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Abstract

The variational inequality problem provides a broad unifying setting for the study of optimization, equilibrium and
related problems and serves as a useful computational framework for the solution of a host of problems in very diverse
applications. Variational inequalities have been a classical subject in mathematical physics, particularly in the calculus
of variations associated with the minimization of infinite-dimensional functionals. This paper presents a survey of main
results related to variational inequalities and fixed point problems defined on real Hilbert spaces and Banach spaces.
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1. Introduction

Variational inequalities were formulated between the end of 60’ and the beginning of 70° of previous century by the
italian mathematician G. Stampacchia [16]. In recent years, variational inequality theory has been extended and
generalized in several directions, using new and powerful methods, to study a wide class of unrelated problems in a
unified and general framework. The theory of variational inequalities represents, in fact, a very natural generalization of
the theory of boundary value problems and allows us to consider new problems arising from many fields of applied
mathematics, such as mechanics, physics, engineering, the theory of convex programming and the theory of control.
While the variational theory of boundary value problems has its starting point in the method of orthogonal projection,
the theory of variational inequalities has its starting point in the projection on a convex set. They provide a very general
framework for a wide range of mathematical problems among which, rather under general hypotheses, optimization
ones. Moreover, they have shown to be important models in the study of equilibrium problems [40], in the engineering
sciences (equilibrium problems in a traffic network) and in the economic sciences (oligopolistic market equilibrium
problems) [7], [10], [6]. Such problems, in fact, play a crucial role in the theory of complex systems and for this reason,
recently, has been presented many variational formulations of these problems. It is well known that the classical
variational inequality is equivalent to a fixed point problem. This alternative equivalent formulation has played a major
role in variational inequalities. In particular, the solution of the variational inequalities can be computed using iterative
algorithms; see [1], [32], [46], [45], [44], [38], [59], [57], and [63]. Indeed, many well-known problems arising in
various branches of science can be studied by using algorithms which are iterative in their nature. As an example, in
computer tomography with limited data, each piece of information implies the existence of a convex set C, in which the

required solution lies. The problem of finding a point in the intersection ﬂr';‘] —1Cm s then of crucial interest but cannot

be usually solved directly. Therefore, an iterative algorithm must be used to approximate such a point. One of the most
important and difficult problems in this theory is the development of an efficient and implementable iterative algorithm
for solving variational inequalities. As a result of interaction between different branches of mathematical and
engineering sciences, we now have a variety of techniques to suggest and analyze various

Numerical methods including projection technique and its variant forms, auxiliary principle, and Wiener-Hopf
equations for solving variational inequalities and related optimization problems. Related to the variational inequalities,
we have the problem of finding the fixed points of the nonexpansive mappings, which is the subject of current interest
in functional analysis. It is natural to consider a unified approach to these two different problems.
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The development of the finite-dimensional variational inequalities also began in the mid-1960s but followed a different
path. Unlike its infinite-dimensional counterpart, which was conceived in the area of partial differential systems, the
finite-dimensional variational inequality was born in the domain of Mathematical Programming. The developments
include a rich mathematical theory, a host of effective solution algorithms and a multitude of interesting connections to
numerous disciplines. The variational inequality problem is considered within optimization theory as a natural extension
of minimization problems, see [45].

2. Definitions

Let H be a real Hilbert space with inner product (., . ) and norm || . || , respectively. Let C be a closed convex subset of H.
The variational inequality problem is to find u e C such that < Au,v-u>>0, VveC.
The set of solutions of variational inequality problem VI(C, A) is denoted by Q. The variational inequality problem has
been extensively studied in literature; see, for example, [7], [10], [6] and references therein.
Definitions: Let A: C — H be a mapping of C into H.
1) Aiscalled monotoneif<Au-Av,u-v>>0Vvu,veC.
Monotone operators are the key ingredient of monotone variational inequalities.
2)  Ais called a-inverse-strongly-monotone [12], [13] if there exists a positive real number a such that
<Au-Avy, u—v>20c||Au—AV ||2 VuveC.
It is easy to see that a a-inverse-strongly mapping A is monotone and Lipschitz continuous but converse is not true.
3)  Adiscalled B-strongly-monotone if there exists a positive real number a such that < Au— Av, u-v >
EB"u—V ||2 VuyveC.
4) A mapping S: C—C is called nonexpansive [55-56] if || Su-—Sv " < ||u -V || VuveC.
We denote by F(S) the set of fixed points of S.
5) A mapping S: C— C is called Lipschitz continuous if there exists a real number L > 0 such that " Su - Sv || <L
|u—V || VuveC.
6) A mapping S: C— C is called contraction if there exists a real number . € (0, 1) such that ||Su—Sv ||
<a ||u—v || VuveC.
7)  Amapping S: C— C is called strictly pseudo-contractive with the coefficient k € (0, 1) if ||Su—Sv ||?
< ||u—v ||2+k||(I—S)u—(I —S)v "2 VuveC.
For such a case, S is also said to be a k-strict pseudo-contraction.
8) A mapping S: C— C is called pseudo-contractive if <Su—Sv,u—v>< || u-v " 2vuveC.
9) A mapping S: C—C is called asymptotically nonexpansive [28] if there exists a sequence {k,} of positive
numbers such that limn—ao k, = L and[[S"u =S || <ks|[u-v || YuveC,vn>1.
10) A mapping S: C — C is called asymptotically nonexpansive [47] in the intermediate sense provided S is
uniformly continuous and lim,,_,,, sup *® . (||S"u-S" |- [u-v |) <o.

u,veC

11) A mapping S: C— C is called uniformly Lipschitzian if there exists a real number L > 0 such that [|S"u—S"v ||

<L ||ufv || VuveC,Vn>1.
Let A be an inverse strongly monotone mapping. Then, in the context of the variational inequality problem, it is easy to
see that
UeQ < u=Pc(u-2ArAu), for any A > 0.
So to find the solutions of variational inequality problem, we shall use projection mappings. Now we describe some
properties of projection mappings.
Some Properties of Projection Mapping:
Let H be a real Hilbert space with inner product <., . > and norm || . || Let C be a closed convex subset of H. We shall
write x,— X to indicate that the sequence {x,} converges weakly to x. Xx,— x implies that {x,} converges strongly to x.
It is well known that for any x e H, there exists a unique nearest point in C, such that ||u — Pex||=inf{||u-y| : y € C}
Pc is called the metric projection of H onto C. The metric projection P¢ of H onto C satisfies
<X-Y,PeX-Pey>> || Pex-Pey || 2, for every x,y € H,
Pc is characterized by the properties: Pcx € C,
<X-PcX,Yy-Pcx><0,forallxeH,yeC,
| x=y|I?=]| x-Pex |?+ || y - Pex||? forall x e H, y € C.
It is known that H satisfies the Opial condition [68], that is, for any sequence {x,} with x,—Xx, the inequality,
limy,_, inf|| Xn- X || < limy_, e inf" Xp - y||
holds for every y € H with y # x. We also know that, if {x,} is sequence of H with x,— x and ||x,[|— || x|
holds that x, — x.
A set valued mapping T : H — 2" is called monotone if for all x,y e H, fe Txand g € Ty imply <x -y, f—g>>0. A
monotone mapping T: H—2"is maximal if its graph G(T) is not properly contained in the graph of any other monotone
mapping. It is known that a monotone mapping T is maximal if and only if for (x, f) e Hx H, <x -y, f-g > >0 for
every (Y, g) € G (T) implies f e Tx.
Let A: C— H be a monotone, k — Lipschitz continuous mapping and Ncv be the normal cone to C at v € C, that is,

, then there



International Journal of Applied Mathematical Research 303

Nev={weH:<v-u,w>>0,VueC}

Av+N.v, ifveC

o, ifveC

Then, T is maximal monotone [49-50] and 0 € Tv if and only if v e VI(C, A)

If A'is a a-inverse-strongly-monotone mapping of C into H, then it is obvious that A is 1/a-Lipschitz continuous. We
also have that for all X, y e C and A > 0,

I -28) x - (1-28) y |2 = || (x - v) - MAx - Ay) ||®

= |x—yl||?-22<x -y, Ax—Ay>+x2|| Ax - Ay||?

<[lx=yl?+r-20) || Ax-Ay|?

So, if A < a, then I — XA is a nonexpansive mapping of C into H.

Define, Tv = {

3. Main results

Let H be a real Hilbert space with inner product (., .) and norm" . || , respectively. Let C be a closed convex subset of H.
Let A: C — H be a nonlinear mapping.

The classical variational inequality problem is to find u € C such that

<Au,v-u>>0, VveC, (3.1)
which is introduced and studied by Stampacchia [16].

The set of solutions of variational inequality problem VI(C, A) is denoted by Q. The variational inequality problem has
been extensively studied in literature, see, for example,[7], [10], [6] and references therein.

A first geometric interpretation of VIP(C, A), defined by inequality (3.1), is that u in C is a solution of VIP(C, A) if and
only if there exists Au which forms a non-obtuse angle with every vector of the form v — u with v € C.

3.1. Results regarding solution of variational inequalities and fixed point problems in Hilbert
spaces

The following result was given by Takahashi and Toyoda [57], for the existence of solutions of the variational
inequality problem for a-inverse-strongly-monotone mappings.

Proposition [57]. Let C be a bounded closed convex subset of a real Hilbert space H and let A be an a-inverse-strongly-
monotone mapping of C into H. Then, VI (C, A) is nonempty.

In 2003, W. Takahashi and M. Toyoda [57] introduced an iteration process for finding a common element of the set of
fixed points of a nonexpansive mapping and the set of solutions of a variational inequality problem for an inverse
strongly-monotone mapping and then obtained a weak convergence theorem.

Theorem.3.1.1. [57] Let K be a closed convex subset of a real Hilbert space H. Let a > 0. Let A be an a-inverse-
strongly-monotone mapping of K into H and let S be a nonexpansive mapping of K into itself such that F(S) N VI(K, A)
# ¢. Let {x,} be a sequence generated by

Xo=Xe€eK,
Xne1 = 0nXn + (1 — o) SPk (Xn - AAX,), (3.2)
foreveryn=0,1,2,......... , where {A.} c [a, b] for some a, b € (0,2a) and { a,} < [c, d] for some c, d € (0,1). Then,

{xn} converges weakly to z € F(S) N VI (K, A), where z = lim,_,.. Pgs) nvic, ayXn-

Lemma [52] Let C be a closed convex subset of a real Hilbert space H. Let S be a nonexpansive mapping of C into
itself such that F(S) # ¢. Then F(S) = F (PcS).

