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Abstract
We prove a unique fixed point theorem for a function depending from four self maps satisfying (¢ — v)-contractive
condition in partial metric spaces. Presented results extend and generalize some existing fixed point results in the

literature.
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1. Introduction

The Notion of partial metric space have originally developed by S.G. Matthews ([3]) to provide mechanism gen-
eralizing metric space theories. This relatively new field has been shown to have vast application potentials [6] in
the study of computer domains and semantics [7]. The partial metric spaces play an important role in constructing
models in the theory of computation see [1, 3, 6, 8].

S.G Matthews ([3])., Sandra Oltra and Oscar Valero [8], Salvador Romaguerra [9], I. Altun, Ferhan Sola [1] and
K.P.R Rao and G.N.V. Kishore [5] proved fixed point theorems in partial metric spaces for a single map.

In this paper, we prove a unique fixed point theorem for four self mappings for a generalized operator depending
from (¢ — ¢) contractive condition in partial metric spaces.

First, let us recall some definitions and lemmas of partial metric spaces that we will use in the sequel.

2. Preliminaries

Definition 2.1 ((/3]).). A partial metric on a nonempty set X is a function p : X x X — R' such that for all
z,y,2 € X :

() z =y < pz,2) =pl,y) =p(y,y),

(p2) p(.’lf, J}) < p(m,y), p(ya y) < p(x,y),

(p3) p(xa y) = p(yvx)a

(p4) p(x, y) < p(l‘, Z) + p(z, y) - p(Z, Z)

A partial metric space (X, p) is a pair (X, p) such that X is a nonempty set and p is a partial metric on X.
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Remark 2.2 (([3]).). It is clair that
a) |p(z,y) —p(y, 2)| < pla, 2),Va,y,z € X.
b) p(r,y) =0 = z=y.

c) If v =y, p(z,y) may not be zero. We consider the following counter-exzample, the pair (R, p), where p(x,y) =
max{z,y} for all z,y € RT.

d) If p is a partial metric on X, then the function p® : X x X — RT given by p*(x,y) = 2p(z,y) — p(x, ) — p(y,y)
is a metric on X.

Each partial metric p on X generates a Ty topology 7, on X which has a base the family of open p—balls
{Bp(z,e),z € X,e > 0}, where By(x,e) ={y € X : p(x,y) < p(z,z) + e} for allz € X and e > 0.

Definition 2.3 (([3])) Let (X,p) be a partial metric space.
(i) A sequence {x,} in (X,p) is said to converge to a point x € X if, and only if p(x,z) = lim p(z,z,).
n—oo

(i) A sequence {x,} in (X,p) is said to be Cauchy sequence if the limit: lim p(x,,x,,) exists and is finite.
m,n— 00

(ii1) (X,p) is said to be complete if every Cauchy sequence {x,} in X converges, with respect to 1,, to a point
r € X, such that

p(r,x) = . }}Lrgoop(arn, Tm)

Lemma 2.4 ((/3])) Let (X,p) be a partial metric space. Then:

(a) {z,} is a Cauchy sequence in (X, p) if, and only if it is a Cauchy sequence in the metric space (X, p®).

(b) (X,p) is complete if, and only if the metric space (X, p®) is complete. Furthermore, lim p*(x,x,) = 0 if, and
n—oo
only if

p(r,x) = m}ggoop(mn, x) = m}rlLrgoop(xn, Tp).

Matthews ([3]) obtained the following Banach fixed point theorem on complete partial metric spaces.

Theorem 2.5 ([3]). Let f be a mapping of a complete partial metric space (X, p) into itself such that there is a
real number ¢ with 0 < ¢ < 1, satisfying the following condition:

forallz,y € X p(fz, fy) < cp(z,y),

then f has a fixed point.

In 2010, I. Altun, F.Sola and H. Simsek [1], proved the following result, that generalizes Theorem 1 of Matthews.

