-3 6
1 2a
<=|la—b —
<Slla—bll+6(5)
1
<3lla=0bll+¢(lla—Zal).
Hence, (27) is satisfied with 6 = %
Case: B. Let a,b € [3,6], then
a S5a
la~%all = la~ 5| = >
S0,
a Sa
o(laal)=o(3) =22,
which implies
a b
|9a—al =I5 - 2|
1
<glla=b
1 Sa
<-|la—b
<glla=bl+]55]

1 Sa
< _llg— e
<3lla=bl+0(3)

1
<z lla=0ll+¢(la—Zal).

Hence, (27) is satisfied with § = 1.
Case: C.Leta € [0,3),b € [3,6], then

a 2a
—Gall=lla— = = =
la—al = lla—51 = >
s, N
o(lla—%al) = 9(5) = <.
which implies
a b
Ga—9b|| =5 — =
I9a—al =I5 - 2|
G+ 2-2
66 6
1 a
< _ =
sgla=bll+lzl
2a
<3la=bl+0(3)

<z lla=bl+¢(lla—Zal)).

W] — W] — A\
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Hence, (27) is satisfied with 6 = %
Case: D. Leta € [3,6],b € [0,3), then

a Sa
—Gall=lla— 2|l = =
la—%al| =lla— Il = &
S0,
Sa Sa
¢(la—Fall) = o(=) =55,
which implies
a b
ga—gbl] =I5~ 2|
13- -2
3 24 3
1 Sa
<—|lg— -
<3lla—bll+ 11551

1 S5a
<—l|la— -
<3lla=bl+0(3)

1
<z lla=oll+¢(la—Zal).

Hence, (27) is satisfied with 6 = %
Consequently, for all viable cases, (27) is satisfied. As a result, ¢ is a mapping which is contractive-like.
Next, we define an operator S : . # — ./ as:

S(g) = {

It is simple to demonstrate that S is an appropriate operator for ¢ with € = 0.0001 as ||%a — Sa|| < € = 0.0001. Also, 0 =a* € F(¥) and
0.000149999 = g** € .. Table 2 of iterated values is obtained with an initial estimate of 5 and o, = %, B = ﬁ and ¥, = ﬁ for all

n € N. Also, we have [|@* —a**|| = |0 —0.000149999|| < 0.00015 = 1%5. As a result, we can assert that in situations where it is difficult to

determine F (%), we can select a mapping . which is closer to ¢ so that will also reduce the distance between the two fixed points.

+ 10})0(): ifge [073)7
+ o000, ifg€[3,6], Vee..

Ao Wl

Table 2: Comparative iteration values of the operators ¢ and .’

Step Operator ¢ Operator . Difference
1 5 5 0
2 0.30135460 0.17803375 0.1233208
3 0.02072809 0.01238539 0.0083427
4 0.00133069 0.35481837x107%  0.000395211
5 8.09245977x1075  1.97768214x10™*  0.000116844
6 4.70989722x107®  1.52780161x10~%  0.000148070
7 2.64303997x1077  1.50156014x10~%  0.000149892
8 1.43814246x 108 1.50008489x 104  0.000149994
9 7.62092586x 10710 1.50000450x10~*  0.000149999

3.94670363x 10711 1.50000023x10~%  0.000149999

—_
]

6. Conclusion

Our article presents a comprehensive study of the convergence behavior of an iterative scheme (9) applied to ¢t-nonexpansive mappings
in UCBS. Some strong and weak convergence results support the effectiveness of our approach. The numerical comparison demonstrates
the superior performance of the Picard-Thakur hybrid iterative scheme with other well-known methods in the literature. Additionally, the
data dependence analysis enriches our understanding about the behavior of the iterative scheme under varying data conditions. Overall, our
findings contribute valuable insights for researchers and practitioners in related fields and underscore the practical utility of our proposed
scheme.
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