In 2004, using above lemma given by S. Matsushita and D. Kuroiwa [52] and motivated by the result given by W.
Takahashi and M. Toyoda [57], Hideaki liduka and Wataru Takahashi [18], introduced an iterative scheme for finding a
common element of the set of fixed points of a nonexpansive nonself-mapping and the set of solutions of the variational
inequality for an inverse-strongly-monotone mapping in a Hilbert space. Then they showed that the sequence converges
strongly to a common element of two sets.

Theorem.3.1.2: [18] Let C be a closed convex subset of a real Hilbert space H. Let A be an a-inverse-strongly-
monotone mapping of C into H and let S be a nonexpansive mapping of C into itself such that F (S) N VI(C, A) # ¢. Let
{x,} be a sequence generated by X,=x €C,

Xn+1 = Pc (X + (1 - 0n)SPc (X - MAXy)), (3.3)
foreveryn=0,1,2,........ , where {\.} is a sequence in [0, 2a]. If {on} and {A,} are chosen so that A, € [a,b] for some a,
b with0<a<b < 2q,

I|m (Xn:O, ian:wa ian+1_aﬂ|<oo ! i

n—0 n=0 n=0 n=0

A

—7\.n|<oo.

n+l
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Then {x,} converges strongly to Prs)nvic, ayX-
After that in 2005, liduka and Takahashi [17] proposed a Halpern-like iterative scheme and obtained a strong
convergence theorem in Hilbert space.

Theorem.3.1.3: [17] Let C be a closed convex subset of a real Hilbert space H. Let A be an a-inverse-strongly-
monotone mapping of C into H and let S be a nonexpansive mapping of C into itself such that F (S) N VI(C, A) # ¢. Let
{x»} be a sequence generated by x;=x €C,

Xns1= X + (1 = 0n) SPc(Xq - AnAXy), (3.4)
for every n = 1, 2,........, where {a,} is a sequence in [0, 1) and {\.} is a sequence in [0, 2a]. If {o,} and {A,} are
chosen so that A, € [a,b] for some a, b with0 <a < b < 2q,

lim o, =0, ian:oo,i A
n=0 n=0

o0
(X,n+1—(Xn|<00 | Z —7\,n|<00

n=0

N0 n+l

Then {x,} converges strongly to Pgs) nvic, aX.

On the other hand, for solving the variational inequality problem in a finite dimensional Euclidean space R" under the
assumption that a set C ¢ R" is nonempty, closed and convex, a mapping A : C — R" is monotone and k-Lipschitz
continuous and Q is nonempty, Korpelevich [10] introduced the following so-called extragradient method:

X=X eR",

Yn = Pc(Xn - AAX,), (3.5)
Xn+1= Pc(Xn - AAyy), Vn =0,

where A € (0, 1/k). He showed that the sequences {x,} and {y.} generated by above algorithm converge to the same
pointz € Q.

In 2006, motivated by the idea of Korpelevich’s extragradient method [15], N. Nadezhkina and W. Takahashi [42],
introduced the following iterative process for finding the common element of the set of fixed points of a nonexpansive
mapping and the set of solutions of the variational inequality problem for a monotone, Lipschitz-continuous mapping.
The proposed iterative process was based on the so-called extragradient method. They obtained a weak convergence
theorem for two sequences generated by this process.

Theorem.3.1.4: [42] Let C be a closed convex subset of a real Hilbert space H. Let A be a monotone and k-Lipschitz
continuous mapping of C into H and let S be a nonexpansive mapping of C into itself such that F (S) N\ VI(C,A) # ¢. Let
{x.}, {yn} be sequences generated by

Xo=X€eC,

Yn= Pc(Xn - MAXy), (3.6)
X1 = OpXn + (1 = 0)SPe(Xn - ApAY,), V>0,

where {A,} c [a, b] for some a, b € (0,1/k) and {a,} < [c, d] for some c, d € (0,1). Then the sequences {X.}, {Yn}
converge weakly to some z € F(S) N VI(C, A), where z = lim,_ Prs)nvic, a%n-

Further in 2006, inspired by Nadezhkina and Takahashi’s iterative process Lu-Chuan Zeng and Jen-Chih Yao [36],
introduced an iterative process for finding the common element of the set of fixed points of a nonexpansive mapping
and the set of solutions of the variational inequality problem for a monotone, Lipschitz-continuous mapping. The
proposed iterative process was based on the so-called extragradient method. They obtained a strong convergence
theorem for two sequences generated by this process.

Theorem.3.1.5: [36] Let C be a closed convex subset of a real Hilbert space H. Let A be a monotone and k-Lipschitz
continuous mapping of C into H and let S be a nonexpansive mapping of C into itself such that F (S) N VI(C,A) # ¢. Let
{xn}, {yn} be sequences generated by xo=x €C,

Yn= Pc(Xn - 2aAXs), 3.7
Xn+1= 0nXo + (1 - 0n)SPe(Xn - AAYy), V>0,

where {A,} and {ay,} satisfy the conditions:

a) {MK}c(0,1-5) for some d € (0, 1);

D) fo} € (0,1), lim o,=0, ioa = o,

Then the sequences {X.}, {yn} converge strongly to same point Pgs)nyi(c, a)Xo, Provided,
lim, . || %0 — Xnea || =0 (3.8)

Remark. The iterative scheme (3.6) in theorem 3.1.4 has only weak convergence. The iterative scheme (3.7) in theorem
3.1.5 has strong convergence but imposed condition (3.8) on the sequence {x,}.

Further, inspired by iterative schemes (3.6) and (3.7), in 2006, Yonghong Yao, Yeong-Cheng Liou and Jen-Chih Yao
[67], presented an extragradient method for fixed point problems and variational inequality problems. Using this
method, they found the common element of the set of fixed points of a nonexpansive mapping and the set of solutions
of the variational inequality for monotone mapping. They obtained a strong convergence theorem under some mild
conditions.
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Theorem.3.1.6: [67] Let C be a closed convex subset of a real Hilbert space H. Let A be a monotone and k-Lipschitz
continuous mapping of C into H and let S be a nonexpansive mapping of C into itself such that F (S) N Q # ¢. For fixed
u eH and given xo € H arbitrary, let {x.}, {y.} be sequences generated by

Y= Pc(Xn - MAXy),

Xn+1= Ol + BrXn T vaSPC(Xn - AnAY), ¥V =0, (3.9)
where {a,}, {Bn}, {yn} are three sequences in [0, 1] satisfying the conditions:

(Co). on + Pt =1,

(€. i 4,20, 3, ~=

(C3). 0 < liminf_ By < lim sup,_..pn <1,
(Cy). lim_,, A, =0.
Then {x,} converges strongly to Pgs)nqU.

Definition: Generalized variational inequality problem is defined as follows:
Let C be closed, convex subset of a real Hilbert space H. Find u € C such that
<u—-Au-ABu,v-u>>0,vveC,A>0. (3.10)

Remark. The generalized variational inequality problem (3.10) is reduced to classical variational inequality (3.1) if A =
I, the identity mapping.

In 2010, motivated by the results obtained by liduka, Takahashi, Toyoda [18] and liduka, Takahashi [17], Sun Young
Cho [53], considered a generalized variational inequality problem by a Halpern-type iterative method. A strong
convergence theorem was established in a real Hilbert space.

Theorem.3.1.7: [53] Let C be a closed convex subset of a real Hilbert space H. Let A be an a-strongly-monotone and
L-Lipschitz continuous mapping of C into H and B be an B-strongly-monotone and K-Lipschitz continuous mapping of
Cinto H such that VI(C, B, A) # ¢. Let {x,} be sequence generated by

Xo € C,

Xn+1= 0t + BXn + vnPC(AX, - ABX,), Vn >0, (3.11)
where u is fixed element in C, A is a positive constant and {a,}, {Bn}, {yn} are three sequences in (0, 1). Assume that
above control sequences satisfy the following restrictions:

(C).on+Prtyn=1,n>0;

(Co)- lim «,=0, Z}a =,
(Cy). 0 < liminf By < lim sup,.pn <1,

(Ca). \1-2a+L2 +\1-20B+27K? <1.

Then {x,} converges strongly to x e VI(C, B, A), where X = Py, s, a) U.
In 2011, Wang H. and Song Y. [20] introduced an iterative method for finding a common element of the set of fixed
points of a nonexpansive mapping and the set of solutions of some variational inequality in a Hilbert space.

Theorem 3.1.8: [20] Let K be a nonempty closed convex subset of a Hilbert space H. Assume that A: K — H is an a-
inverse strongly monotone mapping and T: K — K is a nonexpansive self~-mapping with VI(K, A) /7 F(T) # . For an
anchor point u €K and an initial value X, €K and a constant .Z € (0, 2a,), the sequence {x,} be defined iteratively by
Xne1 = O U+ By Xn + (1 — 0 — Br ) TP(Xn — AAX,). (3.12)
Suppose that {a,} < (0, 1) and {B,} < (0, 1) satisfy the following conditions:

(C1). Lim, _, , 0,=0,

2. Yo, =,
n=0

(C2). 0 < liminf,_.Bn < lim sup, ..fn <1,
Then {x,} converges strongly to X = Py, a)nrmU.
Moreover, there exist a subsequence { X, } < {x} and {€,} < (0, «) with lim, _, , €, = 0 such that

! +2e

Ny Nk
a
m=0

*112
| R (=

m

*12
XIS = +@+20, )€,

2, o

m=0
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n-1 m
* 12 2 a _
1%, =X P <Xy - PUl - Y = m+l<n<me, 0, = Y o ,
i=0

m=n,+1 Ym

n
* 12 *12 (04 * 2
I Xq 0= X7 < 11X - X1 Ze—m Sl %o-x |7, I<sn<n—1,

m=0 Yy

S
[0 *
1 <n<smac=max{s; D —= <||x,-X||’}.

m=0 Yy

Using above theorem, they proved some corollaries.

Corollary (i): [20] Let H, T, A, K, A be as in theorem3.1.8. For an anchor point u € K and an initial value x, € K and a
constant € (0, 1), the sequence {x,} be defined iteratively by

Xne1 = O U+ (1 — 00)[0Xp + (1 - 8) TPk (Xy — AAX,)].

Suppose that {a,} < (0, 1) satisfies the following conditions:

(C1). Lim, _, , a, =0,

(CZ). Za‘n = (X)’
n=0
Then {x,} converges strongly to X = Py, a)n £ U.