Theorem 2.6 [1]. Let (X,p) be a complete partial metric space and let T : X — X be a map such that:

p(T2,Ty) < o maax {p(a, ), p(2, T2),p(3, T). 3 [plar, To) + ply, T)] })

for all x,y € X, where ¢ : R™ — RY is continuous non-decreasing function such that o(t) < t and the series
Zn21 ©(t) converges for all t0. Then T has a unique fixed point.

Very recently, Ljubomir Ciric, B. Samet, H. Aydi and C. Vetro [4], have proved a common fixed point theorem
for four mappings satisfying a generalized nonlinear contraction type condition on partial metric spaces and they
have given some application related to the homotopy for some operators on a set endowed with a partial metric.
The following theorem [4] extended and generalized the results obtained in [1].
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Theorem 2.7 [4]. Suppose that A,B,S and T are self-maps of a complete partial metric space (X,p) such that
Axr CTX, BX C SX and

p(Az, By) < ¢ (M (2,y)),
for all x,y € X, where ¢ € ® and
1
M (z,y)=max {p(Sx, Ty),p(Az, Sz), p(By, Ty), 5 [p(Sx, By) + p(Az, Ty)}}
If one of the ranges AX, BX,TX and SX is a closed subset of (X,p), then

(i) A and S have a coincidence point.
(i) B and T have a coincidence point.

In [5] K.P.R Rao and G.N.V. Kishore have obtained a unique fixed point theorem for self maps satisfying ¢ — ¢
contractive condition in partial metric spaces. They generalized and improved some results of Altun et al.[1].
Theorem 2.8 [5]. Let (X,p) be a complete partial metric space and let

ST, f,g: X =X
be such that
¥ (p(Sz,Ty)) < (M (2,y)) — ¢ (M (2,y)) for all z,y € X,

where @, P : [0,00 [= [0,00 [. ¥ is continuous, nondecreasing and ¢ is lower semi-continuous with p(t) <t and

M (z,y) = max {p(frc, gy, p(fx, Sz, p(gy, Ty, % [p(fx, Ty) + p(gy, Sw)]}

(i) T and F have a coincidence point.

(ii) g and S have a coincidence point.

Before stating our main results, we recall the following definitions.

Definition 2.9 Let X be a non-empty set and Ty, Ty : X — X are given self-maps on X. The pair (Ty,Ty) is said
to be weakly compatible if T1Tot = ToT1t, whenever Tit = Tot for some t in X.

Our main results are the following:

3. Main Results

Theorem 3.1 Let (X, p) be a complete partial metric space and let A, B, S, T : X — X be such that

A(X) € T(X) and B(X) C S(X) (1)
Y (p(Az, By)) < (0 (z,y) —¢ (0 (v,y)) forall z,y€ X (2)
where

0 (x,y) = Ap (Az, Sx) + pup (By, Ty) + dp (Sz, Ty) + v [p (Az, Ty) + p (Sz, By)] (3)
W, 0,7, A €J0,1]  and p+d+2y+ A <1 (4)

and @, ¥ : (0,00 [= [0,00 [. ¥ is continuous, nondecreasing and ¢ is lower semi-continuous, ¢ (t) = (t) = 0 <
t=0. If either T (X) or S(X) is a complete subspace of X and the pairs (A, S) and (B,T) are weakly compatible,
then A, B,S and T have a unique common fized point in X.
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Proof. Let xp € X be any element in X. Using (1), we construct sequences (), (yn) in X such that

{Am =Tz =Sz for all n > 1. (5)

2n 2ntl y2an2n+1 ont2 — Yani1

First we prove that, if there exists n > 1 such that 0 (9:2",,:1:271_1) =0, then

Yoo = Y2na (6)

By taking x =z, and y =x, _, in (3), we get

0 =90 (IQn’ 1:27%1) = >‘p (Axan S:Z:Zn) + pup (B:L‘27L—17Tx2n—1)

+dp (Sa:%,Tachfl)

+ [p (Amzn’T:Eanl) +p (szn’szan]

AP (Yars Ysn 1) + 10 (Yone 15 Ysn ) 0P (Yo 13 Ynn o)

