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Abstract

The paper has made an attempt to obtain transient response of an AC series circuit by mathematical methods of
engineering namely classical method and Laplace transform method. The equations developed are differential equations
of second order. The solution is obtained by classical method with initialization condition and Laplace transform
method. A comparative study is done in analyzing the transient response of an R-L-C series circuit connected to
sinusoidal source of voltage by the two methods. The derived equations of transient response by two methods are
similar although Laplace transform method is better tool with respect to initialization conditions in a circuit. Proposed
work has established similarity of transient response of all the three conditions of under and over damped, as well as
critically damped case by two different methods.
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1. Introduction

Transient response of An AC series circuit is obtained by traditional methods like classical method as well as more
generalized methods as Laplace transform method. In case of R-L-C series circuit connected to sinusoidal source of
voltage v = V,, sin wt, a hon-homogeneous differential equation of second order is formed which is solved.

For a differential equation, the complete solution consists of two parts; the complementary function and the particular
solution. The complementary function dies out after short interval and is referred to as the transient response or source
free response. The particular solution is the steady state response, or the forced response. The first step in finding the
complete solution of a circuit is to form a differential equation for the circuit. Differential equation can be solved by
several methods to find out the complete solution.

The transient response of R-L-C AC series circuit is important due to the fact that actual transmission line undergoes
similar phenomena. The current through the transmission line is affected due to application of voltage and also due to
withdrawal of voltage or case of sudden switching. The performance of the transmission line is due to steady state
condition and transient condition. Therefore need is to evaluate the characteristic equation of the current due to Forced
and Natural response. Also transient response is classified in to over damped, under damped and critically damped case.
Thus paper attempts to analyse and establish similarity with 3 phase transmission line performance.

1.1. Problem formulation

Fig 1 shows a circuit consisting of resistance, inductance and capacitance connected in series to sinusoidal source of
voltage. Inductance and capacitance are in uncharged state initially.

The current equation consists of two parts namely one due to application of voltage source called as forced response.
Fig 2 indicates flow of current.
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Fig. 1: R-L-C Connected to Sinusoidal Source
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Fig. 2: Current Due to Forced Response

The other part of the current is due to withdrawal of the source called as Natural or transient response. Fig 3 indicates

flow of current.
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Fig. 3: Current Due to Natural Response

1.2. Solution methodology
The solution of above problem is obtained by Classical method and also by Laplace transform method.
1.2.1. Classical method

Consider the circuit consisting of resistance, inductance and capacitance connected in series to sinusoidal source of
voltage.

Current circulates through the circuit when switch S is closed and application of sinusoidal voltage, Vsin(wt +
6,where Vis the amplitude of the wave and 6 is the phase angle.

Switch S is closed at t=0.
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Fig. 4: R-L-C Connected to Sinusoidal Source of VVoltage

Applying KVL to the circuit results in the following differential equation.
Vsin(wt + 0) = iR+%fidt+L% (1)
Differentiating above equation (1), we get
Vocos(wt+0) _ d%i | 1. .
—— =Lz +;i +iRor
Vwcos(wt+0) _ d_zl Rdi | i (2)

L T a2 Lt Lc
D? + Rdi + 4 _ Vwcos(wt+8) (3)

L dt LC L
Solution of above equation is i(t) = i, + iy, where i is the particular solution and i, is the complementary solution. i, is

obtained by solution of non-homogeneous linear differential equation

2  Rdi i Vwcos(wt+8)
D +_L_dt + LC L ) ) ) ) )
And i. is obtained as homogeneous linear differential equation.

2y Rdi 1 _
D +Ldt+LC—0 (5)