Corollary (ii): [20] Let H, T, A, K, A be as in theorem3.1.8. For an anchor point u € K and an initial value xo € K and a
constant § € (0, 1), the sequence {x,} be defined iteratively by

Xn+1 = 8(0tn U+ (1 — an)Xp) + (1 - 3)TP(Xy — AAXy).

Suppose that {a,} < (0, 1) satisfies the following conditions:

(C1). Lim, ., 0,=0,

(C2). Do, =,
n=0
Then {x,} converges strongly to X = Py, a)n £ U.

Corollary (iii): [20] Let H, T, {a,}, {B.} be as in theorem3.1.8. Assume that A: K — H is an a-inverse-strongly
monotone mapping with VI (K, A) # ¢. For an anchor point u € K and an initial value x, € K and a constant A € (0, 2a),
the sequence {x,} be defined iteratively by X,+1 = anu—+ Bn X, + (1 — an— Bn) Pk (Xn — AAX;).

Then {x,} converges strongly to Py, « a)U.

The viscosity approximation method for finding a fixed point of a given nonexpansive mapping was proposed by
Moudafi [52] in 2000. He proved the strong convergence of the sequence generated by both the implicit and explicit
methods to a unique solution of some variational inequality.

In 2014, Chugh R and Rani R [46], motivated by Takahashi and Toyoda [57], S. Matsushita and D. Kuroiwa [52],
liduka and Takahashi [17] and the research going in this direction, introduced a new iterative scheme for finding a
common element of the set of fixed points of a nonexpansive mapping and the set of solutions of a variational
inequality problem for an a-inverse-strongly-monotone mapping and then obtained a weak convergence theorem.

Theorem 3.1.9: [17] Let C be a closed convex subset of a real Hilbert space. Let A be an a-inverse-strongly monotone
mapping of C into H and let S be a nonexpansive mapping of C into itself such that F(S)NVI(C,A) # ¢. Let {xn}, {y.} be
sequences generated by

Xo=X€C,
Vo= 0nXn+ (1 - an)SPc(Xn - AnAXy),
Xn+1 =Pnyn + (1- Bn)SPC(Yn - LAY, (3.13)

Where {1} € [0,20], {a,} < [0,1] and {B.} < [0,1]if {a,}, {A,} and {B,} satisfy the following conditions
1) lim o, =0, Z‘)a = o0,

2)  PBn.€[0,8) V n>0 and for some a € (0,1).
3) {A} < [c,d] for some ¢,d with 0 <c¢ <d < 2a.

4) zan+1_an|<oo | ZBn+1_Bn|<OO ' Z
n=0 n=0

n=0
Then, the sequences {Xn}, {yn} converge weakly to the same point z € F(S) N VI(C, A), where z = lim P nvicc, a) Xn-
n—oo

7\‘n+1_7\’n| <.

Theorem 3.1.10: [5] In a Hilbert space, define {x,} by implicit way

! Tx, +—1f(x.) | (3.14)

Xn =
l+eg, l+¢,
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where €, is a in sequence (0, 1) tending to zero, where f: C — C is a contraction and T : C — C is a nonexpansive
mapping. Then {x,} converges strongly to the unique solution x e C of the variational inequality

<(I-f)x,x—y><0.

In other words, x is the unique fixed point of Py (1 T.

Theorem 3.1.11: [5] In a Hilbert space, define {x,} by (Xo € C is arbitrary)

Xne1= ——TX, +—2f(x,) (3.15)
+e, l+eg,
Suppose that {e,} satisfies the conditions
lim, . €,=0, > &, =, lim,_., RN )
n=0 n &na

Then {x,} converges strongly to the unique solution x e C of the variational inequality
<(I-f)x,x—y><0.

In other words, X is the unique fixed point of Pgi (n .

In 2004, Xu [19] extended the results of [5] to more general version. He proved the following theorems:

Theorem 3.1.12: [19] Let H be a Hilbert space, C be a closed convex subset of H and T: C — C be a nonexpansive
mapping with Fix (T) # ¢ and f'is a contraction on C. Let {x;} be given by

X = th(x) + (1 - ) Tx, te (0, 1). (3.16)
Then:

i) s-lim; o X; = X exists;

i)  x=Pgf(x) or equivalently, x is the unique solution in F(T) to the variational inequality
<(I-f)x,x-y><0,y€S,

where S = F (T) and Ps is the metric projection from H to S.

Theorem 3.1.13: [19] Let H be a Hilbert space, C be a closed convex subset of H and T : C — C be a nonexpansive
mapping with Fix(T) # ¢ and f'is a contraction on C. Let {x,} be given by

Xn+1= 0pf(Xn) + (1 — ) TXp, n>0. (3.17)
Then under the following hypotheses

(H1). Lim, _, , a, =0,

(H2). Y, = o,
n=0

= o
(H3). Either z ocn+l—an| <o orlim, ., — =1,

n=0 n

Xn — X, where x is the unique solution of the variational inequality

<(I-f)x,x-y><0,yeS.

In 2007, motivated by the results in [5] and [9], Junmin Chen, Lijuan Zhang and Tiegang Fan [23] studied viscosity
approximation methods for nonexpansive mappings. They showed that the sequence generated by proposed scheme
converges strongly to a common element of the set of fixed points of a nonexpansive nonself-mapping and the set of
solutions of the variational inequality for an inverse-strongly-monotone mapping in a Hilbert space.

Theorem 3.1.14: [23] Let C be a closed convex subset of a real Hilbert space H. Let f: C — C be a contracton with
coefficient k (0 < k < 1). Let A be a a-inverse-strongly-monotone mapping of C into H and let S be a nonexpansive
mapping of C into itself such that F(S) N VI(C, A) # ¢. Let {x,} be a sequence generated by

Xo=X€C,

Xn+1= 0nf(Xn) + (1 - 0n) SPc(Xn - AnAXp) (3.18)
foreveryn=0,1,2,........, where {A} C [a, b] and {o,} is a sequence in (0, 1). If {on} and {A,} are chosen so that A, €
[a,b] for some a, b with 0 <a<b < 2aq,

o0 o0
lim a,=0, D a,=0w, >
n—0

n=0 n=0

Then {x,} converges strongly to q € F(S) N VI(C, A), which is the unique solution in the F(S) N VI(C, A) to the
following variational inequality < (I - f) g, g —p > <0, p € F(S) N VI(C, A).

Inspired by the results given by Nadezhkina and Takahashi [42], Zeng and Yao [36], Zeng and Yao [37] again
introduced an extragradient-like approximation method basing on the extragradient method and viscosity approximation
method and obtained the very interesting result.

A

Oy =0ty | <00, i | <0

n=0

n+l
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Theorem 3.1.15: [37] Let C be a closed convex subset of a real Hilbert space H. Let f: C — C be a contracton
mapping, let A: C — H be a monotone, L-Lipschitz continuous mapping and let S be a nonexpansive mapping of C into
itself such that F(S) N VI(C, A) # ¢. Let {xp}, {yn} be the sequences generated by

Xg=X€C,

Y= (1 - vn)Xn+ Pc(Xn - 2nAXn) (3.19)
Xn+1 = (1 - 0n— Bn)xn + 0Lni:(yn) + BnSPC(Xn - }\'nAyn) )

where {A.} is a sequence in (0, 1) with an < oo and {on}, {Bn} {yn} are three sequences in [0, 1] satisfying the
n=0

conditions:

i) on+ Pr<1foralln=>0;

n—0

i) lim o,=0, > o,=n;
n=0
iii)  0<Iliminf,_ By <lim sup, Py <1,
Then the sequences {X,}, {yn} converge strongly to g = Pk n vi(a, of(0) if and only if

{Ax,} is bounded and liminf, _, , < AX,, y-X,>>0, VyeC (3.20)

Remark. The iterative scheme (3.6) in theorem 3.1.4 has only weak convergence. The iterative scheme (3.7) in theorem
3.1.5 has strong convergence but imposed the condition (3.8) on the sequence {x,}. The iterative scheme (3.19) in
theorem 3.1.15 has strong convergence but imposed condition (3.20) on the sequence {x,}. So there is a natural
question-

Could we construct an iterative scheme to approximate the common element of the set of fixed points of a nonexpansive
mapping and the set of solutions of the variational inequality for monotone mapping without any assumption on the
sequence {x,}?

In 2007, Muhammad Aslam Noor, YonghongYao, Rudong Chen and Yeong-Cheng Loiu [39], tried to answer the
question and presented an iterative method for fixed point problems and variational inequality problems without any
assumption on {x,}. The proposed iterative scheme was based on the so-called extragradient method and viscosity
approximation method. Using this method, they found the common element of the set of fixed points of a nonexpansive
mapping and the set of solutions of the variational inequality for monotone mapping.

Theorem 3.1.16: [39] Let C be a closed convex subset of a real Hilbert space H. Let f: C — C be a contracton with
coefficient k (0 < k < 1). Let A be a monotone, L-Lipschitz continuous mapping of C into H and let S be a nonexpansive
mapping of C into itself such that F(S) N VI(C,A) # ¢. Let {x.}, {yn}, {z.} be the sequences generated by

Xo=X€C,

Zn= Pc(Xn - MAXy),

Y= (1 - )Xo+ YaPo(Xn - AnAZy), (3.21)
Xn+1 = (1 = 0n)Xn+ 0nS[Br F(Xn) + (1 - Br) Yal,
foreveryn=0,1, 2,........ , where {A,} is a sequence in (0, 1) with lim,_,A, = 0 and {on}, {Bn} and {y,} are three

sequences in [0, 1] satisfying the conditions:
D lim B,=0, 2B, =,

2)  O0<liminf_ con <lim sup, .0, <1,

3) lim,_. (Yne1 - Yn) =0.

Then, the sequences {x,}, {yn} and {z,} converge strongly to the same point ¢ = Pg) nvic, a) T (0)-

In 2009, Wangkeeree and Kamraksa [51], introduced an iterative method for finding a common element of the set of
fixed points of a family of infinitely nonexpansive mappings and the set of solutions of the variational inequality for an
inverse-strongly monotone mapping in a Hilbert space. They showed that the iterative sequence converges strongly to a
common element of these two sets.