A5 (P Yo s Yon—a) TP (Yo 15 Yoo

Thus, since A > 0 and Ap (ym,yznfl) <40 (1:2",%%1) =0, it follows that

P (Y s Yonr) =0,
hence
Yoo = Yoy _1 (7)

Now we claim if (7) is true, then we have

Yo = Yo 41 (8)

= )‘p (A:I;Zn’ szn) + Hp (Bx2n+1 ) T
+0p (Sz,,, Tx,,,,)
+ [p (A:EQn’ T‘TQn-H) +p (S‘T’znv Bx2n+1):| (9)
= AP (Ysns Ysnr) + 1D (Yonirs Ysn) + 0D (Y15 ¥s,)
A9 [P Wans Yon) + P (Vo1 Yo )]

2n+1)

g (xzw m2n+1)

From (9) and by the triangle inequality we get

0 (20 %30 1) < A+ 0D (Yans Yanin) + 4D (Yanyss Uan)
+ Y [p (y2n7 y2n+1) +p (y2n7y2'n.71) -p (y2n7 y2n) + p (y2n7 an)]

Hence

0 (20 %00 1) S (VXD (Yo 1590,) + (1 +N)D (Uns Yanys) - (10)
Since

P YonsYon 1) =P W Usn) <P (Yons Yonia) (11)

then from (10), (11) and (4) we obtain

0 (xon, T2n41) < (A4 p+0+27)p(Y2n: Y2n+1) } (12)
< P (Yan Yours)

Since 1) is monotone, then

'l/} (8 (x2n7x2n+l)) < 'l/} (p (y2n7y2n+l)) ) (13)

p(Az,By) =p (Az,,, Bz, ) =D (Yons Yonss) - (14)
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From (13),(14) and (2) we get

(0 (p (y2n7y2n+1)) <v (p (yznv yzw—l)) - (9 (Imvgjzm—l)) :

By the property of ¢, we have ¢ (6 (z,,,,,,,)) =0, this implies that

=0.

x2n+l)

2n?

H(x

By the fact that A > 0 and Ap (y,,,Ysnss) < 0 (2,,,%,,,,) = 0, therefore y, =y, .,. Continuing in this way, we
can conclude that y, = yn4x for all k > 0. Thus, the sequence {y,} is a Cauchy sequence. Now we can suppose
that

0 (x =0 foralln>1. (15)

:L'2n+1)

2n)

Setting p,, = P(Ya Yony, ). We claim that
Ponsy <Dy, forall n>1. (16)

Suppose (16) is not true, that is, there exists n € N such that p,  , > p,, , then

7/} (pzn) < w(Pan) = 7/} (p (y2n+1 ) yzn,+2)) = ¢ (p (Ax2n+1’Bx2n+2))
<9 (9 (xzn+17x2n+2)) - (9 (w2n+1 ) x2n+2)) )

¢ (1'2n+2 ) :17271+1) =Ap (szn+23 szn+2) + pp (Bx2n+1 ) T‘Tzn+1)
+dp (Sxmu, Tx,,.,
+ [p (Ax2n+27 Tx2n+1) +p (Sl‘zwrz ) Bx2n+1 )]
= Ap(yzwrz y Yont1 ) + ,up(yzn+1 ) y2n) + 6p(y2n+1 ) y2n)
TP Wi Y2n) + PWanirs Yanin)]-

Then by triangle inequality, we get

0 (TynsTopis) S ADypiy + 1D, + 0Dy + VPopiy + 9D

2n .
Since
PWani1sYonin) < PWons Yonis )

A+ g+ 6+ 2y < 1, then from (16) we have

¢ ($2n+l7x2n+2) < ()‘ + d + 27) Ps,,
< Do

1 is monotone, we have

w <p2n> S ’(/} (pzn) - (9 (x2n+1 ’ $2n+2)) .

= 0, which is a contradiction

This implies ¢ (6 (z,,,,,,,)) = 0, by the property of ¢, it follows that 0 (z,,,z,, )

with (15). With the same way, we prove

Ponss < Doy forall n>1. (17)
Thus from (16) and from (17) we have

Pos1 < pp forall n>1.

