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Abstract

In this paper, we provide certain fixed point results for a mean nonexpansive mapping, as well as a new iterative algorithm called PJ-iteration
for approximating the fixed point of this class of mappings in the setting of hyperbolic spaces. Furthermore, we establish strong and
∆-convergence theorem for mean nonexpansive mapping in hyperbolic space. Finally, we present a numerical example to illustrate our
main result and then display the efficiency of the proposed algorithm compared to different iterative algorithms in the literature. Our results
obtained in this paper improve, extend and unify some related results in the literature.
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1. Introduction

The concept of a fixed point is important in many areas, including mathematics. Fixed point outcomes define the conditions for map solutions.
Fixed-point techniques have been applied in a variety of disciplines, including biology, chemistry, economics, engineering, and informatics.
Finding the exact value of a fixed point is often the final step in solving a problem, even though confirming its existence is an important
initial step. An iterative procedure is one of the common ways to obtain the intended fixed point. In the last 65 years, many authors have
been interested in these areas and established many iterative processes to approximate fixed points for nonexpansive mappings and a broader
class of nonexpansive mappings.
The existence results for nonexpansive mappings have been established by Browder [6], Gohde [12] and Krik [22]. After that many
researchers have obtained numerous generalization from their results. Suppose that (J, ||.||) is real Banach spaces and D is a nonempty
subset of J. The mapping T : D→D is self mapping. Assume that F(T) is a set of all fixed points of mapping T. Then mapping T is called
(i) nonexpansive, if

||Tx−Ty|| ≤ ||x− y|| ∀x,y ∈D;

(ii) quasi nonexpansive, if
||Tx−ρ|| ≤ ||x− y|| ∀x ∈D, ρ ∈ F(T);

(iii) Suzuki generalized nonexpansive [31], if

(1/2)||x−Tx|| ≤ ||x− y|| =⇒ ||Tx−Ty|| ≤ ||x− y|| ∀x,y ∈D.

In [35], Zhang provided the following class of mapping.

Definition 1.1. Suppose that (J, ||.||) is real Banach spaces and T is a nonempty subset of J. the mapping T : D→D is self mapping. Then
mapping T is called mean nonexpansive mapping, if there are non-negative real numbers α,β such that α +β ≤ 1, we

||Tx−Ty|| ≤ α||x− y||+β ||x−Ty|| ∀x,y ∈D.

Remark 1.2. In [27], Nakprasit gave an example of a mapping that is mean nonexpansive but not Suzuki generalized nonexpansive and
showed that increasing mean nonexpansive mappings are Suzuki generalized nonexpansive mappings.

In the literature, there are various mathematicians who worked in the direction of mean nonexpansive mappings to study their elementary
properties [36] and to approximate fixed points of this class of mappings [1, 10, 34, 36]. It is easy to observe that each nonexpansive mapping
is mean nonexpansive, but the converse is not true in general (see [36]).

Copyright © 2018 Author. This is an open access article distributed under the Creative Commons Attribution License, which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.
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2. Preliminaries

Throughout this paper, we consider the following definition of a hyperbolic space introduced by Kohlenbach [23].

Definition 2.1. A metric space (J,d) is said to be a hyperbolic space if there exists a map V : J2 × [0,1]→ J satisfying
(i) d(ρ,V (x,y,α))≤ αd(ρ,x)+(1−α)d(ρ,y),
(ii) d(V (x,y,α),V (x,y,β )) = |α −β |d(x,y),
(iii) V (x,y,α) = V (y,x,(1−α)),
(iv) d(V (x,z,α),V (y,w,α))≤ αd(x,y)+(1−α)d(z,w),
for all x,y,z,w ∈ J and α,β ∈ [0,1].

Many researchers attracted in the direction of approximating the fixed points of nonexpansive mapping and its generalized form [4, 5, 9, 14,
16, 17, 19, 20, 21, 30] in a hyperbolic space.

Definition 2.2. [32] A metric space is said to be convex, if a triple (J,d,V ) satisfy only (i) in Definition 2.1.