Theorem 3.1.17: [51] Let C be a closed convex subset of a real Hilbert space H, let f be a contraction of C into itself,
let B be an a-inverse strongly monotone mapping of C into H and let {T; : C — C} be a family of infinitely nonexpansive

mappings with F = ﬂF(Ti)ﬂVI(B,C) # &. Let A be a strongly positive linear bounded self adjoint operator with the
i=1

coefficient 3_/ > 0 such that/ AJ/ < 1. Assume that 0 < y < «?/a. Let {on}, {Bn}:{yn} and {d:} be sequences in [0, 1]
satisfying the following conditions:
(C1). lim, 0, =0, D 0, =0,
n=0
(C2). 0 < lim inf,_,,6, <lim sup,_.0, < 1,
(C3). (1 +Bn)yn - 2B, >d for some d € (0, 1),
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©

Bn+1_Bn| = z

n=0

(C4) Z YH+1_Yn| =0 !
n=0

©5): Y,

Then the sequence {x,} generated by

Zy = YnXn + (1 - yn)Wan )

Yo =PBrnXn + (L - B)WhZ,, (3.22)
Xne1 = 0 Y F(Xp) + 0 X + (1 — 83 )1 — 0nA)Pc(Yn - 4nBYn) , Vn>1

converges strongly to g € F, where q = Pe (yf + (I - A)) q which solves the following variational inequality:
(yf(@)-Ap,p-q)<0,VvpeF.

Here the mapping W, is defined by

Un, n+1 =1,

Un,n = HnTnUn,n+1 + (1 - Hn) l,

Un, n-17= Hn—lTn—lun, nt (1 - un—l) I,

Apii =My | < o0 and {4} c [a, b] for some a, b € (0, 20).

Un k= wTUn ker + (13— 1,
Unk-1 =M1 TkoaUn e (T— o) 1

Un2=ueToUn s+ (1 —po) I,
Wh=Up1=wTiUp 2+ (1 - ) |,
Such a mapping W, is nonexpansive from C to C and it is called W-mapping generated by Ty, To,....... , T and py,

Remark. A linear bounded operator B is called strongly positive if there is a constant y > 0 with the property that

(AX, X) > yIIXII%, V X € H.

In 2009, motivated and inspired by above results, Meijuan Shang, Yongfu SU, Xiaolong Qin [41], introduced a general
three-step iterative scheme for finding a common element of the set of fixed points of a nonexpansive mapping and the
set of solutions of the variational inequality for an inverse-strongly monotone mapping by viscosity approximation
methods in a Hilbert space. They showed that the iterative sequence converges strongly to a common element of two
sets, which solves some variational inequality.

Theorem 3.1.18: [41] Let C be a closed convex subset of a real Hilbert space H. Let f: C — C be a contracton with
coefficient k (0 < k < 1). Let A be an a-inverse-strongly-monotone mapping of C into H and let S be a nonexpansive
mapping of C into itself such that F(S) N VI(C, A) # ¢. Let {x,} be a sequence generated by

Xo=X€C,

Z, = Pe(Xn - ThAXp),

Yn = Pe(zn - unAZp), (3.23)
Xns1= O‘nf(xn) + (1 - O‘n)SPc(Yn - }LnAYn),

where {o,}, {An}, {1} and {t,} satisfy the following conditions:

1)  {on}isasequencein (0, 1);

oy =0,y

| <c0

n—0

3 Dhho|<w, X
n=0 n=0

4)  {M} {un} and {1} are three sequences in [a, b] for some a, b € (0, 2a).

Then {x,} converges strongly to g € F(S) N VI(C, A), which is the unique solution in the F(S) N VI(C, A) to the
following variational inequality < (1-f) q, g —p><0, ¥V p e F(S) N VI(C, A).

In 2009, motivated by the results obtained by Chen et al. [23], Jong Soo Jung [22], introduced a new composite iteration
by viscosity approximation methods for finding a common element of the set of fixed points of a nonexpansive
mapping and the set of solutions of the variational inequality for an inverse-strongly monotone mapping in a Hilbert
space. If we take B, = 0, then iterative scheme (3.24) reduces to iterative scheme (3.18). They showed that the iterative
sequence converges strongly to a common element of two sets, which is a solution of some variational inequality.

n=0

2 lim 0,=0,) a,=ox,
n=0

0

My _Mn—l| <o, Z

T, —rn71| <

Theorem 3.1.19: [22] Let C be a closed convex subset of a real Hilbert space H. Let f: C — C be a contracton with
coefficient k (0 < k < 1). Let A be an a-inverse-strongly-monotone mapping of C into H and let S be a nonexpansive
mapping of C into itself such that F(S) N VI(C, A) # ¢. Let {x,} be a sequence generated by

Xo=X€C,

Y= 0nf(Xn) + (1 - o) SP(Xn - AnAXy), (3.24)
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Xne1= (1 - Br)Yn+ BrSPc(Yn - AnAYn),
where {A.} € [0,20], {on} < [0, 1) and {B.} < [0,1]. If {on}, {As} and {B,} satisfy the following conditions
1) lim an=0,ian=oo.

n=0

n—0

2)  PBnc[0,8) Vn>0 and for some a € (0,1).
3) Ay e[c,d] for some c,dwith0<c<d<2a.
4 >

o0 o0
0“n+1_0{“n|<oo ' Z‘,Bn+1_Bn|<(XD "Z
n=0 n=0 n=0

Then {x,} converges strongly to g € F(S) N VI(C, A), which is the unique solution in the set F(S) N VI(C,A) to the
following variational inequality < (1 -1)g,q—p><0,p € F(S) N VI(C,A).

0

}\‘n+1 _7\‘n| <®©

Definition: Let H be a real Hilbert space with inner product (., .) and norm||. ||, respectively. Let C be a closed convex
subset of H. Let A: C — H be a nonlinear mapping.
i) A is said to be relaxed p-cocoercive if there exists a constant L > 0 such that < AX — Ay, X —y > > (-p)||AX - Ay|%
VX, yeC.
i)  Aissaid to be relaxed (u, v)-cocoercive if there exists a constants p, v > 0 such that < AX — Ay, X —y >
> (-wlIAX - Ay|I* +vIIx - y]I%, ¥ %,y € C.

Remark. A p-inverse-strongly monotone mapping is also called p-cocoercive.

Lemma. [21] Let C is a nonempty closed convex subset of a real Hilbert space H and T: C — C be a k-strict
pseudocontraction with a fixed point. Define S: C — C by Sx = kx + (I - K)Tx for each x € C. Then S is nonexpansive
with F(S) = F (T).
In 2009, using the above lemma Xiaolong Qin, Shin Min Kang, Yongfu Su and Meijuan Shang [58] improved the
results given by W. Takahashi and M. Toyoda [57], Korpelevich [15], liduka and Takahashi [17], Yonghong Yao,
Yeong-Cheng Liou and Jen-Chih Yao [67] and introduced a general iterative scheme to investigate the problem of
finding a common element of the fixed point set of a strict pseudocontraction and the solution set of a variational
inequality problem for a relaxed cocoercive mapping by viscosity approximation methods. They proved the following
strong convergence theorem.
Theorem.3.1.20: [58] Let H be a real Hilbert space, C be a nonempty closed convex subset of H and A: C — H be a
relaxed (u, v)-cocoercive and L-Lipschitz continuous mapping. Let f: C — C be a contraction with the coefficient a € (0,
1) and T: C — C be a strict pseudocontraction with a fixed point. Define a mapping S: C — C by Sx = kx + (I - kK)Tx
for each x € C. Assume that F = F(T) N VI(C, A) # ¢. Let {x,} be a sequence generated by the following algorithm:
X; € C and
Zn = 0pXn + (1 - 0n)Pc(Xn - th/AX,) ,
Yo =8,SXn + (1 - 8n) Zn, (3.25)
Xna1 = 0nf(Xp) + BnXn T VnYn, V=1,
where {on}, {Bn}, {vn}, {On}, {®n} are sequences in (0, 1) and {t,} is a positive sequence. Assume that the above control
sequences satisfy the following restrictions:
a) optPytyn=1Ln>1;
b) lim a, =0, Zan=oo,

n=0

n—0

c) O<liminf,_ B, <lim sup, ..pn <1,

2(v-L%p)
2

d 0<t<t, < , where t is some constant, for each n >1,

e) Iimn—»oo |tn - tn+l| = 11

f) lim,_.8,=3¢(0, 1), lim,_,o,=we(,1).

Then, the sequence {x,} converges strongly to u € F, where u = Pzf(u), which solves the following variational
inequality

<fU)-uu-v><0,vxeF.

In 2009, inspired by the research going on in this direction, L. C. Ceng, A. Petrusel, C. Lee and M. Wong [29] obtained
two extragradient methods for finding a common element of the set of solutions of a variational inequality for monotone
and Lipschitz continuous mapping and fixed points of a family of strict pseudocontractions.

Theorem 3.1.21: [29] Let C be a closed convex subset of a real Hilbert space H. Let A be a monotone and k-Lipschitz
continuous mapping of C into H. Let N > 1 be an integer. Let for each 1 <i < N, S;; C — C be a x;-strict

N
pseudocontraction for some 0 <x; < 1 such that ﬂF(Si)ﬂ Q # ¢.Let k = max {x;: 1 <i < N}. Assume that for each n,

i=1
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N

{24 - 1 iis a finite sequence of positive numbers such that > A, = I for each n > 0, where 4™ > 0 for all n > 0 and
i=1

1 <i<N. Given any xq € C, let {x,} “n=0, {¥n} “n=0 be the sequences generated by

Yn= PC(Xn - }\nA Xn) ’

th = Pc(Xn — AA Vo), (3.26)

N
Xn+1 = Oty + (1 — ) in(n) Sit,, Vn>0,
in1

where there hold the following conditions
i) {\} < [a, b] for some a, b € (0,1/k);
i)  {on} < [0, B] for some a, B € (x, 1).

N
Then, the sequences {x.}, {y.} converge weakly to the same point z ¢ ﬂF(Si)ﬂQ , Where z = lim, _, .

i=1
P X,
NLFsNe ™"

Algorithm. Let {a,} “=0 be a sequence in (k, 1) and {A,}",=0 be a sequence in (0,1/k). Given any X, € C, let {x,} “n=0
{yn} "1 = be the sequences generated by iterative scheme

Yn= PC(Xn - )\nA Xn) 3

th = Pc(Xn — AMAYn),

Xn+1 = Ot + (1 — 0p) Spjta, Y 0> 0,

where Sp; = S, with i = n (modN), 0 <i<N -1, i.e., if n=jN +1i for some integers j > 0 and 0 <1 <N -1, then Sy = Sy
ifi=0and S[n]:SiifOSiSN—l.