Hence, the sequence {p,} is a non-decreasing sequence of non negative real numbers and must convergence to a
real number denoted by [. Say:

lim p (Y, ynt1) =1, 1>0.

n— oo
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We shall prove that I = 0. We suppose that

>0, (18)
then from (9) and (12) we get

lim Ap (Az,,, 52,,) = Mm Ap (4,5, ,) < limsuph (,,.,7,,,,)

n—o0 n—00

<A+ p+0+2y) m p (YY)
this implies, by using (4), that

0 <\ < limsupf (z,,,z

n—oo

) <1,

2n+1

so, there exists [; > 0 and a subsequence {za,, } of {x2,} such that

lim 6 (x

n— oo

2ny, ) 2nk+l)

Hence, by the lower semicontinuity of ¢, we have
(p(ll) < liknigf@(o(l'znk,l',‘,nk+l)) (19)
From (2), we get

¢(p(y2nk ) y2nk+1)) < ¢(0(x2nk ) a:2nk+l )) - <)0(0('7;2nk ) Jj2nk+1 )) (20)

Taking the upper limit as k — oo in (20), we obtain
< T

v(l) < P(h) = Timinf o(0(z,,, .2, 1,))
<Y () —e )
<Y (l) —e ().

This implies that ¢ (I;) = 0. Thus, by the property of ¢, we have I; = 0, which is a contradiction with (18).
Therefore [ = 0 and so

lim p (yna yn+1) = 07 (21)

n— oo

and from (ps), we have also

lim p (yn, yn) = 0, (22)
n— o0

from (21) and (22), we have

lim p® (Yn, Ynt1) =0. (23)

n— oo

Now, we prove that {y2,} is a Cauchy sequence in (X, ps). On contrary, suppose that {y2,} is not a Cauchy
sequence in (X , ps). There exists an ¢ > 0 and monotone increasing sequences of natural numbers {2my, } and {2n;}
such that ng < my and

P (Yo, » You, ) > € (24)
and
P° (Yo, You,—2) <€ (25)

From (24) and (25) we get

€ <P° (Yo, s You, )
<D (Yo, s Ysny—2) T 0" Yon, 2> Yoy 1) +0° Uany 15 Yo, )
<EFD (Ynn, 2> Ysny 1) T0° (Yony 15 U, )-



International Journal of Applied Mathematical Research

Letting k — oo and using (23), we have
Jm p* (4., 5 ¥, ) =€

Hence from the definition of p® and from (22), we have

. €
Jm (Y, s Yany) = 5
Letting £k — oo and using (26), (24) in
|ps (yzmk 7y2nk+1) - ps (yzmk ) y2nk ) | g ps (y2nk+1a ank ),
we obtain

Hence, we have

9

lim (meka yan«}»l) = 5

k—o0
Letting £k — oo and using (26), (24) in
|ps (mek—lv y2nk+l) - ps (mek ’ ank ) | é ps (y2mk—1 ) mek )a
we get:
I D (U, 10 Y2, ) =
Hence, we have

. €
M P (Yo, 10 ¥, ) = 5
Letting k — oo and using (30), (24) in
|ps<y2mk717 yznk+1) _ps(y27nk—1’ y2'ﬂk)‘ < ps(y2nk+17 y2nk)'
we get:
D (Y, 15 Yoy 0) = &
Hence, we have

. €
klglgop(:%mk*l’ ank+1) = 5
Now, by (2) and (3) we have

w(p(A%mk ) Bmznkﬂ)) =9 (p(ymk ) y2nk+1))

S ¢(9($2m,k7$2w,k+1)) - @(G(IQm,k7x2nk+l))7

0T o in) = APWan o ¥ ) T 10 Wy 10 U, )

mE

0.2cm +5p(y2mk717y2n

)
[ (Y Yo )+ P (Yo, s Yanpir)]