—t
Complementary solution of eq (2) is ic = cerc where value of ¢ can be obtained by applying initial conditions.
For obtaining particular solution, the current solution is estimated as

i, = Acos(wt + 8) + Bsin(wt + 6) (6)
Differentiating eq (6) we get,

i, = —Awsin(wt + 6) + Bwcos(wt + 6) @)
i,” = —Aw?cos(wt + 8) — Bw? sin(wt + 6) 8

Substituting the value of i, and i,"in eq (2), we get
—Aw?cos(wt + 8) — Bw?sin(wt + 8) + %(—Amsin(wt + 0) + Bwcos(wt + 9)) + LAcos(wr+0)+Bsin(wt+0)] _

v ( o LC
wcos(wt+
L ©)
Collecting and equating real and imaginary components of (9) on both sides, we get equation

Vo mZ_L
A = — X —_— LC > (10)

b)) o)
and

Vw?R 1

B=-— 2 meZ R (11)

o (°T) *(o*ic) ) ) _
Substituting value of A and B in equation (6) results in to
. Vo wi—c Vw?R 1 .
ip =0 X ﬁcos(wt +0) — = X TorZ — sin(wt + 0) (12)

() +(o*-) () +(w?-0)

Assuming Mcos

Vw?R 1
(p= (Iljz X(,.)RZ 212 (13)

() +(o*)
And
Vw ﬁ)z—i VwC

Msing = —— X Le (14)

() (o), e

Dividing equation(14)by(13), we get

1
Q)L—L (DL—R v
tang =|—€|or @ =tan""\ R =—

2 1
and M G
With above assumptions of Mcos¢ and Msing Equation (12) reduces to
i, = Msing@cos(wt + 8) — Mcos@sin(wt + 0) (15)
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ip = Msin(wt + 6 — @).
Substituting the value of M and ¢, resulting equation of

1
wL—
i, = %sin (mt +6—tan! < @l ))
1 R
RZ+(0L-—¢)
R di

For obtaining value of complementary function the characteristic equation is D? + Twte= =0.

The roots of the characteristic equation are (i) D;=k;+K, and D,=k;-k,. Case for over damped state
The resulting current equation is

i(t) = ip +ic = +51n (mt +6—tan? (“’Lﬁ )) +[D — (k; + k)]ID — (k;—ky)i]
R2+(wL——

i(t) = ip +i, = =—=—==5sin <cot +6—tan™! <m o€ ) ) + [crelkatkalt — ¢ elka—kao)t]
R2+ wL——
(ii) D1=k;+jk, and Dz— kl—sz Case for under damped state.
1
i(t) = ip +i, = =——=—==5sin <cot + 6 —tan? <mLR‘°C + [D — (k; + jk)][D — (k;—jky)i]
R2+ wL——

i) =1ip +1ic

—————sin <wt +6—tant
R2+ u)L——

(iii) D1=k; and D,= kl

T T

+[D = (k)][D — (ky)i

RZ+ u)L——

i

i(t) = ip +ic = —————==sin| wt+ 6 —tan™!

RZ+ u)L——

<wL_“’LC )) + eX1t[c, cosk,t + c,sink,t]
i(t) =i, + i, = ——sin <u)t + 6 —tan? <wL_“’LC ))

1.2.2. Laplace transform method

v=Vsin(wt+6)

o

Fig. 5: R-L-C Connected to Sinusoidal Source of Voltage

(16)

17

(18)

(19)

(20)

(21)

(22)

Consider the circuit consisting of resistance, inductance and capacitor connected in series to sinusoidal source of

voltage.

Current circulates through the circuit when switch S is closed and application of sinusoidal
Voltage Vsin(wt + 0), where Vis the amplitude of the wave and 6 is the phase angle.
Switch S is closed at t=0.

Applying KVL to the circuit results in the following differential equation.