Using this algorithm they proved a weak convergence theorem.

Theorem 3.1.22: [29] Let C be a closed convex subset of a real Hilbert space H. Let A be a monotone and k-Lipschitz
continuous mapping of C into H. Let N > I be an integer. Let for each 0 <i <N — 1, S;; C — C be a xj-strict

N

pseudocontraction for some 0 < x; < 1 such that (\F(S;)() Q # ¢. Let k = max {x;: 0 <i <N—1}. Given any xo ¢ C, let
i=1

{x:} “n =0, {¥n}"n =0 be the sequences generated by

Yn= PC(Xn - )\nA Xn) ’

th= PC(Xn —MA yn)’ (327)

Xn+1 = Ot + (1 — 0p) Spjta, Y 0> 0,

Assume that the sequences {o,}  (k, 1) and {A.} < (0, 1/k) satisfy the following conditions

i) {A} c [a, b] for some a, b € (0,1/k);

i) {on} € [0, B] for some a, B € (x, 1).

N
Then, the sequences {x.}, {yn} converge weakly to the same point z € ﬂF(Si)ﬂQ , Where z = lim, _, ,

i=1

"N

In 2011, motivated by the results obtained by liduka and Takahashi [17] and Y. Yao and J. C. Yao [67], Yuan Qing,
Sun Young Cho and Xiaolong Qin [62], considered the class of strict pseudocontractions and class of inverse strongly
monotone mappings and introduced a new iterative method for finding a common element of the fixed point set of a
strict pseudocontraction and the solution set of variational inequality in a real Hilbert space.

Theorem 3.1.23: [62] Let C be a closed convex subset of a real Hilbert space H. Let A be an a-inverse-strongly-
monotone mapping of C into H and B be an f-inverse-strongly-monotone mapping of C into Hand T: C — C be a k-
strict pseudocontraction. . Assume that F = F (T) N VI(C, 4) N VI(C, B) # ¢. Let {x,} be a sequence generated by the
following algorithm:

Xo € C and
Zy = NXn + (1 - Mn)Pc(Xn - PrAXn)
Yo =80 Pc(Zn - MB Z0) + (1 - 8) T Pe(zn - 1B z1), (3.28)

Xns1 = OpU+ Bn Xy +¥vnYn, V020,
where u is a fixed element in C, {o,}, {Bn}, {yn} {On}, {Nn} are sequences in (0, 1) and {p,} is a positive sequence.
Assume that the above control sequences satisfy the following restrictions:
a) O+ Bt yn=1,n=0;
b) lim a,=0, Zan:oo,
n=0

n—0

c) O<liminf,_ By <lim sup, ..pn <1,
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Pri1 _pn| =0.

A lima S A = M S5, -5, = lim S
n=0 n=0 n=0

e) {A}, {pn} € [a, b] for some a, b with 0 <a <b <min{2a, 2}

) lim,_,.m,=0and k<3, <e <1, where ¢ € [k, 1) is some constant.

Then, the sequence {X,} converges strongly to u € F, where u = Pru.

In 2011, Bunyawat A. and Suantal S. [1], further generalized the above results and introduced an iterative method for
finding a common element of the set of fixed points of a countable family of nonexpansive mappings and the set of
solutions of some variational inequality problem for an inverse strongly monotone mapping in a Hilbert space and
obtained a strong convergence result.

Theorem 3.1.24: [1] Let C be a nonempty closed convex subset of a Hilbert space H. Assume that B: C — H is a p-
inverse strongly monotone mapping. . Let A be a strongly positive linear bounded operator with the coefficient y > 0

such that //A/ < 1 and let f be a contraction of C into itself. Assume that 0 < y < 1_(/11. Let {T, - C — C} be a countable

family of nonexpansive mappings with F = ﬂF(Tn)ﬂVI(C, B) # &. Let {x,} be sequence generated by the following
n=1

algorithm:

Xg € C,

Xn+1 = Pe (00 ¥ T(X) + (1 — 0, A) T, Pe(Xn — 4B X5)), (3.29)
foralln=0,1,2, ................ , where {a,} < (0, 1) and {1,} < (0, 2B). If {a,} and {A,} are chosen so that A, € [a, b]

for some a, b with0 <a<b < 2B,
(Cl) Iimn—»oo un = 01

(C2). ian = o0,
n=0

0LnJr]._OLn| <®©,

©3) Y

©. Y,

Suppose that ({T,}, T) satisfies the AKTT- condition. Then the sequence {x,} converges strongly to q € F, where q =
Pe (yf + (1 — A)) g which solves the following variational inequality:

(yf(@—-Ap,p-g)<0,vpeF.

}\‘n+l_7\‘n| < oo,

Remark. To deal with a family of mappings, the following condition was introduced:

Let C be a subset of a real Banach space E and let {Tn }:O:l be a family of mappings of C such that ﬂ:le(Tn):tq)
Then {T,} is said to satisfy the AKTT-condition [27] if for each bounded subset B of C,

isup{H T.,2-T,z|: zeB} <.

n=1

In 2011, Ceng et al [8], investigated the problem of finding a common element of the set of fixed points of an
asymptotically k- strict pseudocontractive mapping in the intermediate sense and the set of solutions of a variational
inequality problem for a monotone and Lipschitz continuous mapping. They obtained an extragradient-like iterative
algorithm that is based on an extragradient-like approximation method and the modified Mann iteration method. They
established a strong convergence theorem for two sequences generated by this extragradient-like iterative algorithm.

Theorem 3.1.25: [8] Let A: C — H be a monotone and L-Lipschitz continuous mapping, f: C — C be a contraction
with contractive constant o. ¢ (0, 1) and S: C — C be a uniformly continuous asymptotically k- strict pseudocontractive

mapping in the intermediate sense with sequence {yn} such that F(S) N Q + ¢ and Zyn < . Let {xp}, {yn} be
n=1

sequences generated by

X1 € C

Yn = (1 = pn)Xn + pnPc(Xn — AnAXp),

ty = Pc(Xh — AnAyy), (3.30)

X1 = (L — 0y — Bn — Vi) Xn+ 0 f(yn) + Bty + veStn, V> 1,

where {A.} is a sequence in (0, 1) with an < oo and {an}, {Bn}, {yn}, {Un} are sequences in [0, 1] satisfying the
n=1

following restrictions:
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a)  atPatva<l,n>1;

b) lima,=0, Ya,=ou
n=0

n—0

c) «k<liminf,_ By <lim sup, B <1,

d) ivn = o0,
n=1

Then, the sequences {Xn}, {y} converge strongly to the same point q = Pg)naf(q) if and only if {Ax,} is bonded, ||(I -
S%|l — 0 and lim inf, _, ,< AX,,yY—X,>>0forall yeC.

In 2012, inspired by Wangkeeree and Kamraksa [51], Yonghong Yao and Mihai Postolache [66] introduced an iterative
scheme for finding a common element of the set of solutions of a pseudomonotone, Lipschitz-continuous variational
inequality problem and the set of fixed points of an infinite family of nonexpansive mappings. The proposed iterative
method combined two well-known schemes: extragradient and approximate proximal methods. They derived some
necessary and sufficient conditions for strong convergence of the sequences generated by the proposed scheme.

Theorem 3.1.26: [66] Let C be a closed convex subset of a real Hilbert space H. Let A: C — H be a pseudomonotone

and L-Lipschitz continuous and (w, s)-sequentially-continuous mapping mapping and let {Sn}m_1 be an infinite family

of nonexpansive mappings of C into itself such that ()" Fix (Sp) N Q # .

Let {xn}, {¥n}, {2n} be sequences generated by

X1 € C

¥n = Pc(Xn — AAXp),

Zy, = OpXp + (1 - an)WnPC(Xn - knAyn)l (331)
Ch=1zeC:||lzo—z|| < [IX, — 2|1},

Find x, + 1 € C, such that

<A -PB)Xn—Xn+1t+ € —0nAXn+1, Xn+1—xX>>0, ¥V x e Cp,n> 1, where W, is a W-mapping defined by

Upns1=1,

Un,n = &nsnun,rHl + (1 _an) I,

Un,n—l = an—lsn—lun,n + (1 _Z}n—l) I,

Unk=&SUnk+1+ (1 =& 1,
Unk-1=8&-1Sk-1Unk+ (1 =& 1,

Un2=8&SUn3+(1-&) 1,

Wi, =Up 1=8&S,Up,+ (1-&) |, and {e,} is error sequence in H which satisfies >, ||en]] < oc.
Suppose the following conditions hold:

i) {\} € [a, b] for some a, b € (0,1/k);

i)  {on} < [0, c] for somec € (0, 1).

i) {02} € (0, 1) and {B,} < [0, 1] satisfies lim B, =0, 3B, = .

Then the sequences {X,}, {yn} and {z,} converge strongly to the same element of ﬂ:ﬂ Fix (Sp) N Q if and only if

[[Xn+1—Xn]| = 0 and liminf, _, ,.< AX,,X—X,>>0 forall x e C.

In 2012, Liou et al. [61], considered a general variational inequality and fixed point problem, which is to find a point x
with the property that x € GVI(C, A) and g(x) € Fix(S), where GVI(C, A) is the solution set of variational inequality,
Fix(S) is fixed points set of nonexpansive mapping S and g is nonlinear operator. For solving GVI(C, A), they
suggested an iterative method and showed that the sequence generated by this method converges strongly to a unique
solution of variational inequality problem.

Theorem 3.1.27: [61] Let C be a nonempty closed convex subset of a Hilbert space H. Let F: C — H be L-Lipschitz
continuous mapping, g: C — C be a weakly continuous and p-strongly monotone mapping such that R (g) = C. Let A: C
— H be an a-inverse strongly g-monotone mapping and let S: C — C be a nonexpansive mapping. Suppose that Q # .
Let p €(0,1)and p € (L, 2a). For given xy € C, let {x,} < C be a sequence generated by

9(Xn+1) = Bg(xn) + (1 - B)SPc[onF(Xn) + (1 — 0n)(9(Xn) - AAX,)], n >0, (3.32)
where {a,} < (0, 1) satisfies:

(C1). lim, , ,, a, =0,

(€2). Yo, = .
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Then the sequence {x.} converges strongly to x* € £ which is the unique solution of the following variational
inequality:

(F(<) - 9x), () - 9(x) ) <0, V X € 0. ..

