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Abstract

By means of the three-wave method one can solve some nonlinear
partial differential equations (NLPDESs) in their bilinear forms. When
an NLPDE has no bilinear closed form we can not use this method.
We modify the idea of three-wave method to obtain some analytic solu-
tions for the (2+1)-dimensional Breaking soliton equation by obtaining
a bilinear closed form for it. By comparison of this method and other
analytic methods, like HAM, HTA and EHTA, we can see that the new
idea is very easy and straightforward.
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1 Introduction

Many important phenomena and dynamic processes in physics, mechanics,
chemistry and biology can be represented by nonlinear partial differential equa-
tions. The study of exact solutions of nonlinear evolution equations plays an
important role in soliton theory and explicit formulas of nonlinear partial dif-
ferential equations play an essential role in the nonlinear science. Also, the ex-
plicit formulas may provide physical information and help us to understand the
mechanism of related physical models. Recently, many kinds of powerful meth-
ods have been proposed to find exact solutions of nonlinear partial differential
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equations, e.g., the tanh-method [1], the homogeneous balance method [2], ho-
motopy analysis method [3, 4, 5, 6, 7, 8], the F'—expansion method [9], three-
wave method [10, 11, 12], extended homoclinic test approach [13, 14, 15], the
(%)—expansion method [16] and the exp-function method [17, 18, 19, 20, 21].

Dai et al. [22], suggested the three-wave method for nonlinear evolution
equations. The basic idea of this method applies the Painlevé analysis to make
a transformation as

u="T(f) (1)
for some new and unknown function f.Then we use this transformation in a
high dimensional nonlinear equation of the general form

F(“,utaumuyauz’u:pxauyyauzm'“) =0, (2)

where u = u(z,y,2,t) and F is a polynomial of u and its derivatives. By
substituting (1) in (2), the first one converts into the Hirota’s bilinear form,
which it will solve by taking a special form for f and assuming that the obtained
Hirota’s bilinear form has three-wave solutions, we can specify the unknown
function f. For more details see [22, 23].

2 Soliton Solutions to the (241)-dimensional
Breaking Soliton equation
In this paper, we investigate explicit formula of solutions of the following
(241)-Dimensional Breaking Soliton equation given in [24]
Uy — 2 Uy Ugy — 4 Uy Ugy + Uy = 0. (3)

To solve eq. (3) authors in [24] used of N-soliton solution. In this paper, we
use the idea of three-wave method [22, 23], to solve equation (3). By this idea
we obtain some analytic solutions for the problem. The process of our method
is very easy and more simple than the method of Ting et al. [24]. To solve eq.
(3), we introduce a new dependent variable w by

w=—2(Inf), (4)

where f(z,y,t) is an unknown real function which will be determined. Substi-
tuting eq. (4) into eq. (3), we have

which can be integrated once with respect to x to give

2(In £z + 2(In f)agey + 12(In f) e (In f) gy

+40; 1 (I f)ze (In f)awy — (I f)aze (I f)ay) = 0,

(6)
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Therefore, eq. (6) can be written as
(DD + DyD)f - f 4+ 4 f20, (Dolln fe - (0 f)y) =0, (7)
where the D-operator is defined by
DDy f(x,t) - g(a,t) =

(aixl - %)m(% - %)n[f(wlvtl)g(x% t2)] |21=w2=9€, t1=ta=t -

We suppose that
ax_l(Dz(ln fez - (In f)zy) =0,
then eq. (7) reduces to

(D:Di+ D,D;)f - f =0, (8)
Now we suppose the solution of eq. (8) as
f oz y,t) =e 5 +6; cos (&) + 0y cosh (&3) + 03 e (9)

where

and a;, ¢;, 6; are some constants to be determined later. Substituting eq.
(9) into eq. (8), and equating all the coefficients of sin (agx + by + c2 t),
cos(agx +bay+ cot), sinh(azz + b3y +c3t) and cosh(agx + b3y +cst) to
zero, we get the set of algebraic equation for a;,b;,¢;, §;, (i =1,2,3)

-3 a12 bl as — CZ13 b3 — 3b3a32 a] — (133 bl — C3a1 —Ciaz = O,

3a1 b1 CL32 +cia; +agcs + (113b1 + bga33 + 3b3a3a12 = 0,

—ay g+ byas® + a1® by +c1a; — 3byazar® — 3ay biag® =0,

&13192 + Cco aq +3G12b1&2 +c1ag — a23b1 — 3b2a22a1 = O,

—a23b3 + coas + c3ag + a33b2 -3 b2a22a3 +3 b3a32a2 = 0,

as cs + b3a33 — a9 Co — 3 bg a3a22 + b2 a23 -3 bg a2a32 = O,

16 a13b153 + 4 C1 a1(53 — (51262 as + 52203 as + 4(512a23b2 +4 (522(13363 =0

(11)

Solving the system of equations (11) with the aid of Maple, we obtain the
following cases:
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2.1 Casel:

ar = ag,ay = 0,by = —b3, b3 = —6—32,
as
(12)
2 522
€1 = —C3,cp = —a3“ by, 01 = 0,03 = R
for some arbitrary real constants as,c3,be and Jy. Substitute eq. (12) into eq.
(4) with eq. (9), we obtain the solution as

f(z,y,t) = e %" + dy cosh (&) + 3¢

and
—2(—aze~¢" + & sinh 5 3
w(z,y,t) = ( a?i + 0y sinh (&) as +£ saze’’) (13)
e~% + 5 cosh (&) + dzest
for
03 2
§i=a3x —byy—ct , S=ax—-—Syt+ct , 3= 02
as 4