Letting k — oo and using (21), (27), (31), (34) and since v + g < 1 we obtain

b((v+8)e) —e((r+35)e)

¥ (5)
O-em 6 (3) -p((r+3)e),

INIA

211

(26)
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this implies that ¢ ((7 + g) s) = 0, then £ = 0; which is a contradiction. Hence {ya, } is a Cauchy sequence. Letting

n — oo and m — oo in

|ps (y2n+1; y27n+1) 7ps (yzmv yzn) S ps (yzn,+1a an) +ps (yz-m,+17 yzm) )

we get n_}irﬂoops (Ysnsss Yomys) = 0. Hence {y,,,,} is a Cauchy sequence. Thus {y,} is a Cauchy sequence in

(X,p®). We have lim p® (yn, y,,) = 0. Now, from the definition of p® and from (22), we have
n.m-—oo

m

lm p (Yn, Ym) =0. (35)

n.m—oQ

Suppose S(X) is complete. Since {y,,,,} C S(X) is a Cauchy sequence in the complete metric space (S(X), p°),
therefore there exists t € X such that v = S(t) € S(X). Since {y, } is a Cauchy sequence in (X, p°) and y,, ., — v,
it follows that y, — v. From Lemma 1 (b), we have

p(v,v) = lim p(y,,.,,v) = lim p(y,,,v) = Lm_p(yn, ym) (36)
From (35) and (36) ,we have
p(v,v) = lim p(y,,.,,v) = lim p(y,,,v) =0 (37)
We shall prove that li_>m p(At,y,, ) = p(At,v). Letting n — oo in
n oo

P (At,y,,) = 2p(At,y,,) — p(At, At) = p(y,,, Y.,
we get by using (22)
p°(At,v) = 2 lim p(At,y,, ) — p(At, At) — 0

n—roo
2p(At, 1)) - p(Atv At) - p(U, U) =2 lim p(Atv an) - p(Ata At)

n—oo
By (37), we have
p(At,v) = lim p(At,y,,)
n—oo

Let At#wv

p(At,v) < p(At, Bxony1) + p(Bxant1,v) — p(Brant1, Brant1)
< p(At, Brapy1) + p(Y2nt1,v)

77[} (p(At, ’U)) < 1/1 (p(At7 Bm2n+1) + p(y2n+1 ) U)) (38)

Hence letting n — oo in (38), we obtain

P (p(At, ’U)) <4 (nILH;OP(Ata B$2n+1) + O)
= lim ¢ (p(At, Bz,,.,))
< lim ['(/J (9 (t,$2n+1)) - (9 (tﬂx2n+1))}

n—oo
0 ((ta xZn+1)) = /\p(Ata szn+1) + MP(B%”H ) Tz2n+1) (39)
+ 5p(5t7 T‘r2n+1) + ’y I:p(At’ Tx2n+1) + p(St’ Bm2n+l):|
Then
0 ((t,2,41)) = (AL, Y5) + 10 Y1+ Vo) (40)

+6p(v,y,,) + 7 [P(At, yo,) + (0, Yy )]
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Letting n — oo in (40) and using (21), (37) and the fact that A + v < 1, we obtain
lim ¢ ((ta x2n+1)) = (>‘ + '7)1)(”7 At) < p(”u, At)

n— oo

Thus

¥ (p(At,v)) < ¢ (p(At,v)) — @ (A +7) p(v, At))

213

Tt follows ¢ ((A + ) p(v, At)) = 0, from the property of ¢ we have p(v, At) = 0 hence v = At = St. Since the pair

(A, S) are compatible, We have Av = Sv. Suppose

Sv#wv

As in above, using the metric p® and (22), (37), we can show that
p(Av,v) = lim p(Av,y,,)

p(Ava ’U) S [p(AUa Bx2n+1) +p(Bx2n+1av) _p(Bx2n+1’Bx2n+1):|
S p(AU, Bx2n+1) + p(y2n+l ) U)

Then
¥ (p(Av,v)) <9 (p(Av, Bz, ) + p(Ys,,1, )