Definition 2.3. [32] A subset D of a hyperbolic space J is said to be convex, if V (x,y,α) ∈D for all x,y ∈D and α ∈ [0,1].
If x,y ∈ J and λ ∈ [0,1], then we use the notation (1−λ )x⊕λy for V (x,y,λ ). The following holds even for more general setting of convex
metric space [32] : for all x,y ∈ J and λ ∈ [0,1],

d(x,(1−λ )x⊕λy) = λd(x,y)

and
d(y,(1−λ )x⊕λy) = (1−λ )d(x,y).

Thus
1x⊕0y = x, 0x⊕1y = y

and
(1−λ )x⊕λx = λx⊕ (1−λ )x = x.

Definition 2.4. [24] A hyperbolic space (J,∂ ,V ) is said to be uniformly convex, if for any ρ,x,y ∈ J, r > 0 and ε ∈ (0,2], there exists a
δ ∈ (0,1] such that

d
(

1
2

x⊕ 1
2

y,ρ
)
≤ (1−δ )r,

whenever d(x,ρ)≤ r, d(y,ρ)≤ r and d(x,y)≥ εr.

Definition 2.5. A map η : (0,∞)× (0,2]→ (0,1] which provides such a δ = η(r,ε) for given r > 0 and ε ∈ (0,2], is known as modulus of
uniform convexity. We call η monotone if it decreases with r (for a fixed ε).
In [24], Luestean proved that every CAT(0) space is a uniformly convex hyperbolic space with modulus of uniform convexity η(r,ε) = ε2

8
quadratic in ε .

Now we give the concept of ∆-convergence and some of its basic properties.
Let D be a nonempty subset of metric space (J,d) and {yn} be any bounded sequence in J while diam(D) denotes the diameter of D.
Consider a continuous functional ra(.,{yn}) : J→ R+ defined by

ra(y,{yn}) = limsup
n→∞

d(yn,y), y ∈ J.

The infimum of ra(.,{yn}) over D is said to be an asymptotic radius of {yn} with respect to D and it is denoted by ra(D,{yn}). A point
z ∈D is said to be an asymptotic center of the sequence {yn} with respect to D if

ra(z,{yn}) = in f{ra(y,{yn}) : y ∈D}.

The set of all asymptotic center of {yn} with respect to D is denoted by AC(D,{yn}). The set AC(D,{yn}) may be empty, singleton or have
infinitely many points. If the asymptotic radius and asymptotic center are taken with respect to whole space J, then they are denoted by
ra(J,{yn}) = ra({yn}) and AC(J,{yn}) = AC({yn}), respectively. We know that for y ∈ J, ra(y,{yn}) = 0 if and only if limn→∞ yn = y and
every bounded sequence has a unique asymptotic center with respect to closed convex subset in uniformly convex Banach spaces.

Definition 2.6. The sequence {yn} in J is said to be ∆-convergent to y ∈ J , if y is unique asymptotic center of the every subsequence {un}
of {yn}. In this case, we write ∆− limn→∞ yn = y and call y is the ∆-limit of {yn}.

Lemma 2.7. [25] Let (J,d,V ) be a complete uniformly convex hyperbolic space with monotone modulus of uniform convexity η . Then
every bounded sequence {xn} in J has a unique asymptotic center with respect to any nonempty closed convex subset D of J.

Consider the following lemma of Khan et al. [18] which we use in the sequel.

Lemma 2.8. Let (J,d,V ) be a complete uniformly convex hyperbolic space with monotone modulus of uniform convexity η . Let x ∈ J and
{tn} be a sequence in [a,b] for some a,b ∈ (0,1). If {xn} and {yn} are sequences in J such that

limsup
n→∞

d(xn,x)≤ c,

limsup
n→∞

d(yn,x)≤ c

and
limsup

n→∞

d(V (xn,yn, tn),x) = c

for some c ≥ 0, then limn→∞ d(xn,yn) = 0.
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Definition 2.9. Let D be a nonempty convex closed subset of a hyperbolic space J and {xn} be a sequence in J . Then {xn} is said to be
Fejér monotone with respect to M if for all x ∈D and n ∈ N,

d(xn+1,x)≤ d(xn,x).