If 63 > 0, then we obtain the exact breather cross-kink solution

—2as (2 V03 sinh (& — 0) + b2 sinh (52))
2+/03 cosh (£, — 0) + 6 cosh (&)

u(z,y,t) =

for ) )
0 = § 111(53) s 63 = Z (522

If 93 < 0, then we obtain the exact breather cross-kink solution

as (2 v/ —03 cosh (& — 0) + d3 sinh (52))
2/—03sinh (& — ) + d2 cosh (&2)

u(z,y,t) = —2

for ] ]
0 = 5 1H(—(53) s (53 = Z 522

2.2 Casell:

ay = az, by = bg,c; = c3 = —4bzaz®, 6, =0

14
1 b3(a22+3a32) ( )

5 asas

bg (CL24 + 6 CL32CL22 — 3&34) b
y U2 =

Q203 2

N[ =

Cy = —
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for some arbitrary real constants as, as, b3, d;, ¢ = 1,2. Substitute eq. (14) into
eq. (4) with eq. (9), we obtain the solution as follows

f(z,y,t) = e ¢ + §, cosh (&) + 536t

and

—9(—qgLe—¢1 inh 3

w (g t) = ( (Igf + g sinh (&) as + dzazet) (15)
e~& + 5 cosh (&) + dzes

for

61 = asx + bgy — 4[930,32t
If 43 > 0 then we obtain the exact breather cross-kink solution

—2 as (2 \/ESiIlh (§1 - 9) + (52 sinh (51))

u(z,y,t) =
2y/05 cosh (£, — 0) + d, cosh (&;)
for
6 = L In(ds)
=5 3
If 63 < 0 then we obtain the exact breather cross-kink solution
—2 a3 (2+/—03 cosh (& — 6) + 63 sinh (&)
u(z,y,t) = :
—2+/—d3sinh (§ — 0) + 05 cosh (&)
for
1
0= 5 1D(—53)
2.3 Caselll:
a1 = as,as = O7b1 = _b37b3 = _C_32a
as
(16)
2 522
€1 = —c3,cp = —az” by, 0, = 0,03 = W

for some arbitrary real constants as ,c3,be and Jd;. Substitute eq. (16) into eq.
(4) with eq. (9), we obtain the solution as

f(x,y,t) = e + 65 cosh (&) + 53¢

and
3 —aze™1 + 0y cosh (&) az + dzazes

3 1
u (.’lf, Yy, t) 9 ) + 52 sinh (52) + (53651 ( 7)
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for

c 1
§i=asr —bsy—cst , & =azw— a—323/ +et 03 = 1 5y
3

If 93 > 0, then we obtain the exact breather cross-kink solution

3 (2 \/&COSh (51 — 9) + 52 cosh (62))
2/d3sinh (£, — ) + dy sinh (&)

3a

)= =

u(w,y,t) = 3
for ) .
0 = 5 ln(ég) s 53 = Z 522

If 63 < 0, then we obtain the exact breather cross-kink solution

(2 vV —(53 sinh (fl — 0) + 52 cosh (62))
2y/—03 cosh (& — ) + 0y sinh (&)

3 as
u(x,y,t):§

for . .
0 = 5 11’1(-(53) y 53 = Z (522

2.4 CaselV:

ar = az, by = by, 1 = c3 = —4bza3%, 61 = 0
1
1 b3 (CL24 +6 a32a22 - 3&34) 1 b3(a22+3a32) ( 8)
CQ = —5 ’bQ S —
ao0s3 2 203

for some arbitrary real constants as, as, b3, d;, i = 1,2. Substitute eq. (18) into
eq. (4) with eq. (9), we obtain the solution as follows

f(z,y,t) = e % + §ycosh (&) + 53¢

and
3 —aze™%! + &y cosh (&1) az + dzaze’

t) ==
Uu (ZL‘, Y, ) 2 e~ + 52 sinh (51) + 53651

(19)
for
51 = asx + bgy — 4b3a32t

If 63 > 0 then we obtain the exact breather cross-kink solution

( t) = § as (2 /83 cosh (& — 0) + 69 cosh (51))
u\r,y,t) = 2 2\/5_381I1h (51 —9) + 0o sinh (51)
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for )
0 = 5 111(63)

If 63 < 0 then we obtain the exact breather cross-kink solution

( f = 3 as (2 v/ —03sinh (& — ) 4 65 cosh ({’1))
HERETS —2+/—03cosh (& — ) + 0 sinh (&;)

for |
0 = 5 ln(—53)

3 Conclusion

In this paper, using the three-wave solution method we obtained some explicit
formulas of solutions for the (341)-dimensional Soliton equation. Three-wave
solution method with the aid of a symbolic computation software like Maple
or Mathematica is an easy and straightforward method which can be apply
to other nonlinear partial differential equations. It must be noted that, all
obtained solutions have checked in the (3+1)-dimensional Soliton equation.
All solutions satisfy in the equations.
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