Further, in 2008, Ceng et al. [9] introduced a new a problem of finding (x , z') € C x C such that

(MD1iZ +x -2, x-x)>0,VxEC,

(DX +7 -x',x-2)>0,Vx€C, (3.33)
where Dy, D,: C — H are any two mappings and A3, 1, > 0. This system is called a system of variational inequalities.
They studied a relaxed extragradient method for finding solutions of a general system of variational inequalities with
inverse strongly monotone mappings in a real Hilbert as follows:

Theorem 3.1.28: [30] Let C be a nonempty closed convex subset of a real Hilbert space H and let A, B. C — H be a-
inverse strongly monotone and A-inverse strongly monotone, respectively. Define the mapping Let S : C — C be a
nonexpansive mapping with F(S) /7 Q # ¢, where Q is the set of fixed points of the mapping G : C — C defined by G(X)
= Pc(Pc(X — uBx) - AAPc(x — uBx) for all x € C. Let x; = u € C and let {x,} be the sequence generated by

Yn = Pc(Xo— pBxn),

Xn+1 = OpU + ﬁnxn + ynPC (Xn - AAXn: (334)
where 1 € (0, 2a), n € (0, 28) and {0}, {Bn}, {¥n} € [0, 1]. Assume that the following conditions hold:

i) O+ Batya=1)n=1,

i) lim,_,,0,=0, Z(xn = o0,

n=0
iii)  0<liminf,_ By <lim sup, Py <1,
Then {x,} converges strongly to Xo = Pgs)N qu and (Xo, Yo) is a solution of (3.32), where yo = Pc(Xo — uBxo).
In 2013, motivated by the work of Ceng et al. [30], Kangtunyakarn [4] considered a new problem of finding (X", z') € C
x C such that
(X" -(1-2Dy) (ax +(1-a)z),x-Xx)>0,VXEC,
(2 -(1-2,D) X', x-2)>0,VxE€EC, (3.35)
where Dy, D,: C — H are any two mappings. This system is called a modification of system of variational inequalities,
for every A4, A, >0and a € [0, 1]. If a =0, then (3.35) reduces to (3.33).
He proved a strong convergence theorem for finding a common element of the set of fixed points of a finite family of
ki-strictly pseudocontractive mappings and the set of solutions of a modified general system of variational inequalities
problems.
Now we give a definition:

Definition: Let C be a nonempty closed convex subset of a Hilbert space H. Let {TI}N_1 be a finite family of k;-strict

pseudo-contractions of C into itself. For eachj=1,2, ...... N, letoj= (o, 0, ad) € 1 x I x |, where | € [0, 1] and o
+ oy’ + a5’ = 1. Define the mapping S: C — C as follows:
Uo=1,

‘Ul = (‘l.lTl u0+ (le UO+ 0.31|,
Uy = 0 °Ty Us + 0” Us + 0’1,
Us = 0.’ T3 Up+ 0% Up+ 03’

Uy 1= T Uy o+ N Uy o+ 05" 1, (3.36)
S=Un=01"S\Un-1+ " Un.1+ 0",
This mapping is called the S —-mapping generated by Ty, T,,....... Ty and ay, Og,..... , ON.

Theorem 3.1.29: [4] Let C is a nonempty closed convex subset of a real Hilbert space H and let D4, D,. C — H be d;, d,
-inverse strongly monotone mappings, respectively. Define the mapping G: C — C by G(x) = Pc (I — 4;Dy)(ax + (1 -

a)Pc(l — A,D,)x) for all x € C, A;, 4, > 0 and a € [0, 1). Let {-I'I}Nf1 be a finite family of k-strict pseudocontractive

mappings of C into itself with F = ﬂiN:lF(Ti) N F(G)# b and k = min{k; :i=1,2,......,N} and let o = (a’, o/, a) € |

x 1 x 1, where l €0, 1], al+ a0+ g’ = 1, 0, 0 € (k, 1) and oy € (k, 1], ag" € [k, 1), 0 € [k, 1) forall j=1,2, ...... ,
N. Let S be the S—mapping generated by Ty, T,,....... Ty and 0y, ay,..... , oy, Let X3, u € C and let {x,} be the sequence
generated by

Yn = Pc(l = 2:D2)X,,

Xn+1 = OpU + ﬂnxn + VnSPC (aXn + (1 - a)yn - AlDl (axn + (l - a)Yn)), nx1, (337)
where 4; € (0, 2d,), 4, € (0, 2d,) and {a,}, {Bn}.{¥n}€ [0, 1]. Assume that the following conditions hold:

|) O+ Bntyn=1,
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i)  lim,_ ,0,=0, Zocn = oo,
n=0
iii) 0 <lim infn—oof, < lim supn—oof, < 1,
Then {x,} converges strongly to X, = P u and (Xo, Yo) is a solution of (3.35), where yy= P¢ (I — 1:D2)X,.

3.2. Results regarding solution of variational inequalities and fixed point problems in Banach
spaces

Generalized variational inequality problem in Banach spaces is defined as follows:

Find x” € C such that

<AX,j(x-x)>>0,vxeCandjx-x)€Ix-y). (3.38)
The set of solutions of variational inequality (3.38) is denoted by S(C, A).

Let E be a real normed linear space with dual E”. We denote by J, the normalized duality mapping from E to E~ defined
by

J0) ={F € E, (x, By = ||| Ifll, IIx]| = [If|[}.V x € E, X

where (., .) denotes the generalized duality pair. It is well known that if E is strictly convex, then J is single-valued.
We shall denote the single-valued duality mapping by j.

Let C be a nonempty closed convex subset of a Banach space E. An operator A of C into E is said to be a-inverse
strongly accretive if there exists a constant o > 0 such that

<AX-Ay, Jx-y)>>a| Ax-Ay |’ VX yEC.

Definition: A Banach space E is said to be uniformly convex iff for any €, 0 < € <2, the inequalities IIXIl < 1, llyll < 1

and [Ix - yll > € imply there exists a § > 0 such that || % I<1-6.

Definition: Let E be a Banach space. Then a function pg : R — R is said to be the modulus of smoothness of E if

pe(t) =sup {w;%lx—yll 10X =1, Nyl =t}

A Banach space E is said to be uniformly smooth if

t
lim, ., pT() = 0.
Let g > 1. A Banach space E is said to be g-uniformly smooth if there exists a fixed constant ¢ > 0 such that pg(t) < ct®.
It is easy to see that if E is g-uniformly smooth, then q <2 and E is uniformly smooth.
In 2000, Moudafi [5] gave viscosity approximation methods. Later H. K. Xu [19] generalized the results of [5] for
nonexpansive mappings in uniformly smooth Banach space. He proved the following theorems:

Theorem 3.2.1: [19] Let E be a uniformly smooth Banach space, K be a nonempty closed convex subset of Eand T : K
— K be a nonexpansive mapping with F(T) # ¢ and f is a contraction on K. Then the path {x;} defined by

X = tf(x) + (L -)Tx, te (0, 1). (3.39)
converges strongly to a point in F (T). If we define Q: Illx — F (T) by Q (f) = lim,_, ., X, where IIxy = {f: : K > K a
contraction}, then Q(f) solves the variational inequality:

((1-HQ(M, i(Q(f) —x)) <0, v x € K(T).

Theorem 3.2.2: [19] Let E be a uniformly smooth Banach space, K be a nonempty closed convex subset of Eand T : K
— K be a nonexpansive mapping with F(T) # ¢ and [ is a contraction on K. Assume that {a,} < (0, 1) satisfies the
following conditions:

i) lim, _, , 0, =0,
i) Zan = o0,
n=0
iii)  Either D "|o,,, —o,| < oo or lim, .. (an+1/ ag) = 1.
n=0
Then the sequence {x,} generated by
Xn+1=0n F(X) + (L= 0n)TXy, n=0,1,2,....ccciininin., (3.40)

converges strongly to a fixed point of T.
Let E be a real normed linear space with dim E > 2. The norm of E is said to be uniformly Gateaux differentiable if for

[x+ty[|=[1x |

eachy € S ={x € E: ||x|| = 1}, the limitlim, _, ,, is attained uniformly for x € S.
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Let K be a nonempty bounded closed convex subset of E and let d (K) = sup {||x - y||: X, y € K} be the diameter of K.
For each x € K, let r(x, K) = sup {||x - y|| : y € K} and let r(K) = inf{ r(x, K) : x € K}. The normal structure coefficient
of E is defined as the number

N (E) = inf {d (K) / r (K) : K is a bounded closed convex subset of E with d(K) > 0}.

A space E such that N (E) > 1 is said to have uniformly normal structure. A space with a uniformly normal structure is
reflexive and all uniformly convex Banach spaces have uniformly normal structure.

In 2006, Naseer Shahzad and Aniefiok Udomene [43] extended the results of H. K. Xu [19] from nonexpansive to
asymptotically nonexpansive and obtained the following theorems:

Theorem 3.2.3: [43] Let E be a real Banach space with a uniformly Gateaux differentiable norm possessing uniform
normal structure, K be a nonempty closed convex and bounded subset of E, T : K — K be an asymptotically
nonexpansive mapping with sequence {k.} c /1, ©) and f : K — K be a fixed contraction with constant a. € [0, 1). Let

{t.} c (0, algﬂ) be such that lim, _, ., t, = 1 and lim, _, ,, lf”—_l =0. Then,
i)  for each integer n > 0, there is a unique x, € K such that
X, :(1—Ii—”)f (xn)+|t(—“Tn X, (3.41)

And if in addition, lim, _, ., |[X, - TXy]] = 0, then,

i)  The sequence {xn} converges strongly to some fixed point p of T, which is the unique solution of variational
inequality:

(1-Hp,jp-x))<0,vXx €F(T).

Theorem 3.2.4: [43] Let E be a real Banach space with a uniformly Gateaux differentiable norm possessing uniform
normal structure, K be a nonempty closed convex and bounded subset of E, T : K — K be an asymptotically
nonexpansive mapping with sequence {kn} /1, ©) and f: K — K be a fixed contraction with constant a. € [0, 1). Let

{t-} < (0, &) be such that lim, _, . t, =1, > t,(1-t,) = oo and lim, _,, kk” "tl =0, where & = min {—ak"“)k“ ,ki}.
n=0 n 4% n —Q n
For an arbitrary y, € K, let the sequence {y,} be iteratively defined by
t t
Ynir= (1—k—”)f(yn)+k—” T"Yn (3.42)

Then,

i) For each integer n > 0, there is a unique x, € K such that the equality (3.35) holds.