Proposition 2.10. Let {xn} be a sequence in J and D be a nonempty subset of J. Let T : D→D be a nonexpansive mapping with F(T) ̸= /0.
Suppose that {xn} is Fejér monotone with respect to D. Then we have the followings:
(1) {xn} is bounded.
(2) The sequence {d(xn, p)} is decreasing and converges for all p ∈ F(T).
(3) limn→∞ D(xn,F(T)) exists, where D(x,A) = infy∈A d(x,y).

Now, we present some fundamental properties of mean nonexpansive mapping (see [10]).

Definition 2.11. Assume that D is a nonempty subset of a hyperbolic space J and T : D→D satisfies the mean nonexpansive mapping
with F(T) ̸= /0. Then T is quasi-nonexpansive.

Lemma 2.12. [30] Let J be complete uniformly convex hyperbolic space with monotone modulus of convexity η , D be a nonempty
closed convex subset of J and T : D → D satisfies the mean nonexpansive mapping. If {xn} is a bounded sequence in D such that
limn→∞ d(xn,Txn) = 0, then T has a fixed point in D.

Lemma 2.13. [30] Let D be a nonempty, bounded, closed and convex subsetof a complete uniformly convex hyperbolic space with monotone
modulus of uniform convexity η and T satisfies the mean nonexpansive mapping on D. Suppose that {xn} is a sequence in D, with
d(xn,Txn)→ 0. If AC(D,{xn}) = ρ , then ρ is a fixed point of T. Moreover, F(T) is closed and convex.

3. Main result

In the literature of fixed-point iterations, one can search for many iterative methods that converge in the case of nonexpansive operators
and also suggest better accuracy as compared to the Picard iteration method. If D is a closed and convex subset of a Banach space, n ∈ N
and αn,βn,γn ∈ (0,1). Then for x1 ∈D, Mann [26], Ishikawa [15], Noor [28], Agarwal [3], Abbas [2], Thakur [33] and Ullah [13] iterative
methods.
A natural question arises: does there exist an iterative method that is essentially better than all of the above iterative methods, including the
Ullah iterative method [13]? To answer this question, we introduced and studied four step iteration process called PJ-iterative method as
follows:
For convex subset D of normed linear space J and a mapping T : D→D, x1 ∈D, construct a sequence {xn} in D as follows:

x1 ∈D,

wn = T((1−αn)xn +αnTxn),

zn = T((1−βn)wn +βnTwn),

yn = T((1− γn)zn + γnTzn),

xn+1 = T(yn), n ≥ 1

(3.1)

where {αn}, {βn} and {γn} are sequences in (0,1). Now, we establish the convergence results for PJ-iteration process for mean nonexpansive
mapping in hyperbolic spaces, as follows: Let D be a nonempty, closed and convex subset of a hyperbolic space J and T be a mean
nonexpansive mapping on D. For any x1 ∈D the sequence {xn} is defined by

wn = V (Tσn,0,0),
σn = V (xn,Txn,αn),

zn = V (Tνn,0,0),
νn = V (zn,Twn,βn),

yn = V (Tρn,0,0),
ρn = V (yn,Tyn,γn),

xn+1 = V (Tyn,0,0) ∀n ∈ N.

(3.2)

This section establishes some significant strong and ∆-convergence results for operators with mean nonexpansive mapping.

Theorem 3.1. Let Dbe a nonempty, closed and convex subset of a hyperbolic space J and T : D→D satisfies the mean nonexpansive
mapping. If {xn} is a sequence defined by (3.2), then {xn} is Fejér monotone with respect to F(T).