Vsin(wt + 0) = iR + L + 1fldt
Taking Laplace transform of above equation,
1] _ V(ssin8+wcosB)
I(s) [Ls +R+ E] = 7( 52+é1>2 N
2, R 1 _ Vs (ssinB+wcos
I(s)[s +Ls-.|-LC— =
I(S) _ Vs (ssinB+wcosb)

L s2+w?
R
L (s2 2 =,
(s?+w )(s s+LC)

Where s, and s, are roots of the characteristic equation?(s2 + %s + i) =0

(ssin@+wcosO) _ —_R 5 2 1
I(s) = T (s+]m)(s jw)(s—s2)(s—s1) 515, =50 & (ZL) LC
Expressing RHS of equation (27) we get,

(23)

(24)
(25)
(26)

(27)
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E (ssinB+wcos0) Kk + ky + k3 kq

L (s+jo)(s—jo)(s=sz)(s—s1) - (s=s1)  (s7sz) = (sHjw) = s—jo
Using Laplace method to determine coefficient onRHS,
Multiplying eq (28) on both sides by (s — s;), and putting s =s; we get
v s(ssin@+wcosB)(s—s1) k. +0
L (s+jw)(s—jo)(s-sp)(s=s1)  +
k. = ! s1(s1sinB+wcos0)
U T L (1 He)(s1-jw) (s1-s2)
Multiplying eq (28) on both sides by (s — s,), and putting s =s, we get
v s(ssin@+wcosB)(s—sp) K, + 0
L (s+jw)(s—jo)(s-sz)(s-s1) 2 =

_ ! s2(s2sinB+wcos0)
2 7 L (szHjw)(sz-jw)(sz=51)

Multiplying eq (28) on both sides by (s + jw), and putting s =-jo we get
v s(ssinf+wcosB)(s+jw) ks + 0
L (s+1w>(s jo)(s-sp)(s—sy) o

k _ —jo(—jwsinB+wcosB)

L( jo—jw)(-jo-s1)(-jw-s2)
w(cosB—jsin®)V
2(s1+jw)(sz+jw)L
Multiplying eq (28) on both sides by (s — jw), and putting s =jo we get
! s(ssinf+wcosB)(s—jw) _ K, + 0
L s+Hjw)(s—jw)(s—sz)(s—-s1) 7 ’
Kk, = \4 —jw(—jwsinf+wcosO)
UM T L (Hje-jw)(sjo-s1)(-jw=s3)

_ w(cosB+jsind)V

* T 2(s1-jw)(s2mjw)L

Substituting the value of k4, k,, ksand k, in (28), and takinginverse laplace
transform, we get
i(t) = kyeStt + kpe%2t 4+ kye IOt + k, eIt

l(t) = %[kleslt + kzeszt] + % [k3e_jmt + k4ejmt]

3:
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(28)

(29)

(30)

(31)
(32)

(33)
(34)

(35)
(36)

Equation (36) consists of two parts. First part is made up of two roots s; and s,, and second part consists of two

transitory components due to jomt.

i(t) =i(t)’ +i()”

i(0) = ¥ [ky it + kye2t],
substituting the value of k4, k, we get

it =Y s1(s1sinf+wcosB) sit s2(s,sinB+wcos0) szt]
(S1+]0>)(S1 jo)(s1—s2) (s2+j0)(s2=-jw)(sz=s1)
l(t)' _ [sl(sls.m9+mc.ose) sit _ sz(szs.m9+mc.ose) eszt]
L(51 s2) L (s1+jw)(s1-jw) (s2+jw)(s2—jw)
Equation (39) can be written as
i(t) = 0 5 [cres1t — cyes2t]

Eq (40) is a generalized case but if we consider,
Casels; =D; =k; +k,andD, =s, =k; — k,
Case 2 s; = D; =k; +jk, andD, = s, = k; —jk,
Case 3s; = D; = k; andD, = s, = k4,

Then three different equations are possible.
FoIIowing is the derivation of second part,

i=- [k e Jot 4+ k, et
Substltutlng the value of k;and k,, we get
i) = v [u)(cose—jsine)e_j“’t w(cosO+jsin0)el®t
T 2Ll (spHjw)(sp+w) (s1-jo) (s2-jw)

e jBgjwt elfpint
1(t)” =2 b
(s1+j0)(s2+jw) — (s1—-jw)(sz—jw)
[e—l<°>t+°>(s1 —jw) (s2=jw)]+e] @O (51 +jw) (55 +jw)
(512+w2)(szz+w2)

Vm [e1@t+0) (5, 5) w2 —jws; —jws; )+ @HO)(s, 5, —w2+jwsy +jws; )]

2L (s12+w?)(s22+w?)