And if in addition, lim, _, ., |[X, - TXy|| =0, lim, _ , ||Yn - T¥a|l =0, then,

ii)  The sequence {y,} converges strongly to some fixed point p of T, which is the unique solution of variational
inequality :

((-fHpj(P-x))<0,vx €F(T).

In 2007, Ying Chen, Huimin He and Rudong Chen [60], extended the results of Naseer Shahzad and Aniefiok Udomene

[43] to more general class of asymptotically pseudocontractive mappings and more general class of Banach spaces.

They obtained fixed point solutions of variational inequalities for asymptotically pseudocontractive mapping defined on

a real reflexive Banach space with uniformly Gateaux differentiable norm possessing uniform normal structure. They

proved under some conditions on K, T and {t,} < (0, 1) that the generated by (3.41) and (3.42) converges strongly to

some fixed point p of T, which is the unique solution of the variational inequality:

((-Hpjp-x))<0,vx eF(T).

Theorem 3.2.5: [60] Let E be a real Banach space with a uniformly Gateaux differentiable norm possessing uniform

normal structure, K be a nonempty closed convex and bounded subset of E, T : K — K be an asymptotically

pseudocontractive mapping with sequence {k.,} < [I, x), uniformly asymptotically regular and uniformly L-

. L 1-a)k
Lipschitzian. Let f: K — K be a fixed contraction with constant a € [0, 1). Let {t,} < (0, (k& ) be such that
a—O
lim, .. t,=1and lim, _ . K=l _pandL < N(E)*2. Then,
i) for each integer n > 0, there is a unique x, € K such that
X, :(1—|i—”)f(xn)+|z—”T” Xo and lim, _, ., ||Xq - TX,|| =0, (3.43)
ii) If in addition,

1% - T™|IZ < Xn = T™, j(X, - X)) Vm,n>1,VXx €K
Then the sequence {x,} converges strongly to some fixed point p of T, which is the unique solution of variational
inequality:
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(1-Hpje-x))<0,vx €F(T),

Theorem 3.2.6: [60] Let E be a real Banach space with a uniformly Gateaux differentiable norm possessing uniform
normal structure, K be a nonempty closed convex and bounded subset of E, T : K — K be an asymptotically
pseudocontractive mapping with sequence {k.} < [I, ), uniformly asymptotically regular and uniformly L-

Lipschitzian. Let f: K — K be a fixed contraction with constant o € [0, 1). Let {t,} < (0, &), Quw)*> <L #1, a € (0, % )

K1 _ 0, and L < N(E)*?, where &, = min{ (d=ak, , kn(:l.—ZOL)
k,-t, K,—o | "-2a
that [1X, - T™I* < { X0 = T™, j(X0 = %) ), limy oo [[Yn - Tyall = 0

For an arbitrary y, € K, let the sequence {y,} be iteratively defined by

t t o,
Yo = (1—k—”)f(yn)+k—n T"Ya (3.44)

n

be such that lim, _, ., t, =1, lim, _,

}. Suppose

converges strongly to some fixed point p of T, which is the unique solution of variational inequality:
(A-Hpjp-x))=<0,vx eF(T).

Definition: Let D be a subset of C and Q be a mapping of C into D. Then Q is said to be sunny if

Q (Qx + t(x - QX)) = Qx, whenever Qx + t(Xx - Qx) € C for x € C and t > 0. A mapping Q of C into itself is called a
retraction if Q> = Q. A subset D of C is called a sunny nonexpansive retract of C if there exists a sunny nonexpansive
retraction from C onto D.

In 2005, in order to find a solution of the variational inequality (3.33), Aoyama et al. [26] obtained a weak convergence
theorem as follows:

Theorem 3.2.7: [26] Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly smooth Banach
space E. Let Q¢ be a sunny nonexpansive retraction from E onto C, let o > 0 and let A be inverse strongly accretive
operator of C into E with S(C, A) # ¢. Suppose that x; = x € C and {x,} is given by

Xn+1= 0nXn + (1= 0n)Qc (Xn — AnAXp), n = 0, (3.45)
where {4,} is a sequence of positive real numbers and {a,} is a sequence in [0, 1]. If {A,} and {a,} are chosen so that 4,

€ [a, iz ] for some a > 0 and o, € [b, c] for some b, c with 0 <b < ¢ < 1, then {x,} converges weakly to some element

z of S(C, A), where K is the 2-uniformly smoothness constant of E.

However they only obtained the weak convergence of the proposed scheme (3.45). Hence, it is an interesting topic to
construct an iterative scheme which converges strongly to the solution of variational inequality (3.38). In this regard,
Aoyama, liduka and Takahashi [25] further introduced another iterative scheme which has strong convergence.

Let G be an unbounded subset of R* such that s + t € G whenever s, t € G. Let X be a smooth Banach space, C be a
nonempty closed convex subset of X and J = {T; : s € G} be a commutative family of nonexpansive self-mappings of
C. Denote by F, the set of common fixed pointsof Ji.e. F={x € C: Tx =X, s € G}.

In 2007, Yao and Noor [65] suggested a new viscosity iterative method for a commutative family of nonexpansive
mappings and a contraction in Banach space.

Theorem 3.2.8: [65] Let C be a nonempty closed convex subset of a reflexive Banach space X with a weakly
sequentially continuous duality mapping. Let {a.}, {6,}, {3~} be three sequences in (0, 1) and {r,} be a sequence in G.
Let {on}, {8}, {vn} satisfy the control conditions:
i) on+ Brt+yn=1
i)  0<liminf,_ By <lim sup,_..pn <1,
i) r—oo
iv) J isasemigroup (i. e. T,Ts = T, for r, s € G) and satisfies the uniformly asymptotically regularity condition
lim sup || TsTx-Tx Il =0, uniformly ins € G,

reGroo  y.c

where C is any bounded of C. If there exists Q (f) € F which solves the variational inequality

<(1-HQ (), IQf) -p)>=<0,

Then the sequence {x,} generated by

Xn+1 = On F(Xn) + BaXn + YT 1, Xn, n>0 (3.46)
converges strongly to Q (f) € F.

Then they gave another interesting theorem:
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Theorem 3.2.9 [65] Let X be a reflexive Banach space with a uniformly Gateaux differentiable norm. Suppose that
every weakly compact convex subset of X has the fixed point property for nonexpansive mappings. Let C be a

nonempty closed convex sebset of X. Assume J is uniformly asymptotically regular on bounded subsets of C; that is,

for each bounded subset C of C and each r € G, there holds
lim sup II TTx—Tx I =0, uniformly ins € G.

S— o xe"C

Then the net {z} defined by

zs = a5 f(z5) + (1 - a5) Tszs, (3.47)
converges strongly to a point in F. If we define Q: I1c — F by

Q) =Ilimy_ .z, fE I,

Then, Q (f) solves the variational inequality

<(1-HQ®,J(Q()-p)>=<0,fellc,peF.

In particular, if f = u € C is a constant, then the above limit defines the sunny nonexpansive retraction Q from C to F,
<QU)-u,JQu)-p)><0,ueC,peF.

Combining above two results, they obtained another result as follows:

Theorem 3.2.10: [65] Let X be a reflexive Banach space with a uniformly Gateaux differentiable norm. Suppose that
every weakly compact convex subset of X has the fixed point property for nonexpansive mappings and X has a weakly
sequentially continuous duality mapping. Let C be a nonempty closed convex subset of X. Let {on}, {fn}, {rn} satisfies
the control conditions:

i) o+ Bt yn=1.

i)  0<liminf,_, By <lim sup,_..pn <1,

i) r—o o

iv) J isasemigroup (i. e. T,Ts = T, for r, s € G) and satisfies the uniformly asymptotically regularity condition
ruéimw suE | TsTx-Tx 1l =0, uniformly ins € G,

Assume J is uniformly asymptotically regular on bounded subsets of C; that is, for each bounded subset C of C and
eachr € G, there holds

lim sup Il T,Tx—Tex Il = 0, uniformly in's € G, where C is any bounded of C. Then the sequence {x,} generated by
S2%  yeC

Xn+1 = On F(Xn) + BnXn + YT 1, X, n>0 (3.48)
converges strongly to Q (f) € F, where Q (f) is a solution of the variational inequality
<(I7f)Q(f)v‘J(Q(f)fp)>503fEHCl pEF

In 2011, motivated by the research going on in this direction, Yao Y., Noor M. A., Noor K. I. and Loiu Y. C. [64],
suggested a new iterative method for solving some variational inequality involving an accretive operator in Banach
spaces. They proved the strong convergence of the proposed iterative method under certain conditions.

Theorem 3.2.11: [64] Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly smooth
Banach space E which admits a weakly sequentially continuous duality mapping. Let A : C — E be an a-inverse
strongly accretive operator such that S(C, A) # @. Let {on}, {Bn} be two sequences in (0, 1) and {.4,} be a real number

sequence in [a, iz 1. Suppose the following conditions are satisfied:

i) 0 <liminf,_ o, < lim sup, .0, <1,
i) lim, ... B,=0, 3B, =0,
n=0
iii) Iing (An+1—An) =0,
Then the sequence {x,} generated by
Xn+1=0pXy + (1 —an)Q[BnU + (1 — Br)Q(Xn — 1AX,)], n >0, (3.49)
converges strongly to Q'u, where Q' is a sunny nonexpansive retraction of E onto S(C, A).

In particular, if we take u = 0, then the sequence {X,} converges strongly to the minimum norm element in S(C, A).
Using the above result, they obtained the following corollary also.

Corollary (i) [64] Let C is a nonempty closed convex subset of a uniformly convex and 2-uniformly smooth Banach
space E which admits a weakly sequentially continuous duality mapping. Let A: C — E be an a-inverse strongly
accretive operator such that S(C, A) # ¢. Let {a,}, {Bn} be two sequences in (0, 1) and {A,} be a real number sequence

in [a, iz ]. Suppose the following conditions are satisfied:
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i) 0 <liminf,_ o, < lim sup,_..0, < 1,
i) lim, . Br=0, DB, =0,

n=0
i) lim (Zn.+1-2) =0,

For fixed u € C and given xq € C arbitrary, let the the sequence {x,} be generated by

Xn+1= 0nXny + (1 — 0n)[Bnt + (1 — Br) Q(Xn — AxAXy)], n >0, (3.50)
Then the sequence {x,} defined by (3.50) converges strongly to Q'u, where Q' is a sunny nonexpansive retraction of C
onto S(C, A).