Proof. Since T is a mean nonexpansive mapping, for ρ ∈ F(T), we have
Using Definition 1.1, 2.11 and (3.2), we get

d(wn, p) = d(V (Tσn,0,0)),ρ)

= d(Tσn,ρ)

≤ αd(σn,ρ)+βd(σn,ρ)

≤ αd(V (xn,Txn,αn),ρ)+βd(V (xn,Txn,αn),ρ)

≤ α[(1−αn)d(xn,ρ)+αnd(Txn,ρ)]+β [(1−αn)d(xn,ρ)+αnd(Txn,ρ)]

≤ α[(1−αn)d(xn,ρ)+αn(αd(xn,ρ)+βd(xn,ρ))]

+β [(1−αn)d(xn,ρ)+αn(αd(xn,ρ)+βd(xn,ρ))]

≤ α(d(xn,ρ))+β (d(xn,ρ))

≤ d(xn,ρ).

(3.3)
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Using Definition 1.1, 2.11, (3.2) and (3.3), we get

d(zn, p) = d(V (Tνn,0,0)),ρ)

= d(Tνn,ρ)

≤ αd(νn,ρ)+βd(νn,ρ)

≤ αd(V (wn,Twn,βn),ρ)+βd(V (wn,Twn,βn),ρ)

≤ α[(1−βn)d(wn,ρ)+βnd(Twn,ρ)]+β [(1−βn)d(wn,ρ)+βnd(Twn,ρ)]

≤ α[(1−βn)d(wn,ρ)+βn(αd(wn,ρ)+βd(wn,ρ))]

+β [(1−βn)d(wn,ρ)+βn(αd(wn,ρ)+βd(wn,ρ))]

= α(d(wn,ρ))+β (d(wn,ρ))

≤ α(d(xn,ρ))+β (d(xn,ρ))

≤ d(xn,ρ).

(3.4)

Using Definition 1.1, 2.11, (3.2), (3.3) and (3.4), we get

d(yn, p) = d(V (Tρn,0,0)),ρ)

= d(Tρn,ρ)

≤ αd(ρn,ρ)+βd(ρn,ρ)

≤ αd(V (zn,Tzn,γn),ρ)+βd(V (zn,Tzn,γn),ρ)

≤ α[(1− γn)d(zn,ρ)+ γnd(Tzn,ρ)]+β [(1− γn)d(zn,ρ)+ γnd(Tzn,ρ)]

≤ α[(1− γn)d(zn,ρ)+ γn(αd(zn,ρ)+βd(zn,ρ))]

+β [(1− γn)d(zn,ρ)+ γn(αd(zn,ρ)+βd(zn,ρ))]

= α(d(zn,ρ))+β (d(zn,ρ))

≤ α(d(xn,ρ))+β (d(xn,ρ))

≤ d(xn,ρ).

(3.5)

Using Definition 1.1, 2.11, (3.2), (3.3), (3.4) and (3.5), we get

d(xn+1) = d(V (Tyn,0,0)ρ)

= d(Tyn,ρ)

≤ α(d(yn,ρ))+β (d(yn,ρ))

≤ d(yn,ρ)

≤ d(xn,ρ).

(3.6)

Hence, {xn} is Fejér monotone with respect to F(T).

Theorem 3.2. Let D be a nonempty, closed and convex subset of a complete uniformly convex hyperbolic space J with monotone modulus of
uniform convexity η and T : D→D satisfies the mean nonexpansive mapping. If {xn} is a sequence defined by (3.2), then F(T) is nonempty
if and only if the sequence {xn} is bounded and limn→∞ d(xn,Txn) = 0.

Proof. Due to Theorem 3.1, limn→∞ d(xn,ρ) exists for each ρ ∈ F(T). Assume that limn→∞ d(xn,ρ) = l. If l = 0,

lim
n→∞

d(xn,Txn)≤ lim
n→∞

d(xn,ρ)+ lim
n→∞

d(ρ,Txn)

≤ lim
n→∞

d(xn,ρ)+ lim
n→∞

[αd(xn,ρ)+βd(xn,ρ)]

= 0

If l > 0, then using (3.2), we have
d(wn,ρ)≤ d(xn,ρ)

Therefore, we have
limsup

n→∞

d(wn,ρ)≤ l.

Using (3.6), we get

liminf
n→∞

d(xn+1,ρ)≤ liminf
n→∞

d(wn,ρ)

l ≤ liminf
n→∞

d(wn,ρ).