Letting n — oo, we get

w (p(AUa U)) S ¢ (nh_{l(;lop(AU, Bx2n+1)) + O
nh_{%ow (p(A,U7B'T27‘L+1))
lim [w (9 (U,1‘2n+1)) - P (9 (vvx2n+1)”

n— oo

IN

Since
0 (Uv x2n+1) =Ap (A’U, AU) + Mp(ym ) y2n+1) + 5p(AU’ y2n)
+9 [P(Ys,, Av) + p(Av, y,,,,)]

lim 6 (v, 22n41) = Ap (Av, Av,) + 0+ dp(Av, v)

n—oo
+ 2vp(Av,v)
Since A + 4§ + 27 < 1,We obtain

lim 0 (v, zap+1) = A+ + 27) p(Av,v) < p(Av,v)

n— oo

Thus

¥ (p(Av,v)) <9 (p(Av,v)) — @ (A + p + 27) p(Av, v))

Hence ¢ (A + p + 27) p(Av,v)) = 0, by the property of ¢, we have

Av=v = Sv

Since A(X) C T(X), there exists w € X such that v = Sv = Tw. Suppose v # Bw

¥ (p(v, Bw)) = ¢ (p(Av, Bw)) < (0 (v,w)) — ¢ (0 (v,w))

0 (v,w) = Ap(Av, Sv) + pp(Bw, Tw) + op(Sv, Tw)
+7 [p(Av, Tw) + p(Sv, Bw)]

Ap (v,v) + pp(Bw,v) + op(v, v)

+7 [p(v,v) + p(v, Bw)]

(A+ 8+ 7)p(v,v) + (1 +7)p(v, Bw)
0+ (u+7)p(v, Bw)

p(v, Bw).

IA I

(42)
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Hence

Y (p(v, Bw)) <9 (p(v, Bw)) — ¢ (1 + v)p(v, Bw)) .

Thus, ¢ (¢ + v)p(v, Bw)) = 0. By the property of ¢, we have v = Bw. Thus Tw = Bw = v. Since (T, B) is
weakly compatible, we have T'v = Bv. Suppose Bv # v.

¥ (p(v, Bv)) = ¢ (p(Av, Bv)) < ¢ (0 (v,0)) = ¢ (6 (v, 0)),

0 (v,v) = Ap(Av, Sv) + pup(Bv, Tv) + op(Sv, Tv)
o [p(Av, To) + p(Sw, Bo)

Ap (v,v) + pp(Bv, Bv) + dp(v, Bv)

+7 [p(v, Bv) + p(v, Bv)]

up(Bv, Bv) + (6 + 2v) p(v, Bv) (Fromps)
(1 + 6+ 27) p(v, Bv)

p(v, Bv),

IA I

hence

¥ (p(v, Bv)) <4 (p(v, Bv)) = ¢ ((n+ 0 + 27) p(v, Bv)).
It follows ¢ ((1t + ¢ + 2) p(v, Bv)) = 0, then from the property of ¢, we have p(v, Bv) = 0, thus v = Bv. We have.
Tv = Bv =w. (43)

From (42) and (43) , v is a common fixed point of A, B,T and S. Now we prove the uniqueness of the common fixed
point. Let z be another common fixed point of A, B,T and S. Suppose v # z,

¥ (p(v,2)) = ¥ (p(Av, Bz)) < (0 (v,2)) = (0 (v, 2)),

0(v,z) = Ap(Av, Sv) + up(Bz,Tz) + dp(Sv, Tz)
+7 [p(Av, Tz) + p(Sv, Bz)]

Ap (v,v) + pp(2, 2) + dp(v, z)

+7 [p(v, 2) + p(v, 2)]

(6 4+ p+27) p(v, z) From py

p(v, 2).

IA

Hence

Y (p(v, 2)) <P (p(v,2)) — @ ((6 + p+27) p(v, 2)) -

It follows that ¢ ((0 4+ 1+ 27v) p(v, z)) = 0 and by the property of ¢, we have v = z. Thus v is the unique common
fixed point of A, B,T and S.