Vo [e‘j(“’t+e)+ej(“’t+e)(sl sz—mz)—j(msl +wsy )e—j(mt+e)_ej(mt+e)]
oL (s12+w2)(s22+w?)

Vo [Cos((»t+9)(&—wz)—(g)sin(wﬁe)]
T L (s124+w2)(s22+w?2)

Vu) [( )sm(mt+e) cos(mt+e)(m _E)]
L (s12+w?)(s22+w?)

37)

(38)
(39)

(40)

(41)

(42)
(43)
(44)
(45)
(46)
(47)

(48)
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Assuming
Mcosp = mTR (49)
And
1
Msingp = (oo - E) (50)
L--L
~tan@ = (m “’C> (51)
or ¢ = tan™ ( ) 52)
R2+ L——
(53)
Equatlon (4) reduces to
V_oo [Mcos@sin(wt+6)—-Msing@cos(wt+6)] (54)
L 512524+ w2(512+s,2)+w*
Substituting the value of s;%s,% + w?(s;2 + s,2) + w* in (54), we get
Vw[Msin(wt+0—¢)] (55)
T L(512522+02(512+5,2)+0%)
or
212 [R2 12| [ @lac
Vw“L* [R +("’L_R) 51n<mt+9—tan ( R ))
(56)

o2
Vsin| wt+6—tan™1 %
"= JR2+((,,L_L)2 -

wC
i) =i +i®"
Substituting the value of i(t)’andi(t)"" from equation (39) and (57), we get

Vsin| wt+6—tan R“’C
\'4 [sl(slsineﬂncose) Slt_sz(szsin6+mcose) szt] + (58)

i(t) =
® L(s1—s2) L (s1+jw)(s1-jw) (szt+jw)(sz2-jw) R2+(wL—L)2
wC

Generalizing the two equations without attempting to apply initial conditions at t=0, for finding the value of
1, Cy, S;and s,, similarity between the two equations derived by classical method and laplace transform method can be
drawn in the following way.

Following is the generalized equation by Laplace Transform method.

Classical Method:

L
i = %sin (oot +0—tan™?! <m R"’C )) +
RZ+(wL-—)

c elkirkat _ o alki-ka)t (59)
Laplace Transform Method:

wL-——L
Vsin(mt+6—tan_1<T“’c>>
i(t) =

e

+

[! sl.(slsine-f-mcose) sito Vv sz.(szsine-f-mcose) eszt] (60)
L (s1+jw)(s1—jw)(s1—s2) L (sz+jw)(sz—jw)(s2—s1)
1.2.2.1. Case 1 Above equations are same if we substitute the two roots D1=k1+K2=S1 and D2= k1-k2=S2
And also

_Vv s1(s1sinf+wcosB)
1T L1401 -j0)(s1-52) (61)
And

_ _K s, (spsinB+wcos0)
2= T L0 (20 55 -sp) _ o 62)
Above table can be re written as for classical method by substituting as above

Classical Method

1
. v . -1 [ @l—ge
i(t) = =——=——===sin (mt+ 0 —tan~! < R“’C )) +
1
RZ+(wL-=2)
V__si(sysinb+wcosb) sit 4 V_ sa(spsinB+wcosB) syt
L (s1+jw)(s1-jw)(s1~52) L (s2+jw)(s2=jw)(s2~-51)

(63)
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Laplace Transform Method:

_1
Vsin(mt+9—tan'1 (%))
i(t) = +

e

[X s1(s1sinB+wcos0) sit o V s, (s2sinB+wcos0) szt] (64)
L (s1+jw)(s1—jw)(s1-s2) L (s2#jw)(s2-jw)(s2~51)