Therefore
lim
n→∞

d(wn,ρ) = l.
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Hence,

l = lim
n→∞

d(wn,ρ)

= lim
n→∞

d(V (Tσn,0,0)),ρ)

= lim
n→∞

d(Tσn,ρ)

≤ lim
n→∞

[αd(σn,ρ)+βd(σn,ρ)]

≤ α lim
n→∞

d(V (xn,Txn,αn),ρ)+β lim
n→∞

d(V (xn,Txn,αn),ρ)

≤ α[(1−αn) lim
n→∞

d(xn,ρ)+αn lim
n→∞

d(Txn,ρ)]+

β [(1−αn) lim
n→∞

d(xn,ρ)+αn lim
n→∞

d(Txn,ρ)]

≤ α[(1−αn) lim
n→∞

d(xn,ρ)+αn(αd(xn,ρ)+β lim
n→∞

d(xn,ρ))]

+β [(1−αn) lim
n→∞

d(xn,ρ)+αn(αd(xn,ρ)+β lim
n→∞

d(xn,ρ))]

≤ α( lim
n→∞

d(xn,ρ))+β ( lim
n→∞

d(xn,ρ))

≤ lim
n→∞

d(xn,ρ).

= l.

(3.7)

From Lemma 2.8,
lim
n→∞

d(xn,Txn) = 0.

Hence, the proof is complete.

Theorem 3.3. Let D be a nonempty, closed and convex subset of a complete uniformly convex hyperbolic space J with monotone modulus of
uniform convexity η . Let T : D→D satisfies the mean nonexpansive mapping with F(T) ̸= /0. Then the sequence {xn} defined in (3.2), is
∆-convergent to a fixed point of T.

Proof. From Theorem 3.1, we observe that {xn} is a bounded sequence, therefore {xn} has a ∆-convergent subsequence. Now we will prove
that every ∆-convergent subsequence of {xn} has a unique ∆− limit in F(T). For this, let y and z be ∆− limit of the subsequences {yn} and
{zn} of {xn} respectively.
Now by Lemma 2.7, AC(D,{yn}) = {yn} and AC(D,{zn}) = {zn}. By Theorem 3.2, we have limn→∞ d(yn,Tyn) = 0.
Now we will prove that y and z are fixed points of T and they are same. If not, then by the uniqueness of the asymptotic center

limsup
n→∞

d(xn,y) = limsup
n→∞

d(yn,y)

< limsup
n→∞

d(yn,z)

= limsup
n→∞

d(xn,z)

= limsup
n→∞

d(zn,z)

< limsup
n→∞

d(zn,y)

= limsup
n→∞

d(xn,y)

which is a contradiction. Hence y = z and sequence {xn} is ∆-convergent to a unique fixed point of T.

Theorem 3.4. Let D be a nonempty, closed and convex subset of a complete uniformly convex hyperbolic space J with monotone modulus of
uniform convexity η and T : D→D satiesfies the mean nonexpansive mapping with F(T) ̸= /0. Then the sequence {xn} which is defined by
(3.2), converges strongly to some fixed point of T if and only if liminfn→∞ D(xn,F(T)) = 0, where D(xn,F(T)) = infy∈F(T) d(xn,y).

Proof. Assume that {xn} converges strongly to y ∈ F(T). Therefore we have limn→∞ d(xn,y) = 0. Since 0 ≤ D(xn,F(T))≤ d(xn,y), we
have

liminf
n→∞

D(xn,F(T)) = 0.

Next, we prove sufficient part. From Lemma 2.13, the fixed point set F(T) is closed. Suppose that

liminf
n→∞

D(xn,F(T)) = 0.

Then, from (3.5), we have
D(xn+1,F(T))≤ D(xn,F(T)).