Corollary 3.2 Let (X, p) be a partial metric space and let A,B,S,T : X — X be such that
A(X)CT(X) and B(X) C S(X).

If

p(Ax, Bx) < 0 (z,y) forall z,y € X,

where

0(z,y) = Ap(Ax,Sz)+ pp(By,Ty) + op (Sz, Ty)
+v[p (Az, Ty) + p (Sz, By)],
w, 8,7, A€01] and N0, p+d+2y+ A<,

if either T (X)or S (X) is a complete subspace of X and the pairs (A,S) and (B,T) are weakly compatible, then
A, B,S and T have a unique common fized point in X.
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Proof. Taking ¢ (f) =t and ¢ = 0 in theorem 3.1.
Corollary 3.3 Let (X, p) be a partial metric space and let A, T : X — X be such that

AX) CcT(X).
If
p(Az, Ax) < O(z,y) for all z,y € X,
where
0(z,y) = Ap(Az,Tx) + pp(Ay,Ty) + op (Tz, Ty)

+7v[p (Az, Ty) + p (T'z, Ay)],
w, 8,7, A€01] and N0, p+d+2y+ A<,

if T (X) is a complete subspace of X and the pairs (A, T) are weakly compatible, then A and T have a unique
common fixzed point in X.

Proof. Taking ¢ ({) =t and ¢ =0 and A= B and T'= S in theorem 5.
Example 3.4 Let X =[0,1] and p(z,y) = max{z,y} forx,y € X. Let A,B,S and T : X — X and
o S(x)=3, T(zx)= % Alz) =5, B(z)= 5
e ¢ :[0,00[— [0,00] defined by: ¥ (t) =t,
e ©:[0,00[— [0,00[ defind by ¢ (t) = %,
e A=0=y=6= %
Then all conditions of theorem 3.1 are satisfied and 0 is the unique fized point of A, B,S and T.
Example 3.5 Let X = [0,1] and p(x,y) = max{x,y} forx,y € X. Let A,B,S andT:X — X and
o S(z) =317, T(2) =5, Al@)= % and B(z) =
b+ [0, 000> [0, 00 defined by 1 (t) = t,
i+ 0, 00[— [0, 00[ by (t) = 5,
e AN=[=y=§= %.
Then all conditions of theorem 3.1 are satisfied and 0 is the unique fized point of A, B,S and T.

_a®
2x+4’

4. Applications

In this section, we give an application of the previous section.
Set Y = {x : [0,00[— [0,00[, x is a Lebesgue integrable mapping which is summable and nonegative and
satisfies [ x (t)dt > 0 for each € > 0}.

Theorem 4.1 Let (X,p) be a complete partial metric space and let A, B, S, T : X — X be such that
AX)CcT(X) and B(X) C S(X)
and for oll x,y € X :

¥ (p(Az,By)) P (0(z,y)) e(0(z,y))
/ X(t)dtﬁ/ x(t)dt—/ x (t)dt, x €Y,

0 0 0
where
0(z,y) = Ap(Az,Sz)+ up(By, Ty) + op(Sz, Ty)
0.2cm +v [p(Az, Ty) + p(Sz, By)] (44)

1,0, v, A €01 and p+0+2y+ A <1,

and @, ¥ : (0,00 [= [0,00 [. ¢ is continuous, nondecreasing and ¢ is lower semi-continuous, ¢ (t) = (t) = 0 <
t =0. If either T (X)) or S (X) is a complete subspace of X and the pairs (A,S) and (B,T) are weakly compatible,
then A, B,S and T have a unique common fized point in X.
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Proof. Define A : R; — Ry by A (z) = [; x (t) dt. then A is continuous and nondecreasing with A(0) = 0. Then
we obtain

A(¢ (p(Az, By)) <+ (p(Az, By)) — ¢ (p(Az, By))

Which further can be written as

where W7 = Aot and &; = A o p. Hence by theorem 3.1 we have the desired results.
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