Above equations are same if we substitute the two roots D;=k;+K,=S; and D,=k;-k,=S,

And also

¢ = V  sq(s1sinf+wcosB) (65)

T L (s1+j0) (s1-jw) (51-52)

And
= v s, (s2sinf+wcos0) (66)

L (sz+jw)(sz=jw)(s2-51) o
Above table can be re written as for Laplace Transform method by substituting as

L
i) = ———sin( ot + 0 — tant [ 228C | | + c etk _ ¢ olki—ky)t (67)
R2+(wL—ﬁ)2 R
1

wL
Vsin(mt+9—tan'1 (T“’C

e

Equatons shown are same.

i(t) = >> + [Cle(kl"'kz)t _ Cze(kl—kz)t] (68)

1.2.2.2. Generalized equation case 2, if we substitute the two roots d1=k1+jk2=s1 and d2= k1-jk2=s2 classical
method

wt+6 —tan™?! <w R“’_C )) + e*1t[c cosk,t + c,sink,t] (69)

i(t) = %sin(
/R2+(mL—ﬁ)

1
Vsin(mt+6—tan_1<wL;R>>
i(t) = +

2
2 _r
R2+(wL——2)
[K s1(s1sinf+wcosB) sit LV S2(spsinf+wcosh) szt] (70)
L (s1tjw)(s1—jw)(s1—s2) L (szt+jw)(sz—jw)(s2—51)

1
174 wL—
i(t) = ———sin (cut +0 —tan™t < wC )) + ek1t[c, cosk,t + cysink,t] (71)
,R2+(wL—ﬁ)2 R
_ 1

L
vsin| wt+6—tan™1! R“’C st T osot
V[k1 es1 +k;, es2 ]

() — 72
i(t) \/R2+(wL—i)2 P (72)
wC
If we substitute the two roots D,=k;+jk,=S; and D,=k;-jk,=S; i, above equation, we get
SONT v 1 (ky+jk)t _ 1, 1, (k1—jk2)t
(@) = L1+ jk2—(k1—jk2) [y etatIk)t —k,'e ] (73)
i) = [ efatelket) — (k' ehate Ikt (74)
L(2))k> ) ]
Rearranging and substituting value of e/*2tand e /2t in terms of cos and sin components
coont ket [VIGed —k2")2coskot+(ky k) 2sink,t]
i(t)" =e™ [ L2k, ] (75)
i(t) = e*1t[c coskyt + cysink,t]
where ¢, = Yla'“k)2 g ¢y = V(ka +ep )2 (76)
2jLk> 2jLky
which is same as equation by classical method if
we substitute
i(t) = %sin (wt + 6 — tan™t <w ;R )) + e*1t[c, cosk,t + c,sink,t] (77)
/R2+(wL—&)
wL—2
Vsin(a)t+9—tan_1<T“’C>>
i(t) = + [e*1t[cicosk,t + c,ysink,t]] (78)

Jrzs(w-2)°

Equatons shown are same.
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1.2.2.3. Generalised equation case 3, if we substitute the two roots d1=k1=s1 and d2= k1=s2 classical method

i(t) = %sin (wt +6 —tan™t <w R“’C )) + ef1t[c; + ¢,]
,R2+(wL—ﬁ)

Laplace transforms method:

i(t) =

L (s1+jw)(sy3—jw)(s1—s2) L (s2+jw)(sz—jw)(s2—51)

Vsin(wt+6—tan‘1< ;R>> ) )
[V s1(s1sinB+wcosB) sit L v S2(sps5in6+wcosh) eszt]
112
R2+(.(uL—R).
In the above equation of i(t) by laplace transform method

1

wL——%

vsin| wt+6—tan~1 R‘"C
[V s1(s1sinf+wcosb) sit LV s2(spsinf+wcosh) Szt]

L (s1tjw)(s1—jw)(s1—s2) L (524jw) (52— j) (s2-51)

i(t) =

R2+(wL—ﬁ)2
Rearranging the second term with substitution of D;=K,=S,=D,=K;=S; in the following equation