From Theorem 3.1 and Proposition 2.10, we have limn→∞ d(xn,F(T)) exists. Hence

lim
n→∞

D(xn,F(T)) = 0.
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Consider the subsequence {xnk}of {xn} such that d(xnk , pk)<
1
2k for all k ≥ 1, where {pk} is in F(T). From (3.4), we have

d(xnk+1 , pk)≤ d(xnk , pk)<
1
2k ,

which implies that

d(pk+1, pk)≤ d(pk+1,xnk+1)+d(xnk+1 , pk)

<
1

2k+1 +
1
2k

<
1

2k−1 .

This shows that {pk} is a Cauchy sequence. Since F(T)is closed, {pk} is a convergent sequence. Let limk→∞ pk = p. Then we know that
{xn} converges to y. Since

d(xnk ,y)≤ d(xnk , pk)+d(pk,y),

we have
lim
k→∞

d(xnk ,y) = 0.

Since limn→∞ d(xn,y) exists, the sequence {xn} converges to y.

Recall that a mapping T from a subset of a hyperbolic space J into itself with F(T) ̸= /0 is said to satisfy condition (I) if there exists a
nondecreasing function f : [0,∞)→ [0,∞) with f (0) = 0, f (t)> 0 for t ∈ (0,∞) such that

d(x,Tx)≥ f (D(x,F(T))),

for all x ∈D.

Theorem 3.5. Let D be a nonempty, closed and convex subset of a complete uniformly convex hyperbolic space J with monotone modulus of
uniform convexity η and T : D→D satisfies the mean nonexpansive mapping. Moreover, T satisfies the condition (I) with F(T) ̸= /0. Then
the sequence {xn} which is defined by (3.2), converges strongly to some fixed point of T.

Proof. From Lemma 2.13, we have F(T) is closed. Observe that by Theorem 3.2, we have limn→∞ d(xn,Txn) = 0. It follows from the
condition (I) that

lim
n→∞

f (D(xn,F(T)))≤ lim
n→∞

d(xn,Txn).

Thus, we get limn→∞ f (D(xn,F(T))) = 0. Since f : [0,1)→ [0,1) is a nondecreasing mapping with f (0) = 0 and f (r)> 0 for all r ∈ (0,∞),
we have limn→∞ D(xn,F(T)) = 0. Rest of the proof follows in lines of Theorem 3.4. Hence the sequence {xn} is convergent to p ∈ F(T).
This completes the proof.

4. Numerical example

Example 4.1. Let D= [0,1] which is a closed, and convex subset of the hyperbolic space J= R, endowed with the usual metric. Define a
mapping T : D→D

Tx =

{
x
5 , i f x ∈ [0, 1

2 ),
x
6 , i f x ∈ [ 1

2 ,1].

Then T is mean nonexpansive with α = 1
3 , β = 2

3 , but nut continuous at x = 1
2 . Thus, T is not a nonexpansive mapping. By using example

4.1, we tried to show that the rate of convergence of the PJ iteration is better then some known iteration processes for mean nonexpansive
mapping. Parameters are αn = 1− 1

(2n+8) , βn =
n

16n+1 , γn =
n

(n+5) , ∀n ∈ N.

Table 1: Convergence of PJ iteration for fixed point 0.

No. of
iteration Agrawal Thakur K PJ

1 0.75 0.75 0.75 0.75
2 0.11868721 0.02373744 0.00540538 0.00000001
3 0.02258659 0.00090346 0.00004569 0
4 0.00429831 0.00000343 0.00000038 0
5 0.00081798 0.00000130 0 0
6 0.00015566 0.00000004 0 0
7 0.00002962 0 0 0
8 0.00000563 0 0 0
9 0.00000010 0 0 0

10 0.00000002 0 0 0
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Figure 1: Convergence of Agrawal, Thakur, K and PJ iterations

Clearly ρ = 0 is a fixed point of mean nonexpansive mapping. Table 1 shows that behaviour of some iteration processes to fixed point of T
for initial value 0.75.

5. Conclusion

In this work, we present some fixed point results for a mean nonexpansive mapping and also used a PJ iterative algorithm for approximating
the fixed point of this class of mappings in the framework of hyperbolic spaces. Our numerical experiment shows that our iterative algorithm
is better compare to some existing iterative algorithms in the literature.
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