[V s1(s15in6+wcos6) sit V  sp(spsinf+wcosh) szt]
L (s1tjw)(s1—jw)(s1—S2) L (szt+jw)(s2—jw)(s2-51)
V  s1(s1sinf+wcosh) kit oV s2(spsinf+wcosB) kit
L (s1+jw)(s1—jw)(s1—s2) L (s2tjw)(s2—jw)(s2—51)
[ k t(V s1(s1sinf+wcosB) V. sy(spsinf+wcosh) )]
et |~ - - - - -

L (s1tjw)(s1—jw)(s1=s2) L (s2+jw)(sz2—jw)(s2—s1)

=eftc; +¢,]
[ where ¢; = (

And
_ [V s3(spsinf+wcosh)
2= (Z (Sz+1'w)(52—jw)(52—51))
With this substitution, Laplace Transform equation can be rewritten in following way,

L
i(t) = ;Zsin (a)t +6—tan™?! <¥ + ef1tc; + c,]
[R2+(wL—2)

1
Vsin(mt+6—tan_1<wL;R>>
i(t) = + efal[

¢+ ¢l
/R2+((uL—ﬁ)2 e

Comparative for all the three different cases:
(l) D;=k;+K,=S; and D,=k;-k,=S,

1
l(t) = %Sln ((l)t + 6 — tan_l <w R(uC )) + Cle(k1+k2)t — Cze(kl_kz)f
/RH(wL—ﬁ)

Vsin(wt+9—tan_1< ch>>
l(t) = + [Cle(k1+k2)t — Cze(kl_kz)t]

1
i(t) = %Sin (a)t +6—tan? <m )) +

V  s1(s1sinf+wcos) esit V. sy(szsinf+wcos) spt
L (s1+jw)(s1-jw)(s1-52) L (s2+jw)(sz=jw)(s2=51)
1

a)L—%
Vsin| wt+0—-tan™ T“’
i(t) = +

2
2 L
[R2+(w1—L5)
[V s1(s15inf+wcos) sit 4 ¥V s2(spsinb+wcosh) szt]
L (sy+jw)(s1-jw)(s1-52) L (sz+jw)(sz—jw)(s2-51)

(ll) D1=k1+jk2=51 and D2= k]_'jk2:32

v s1(s1sinf+wcosB) )]
L (s1tjw)(s1—jw)(s1—s2)

i(t) = ———=sin (wt + 6 — tan™t <w RR )) + e*1t[c, cosk,t + c,sink,t]

v
/R2+(wL—&)Z

auL—L
Vsin(wt+9—tan_1<T“’C>>
it) =

R2+(wL—ﬁ)2

(l i |) D]_:Kl:Sl:Dz: K]_:Sz

+ [e*1t[c; cosk,t + cysink,t]]

i(t) = ————sin (a)t +60—tan? <“’ o )) +efitle, + c,]
/R2+(a)L—ﬁ)

(79)

(80)

(81)
(82)
(83)
(84)

(85)
(86)

(87)

(88)

(89)

(90)

(91)

(92)

(93)

(94)

(95)

(96)
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a)L—L
Vsin(mt+6—tan_1 (T‘DC)>
0= +e'i¥e; + ;] (97)

e
2. Conclusion

It is proved that equations governing sinusoidal excitation to R-L-C series circuit for transient behavior with storage
elements initially in uncharged state are second order differential equations of non-homogeneous type. The
mathematical methods of engineering namely classical method and Laplace Transform method have given similar
results for the analysis which was carried out in this work. Also cases of over damped, under damped and critically
damped condition was evaluated significant for natural response of R-L-C AC series circuit. Laplace transform method
is proved to be a better tool with respect to initialization condition in comparison to classical method. Thus analysis of
R-L-C AC series circuit with sinusoidal excitation during transient condition can be utilized to explain the phenomena
occurring on transmission line.
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