In particular, if we take u = 0, then the sequence {x,} generated by

Xn+1= 0nXn + (L= an)[Brt + (1 = Bn)Q(%n — AAXp)], n =0,

converges strongly to the minimum norm element in S(C, A).

In 2013, Ceng et al. [33] gave an implicit iterative scheme by two step relaxed extragradient method in the setting of
uniformly convex and 2-uniformly smooth Banach spaces as follows:

Theorem 3.2.12: [33] Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly smooth
Banach space X. Let /Z be a sunny nonexpansive retraction from X onto C. Let B;: C — X be a aj-inverse strongly

accretive for i = 1, 2. Let f: C — C be a contraction with coefficient p € (0, 1). Let {Sn}si0 be an infinite family of

nonexpansive mappings of C into itself such that F = ﬂioﬁx(si)ﬂQ # ¢, where 21is a fixed point set of the mapping

G. For arbitrarily given xo € C, let {x,} be a sequence generated by
Yn= 0n f(yn) + (1 — o) e (1 — p1By) M (1 — u2B2) Xy
Xne1 = BrXn + (1 = Br)SiYn, n>0, (3.51)

where 0 < y; <% fori=1,2.
Let {an}, {Bn} be two sequences in (0, 1) satisfying the following conditions:

) lime0,=0, Y o, =0,
n=0
i)  0<liminf,_,B,<lim sup,_..fn <1,
Assume that Zsup xep ISpX — Sp_1 XIl < o for any bounded subset D of C and let S be a mapping of C into itself

n=1
defined by Sx = lim, _, ., Syx for all x € C and suppose that Fix(S) :ﬂioﬁx(si) . Then {x,} converges strongly to q €
F, whivh solves the following VIP:
<q-f().Ja-p)><0,VpeF.

Theorem 3.2.13: [33] Let C be a nonempty closed convex subset of a uniformly convex Banach space X which has a
uniformly Gateaux differentiable norm. Let I1¢ be a sunny nonexpansive retraction from X onto C. Let B; : C — X be
an A;-strictly pseudocontractive and aj-strongly accretive with a; + 4;> 1fori=1, 2. Let f: C — C be a contraction with

coefficient p € (0, 1). Let {Sn}Qi0 be an infinite family of nonexpansive mappings of C into itself such that F =

ﬂioﬁx(si)ﬂg # ¢, where 0 is a fixed point set of the mapping G. For arbitrarily given xo € C, let {x,} be a

sequence generated by
Yn=0nXp + (1 - an) Il (1 _,ulBl) Ilc (1 _.UZBZ) Xn s
Xn+1 = ﬁn f(Xn) + (1 - ﬂn)snynx n=>0, (352)

1-q,

)<p,<lfori=1,2

where 1—L @a-
1+,

Let {an}, {Bn} be two sequences in (0, 1) satisfying the following conditions:
i) 0 <liminf,_ o, < lim sup, .0, <1,

i) lim, . p.=0, 3B, = o0,
n=0

0

iii)  Either "o, —at, | <o orlim, .. | ap-aq.s| /8, =0.
n=1
iv)  Either >"[B,— B, 4| <0 orlim,_.. fn.1/ Bn=1.

n=1
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Assume that Zsup xep ISiX — Sp_1 XIl < oo for any bounded subset D of C and let S be a mapping of C into itself

n=1
defined Sx = lim, _, ,, Syx for all x € C and suppose that Fix(S) :ﬂioﬁx(si) . Then {x,} converges strongly to q € F,

whivh solves the following VIP:
<q-f(@.J(@-p)>=0,vpeF.

Corollary (i). [33] Let C be a nonempty closed convex subset of a uniformly convex Banach space X which has a
uniformly Gateaux differentiable norm. Let I1c be a sunny nonexpansive retraction from X onto C. Let B;: C — X be an
Ai-strictly pseudocontractive and o;-strongly accretive with o; + A4; > 1fori = 1, 2. Let f: C — C be a contraction with
coefficient p € (0, 1). Let S be a nonexpansive mapping of C into itself such that F = Fix(S) N 2 # ¢, where 2 is a fixed
point set of the mapping G. For arbitrarily given x, € C, let {x,} be a sequence generated by

Y= 0n X + (1 = o) I (1 - piBy) e (1 - u2By) X,

Xns1 = B f(Xn) + (1= Br)Syn, =0, (3.53)

where 1—L(1— 1o, y<p <1fori=1,2
1+, A

Let {an}, {Bn} be two sequences in (0, 1) satisfying the following conditions:
i) 0 <liminf,_ o, < lim sup,_..0, <1,

i) lim, . Ba=0, DB, =,
n=0

iii)  Either "o, —at, | <o orlim, .. | ag- a4l /8, =0.
n=1

iv)  Either >
n=1

Then {x,} converges strongly to q € F, whivh solves the following VIP:

<q-f(9),Ja-p)>=<0,VpeF.

Also they gave an explicit iterative scheme in the setting of uniformly convex Banach spaces with a uniformly Gateaux
differentiable norm as follows.

By = By 4| <0 Orlim, .. Bo.1/ B =1.

Theorem 3.2.14: [33] Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly smooth
Banach space X. Let /& be a sunny nonexpansive retraction from X onto C. Let B;: C — X be a a;-inverse strongly

accretive for i = 1, 2. Let f: C — C be a contraction with coefficient p € (0, 1). Let <{Sn}3i0 be an infinite family of

nonexpansive mappings of C into itself such that F = ﬂioﬁx(si)ﬂQ # ¢, where 2is a fixed point set of the mapping

G. For arbitrarily given xo € C, let {x,} be a sequence generated by
Yn=0n f(xn) + (1 - an) SnHC (1 - .ulBl) HC (1 - MZBZ) Xn
Xne1 = BoYn + (1 = Bn) Sullc (1 — p1By) I (1 — u2B2) Yo n>0, (3.54)

where 0 < y; <% fori=1,2.
Let {an}, {Bn} be two sequences in (0, 1] satisfying the following conditions:

) lim, . 0,=0, Dla, =,

n=0
i)  {Bn} c[a, 1] for somea € (0, 1),
i) Either "ot — o1, | <0 or lim, o, 001/ 0= 1.
n=1
iv)  Either >"|B, ~B, 4| <o orlim, .. | Bn- Bl /0y =0.
n=1

Assume that Zsup xep ISiX — Sp_1 XIl < oo for any bounded subset D of C and let S be a mapping of C into itself

n=1
defined Sx = lim, . ., S, for all x € C and suppose that Fix(S) =(")." Fix(S;) . Then {x,} converges strongly to q € F,

whivh solves the following VIP:
<q-f(@.)q-p)>=<0,VpeF.
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Corollary (i): [33] Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly smooth Banach
space X. Let Il be a sunny nonexpansive retraction from X onto C. Let B; : C — X be an a;-inverse strongly accretive
fori=1,2. Let f: C — C be a contraction with coefficient p € (0, 1). Let S be a nonexpansive mapping of C into itself
such that F = Fix(S) N 2 # ¢, where  is a fixed point set of the mapping G. For arbitrarily given xo € C, let {x,} be a
sequence generated by

Y= 0 F(Xp) + (1 — ) STc (1 — wiBy) e (1 - p2B3) Xy,

Xn+1 = PBoyn + (1= fBn) Slc (1 — p1By) I (1 - poB2) yo n20, (3.55)

where 0 < y; <% fori=1,2.
Let {an}, {Bn} be two sequences in (0, 1] satisfying the following conditions:

I) Iimnﬂocanzoy zan:OO’

n=0
i)  {Bn} < [a, 1] for some a € (0, 1),
i) Either o, — at, | < o0 orlim, 00 1/ 0= 1.

n=1

iv)  Either >
n=1

Then {x,} converges strongly to q € F, whivh solves the following VIP:
<q-f(a),Jq-p)><0,vpeF.

By =By | <o orlim, .| By Bo-al /,=0.

Corollary (ii): [33] Let C be a nonempty closed convex subset of a real Hilbert space H. Let B;: C — H be an o;-inverse

strongly monotone for i = 1, 2. Let f: C — C be a contraction with coefficient p € (0, 1). Let {Sn}w_o be an infinite

family of nonexpansive mappings of C into itself such that F = ﬂioﬁx(si)ﬂfz # ¢, where 0 is a fixed point set of

the mapping G. For arbitrarily given x, € C, let {x,} be a sequence generated by
Yn=0n f(xn) + (1 - an) SnPC (1 - .ulBl) HC (1 - HZBZ) Xn s
Xne1 = BaYn + (1 = Bn) SiPc (1 — waB1) e (1 - uB2) Yo n>0, (3.56)
where 0 < y; < 2q; fori=1, 2.
Let {on}, {Bn} be two sequences in (0, 1] satisfying the following conditions:
i) lim,_,,0,=0, Z(xn=oo,
n=0

i)  {Bn} < [a, 1] for some a € (0, 1),
iii)  Either >’

o, — an—1| <ooorlim,_ o o0n.1/0,=1.

iv)  Either ZBH—BH,J@O or lim, oo | B - Bn-1| /an=0.
n=1

Assume that Zsup xep ISiX — Sp_1 Xl < oo for any bounded subset D of C and let S be a mapping of C into itself

n=1
defined Sx = lim, _, ,, Syx for all x € C and suppose that Fix(S) =ﬂi°io Fix(S;) . Then {x,} converges strongly to q € F,

whivh solves the following VIP:
<q_f(q)vJ(Q'p)>§Oane F.

Corollary (iii): [33] Let C be a nonempty closed convex subset of a real Hilbert space H. Let B;: C — H be an o;-
inverse strongly monotone for i = 1, 2. Let f: C — C be a contraction with coefficient p € (0, 1). Let S be a
nonexpansive mapping of C into itself such that F = Fix(S) N 2 # ¢, where 2 is a fixed point set of the mapping G. For
arbitrarily given X, € C, let {x,} be a sequence generated by

Yn=0n f(Xn) + (1 — U.n) SPC (1 — ,LllBl) HC (1 — ,leBz) Xn

Xne1 = BnYn + (1= Bn) SPc (1 — wiB1) Ic (1 - p2B) yo n 20, (3.57)

where 0 < y; < % fori=1,2.
Let {an}, {Bn} be two sequences in (0, 1] satisfying the following conditions:

o0
i) lim,_ ., a,=0, Z(xn:oo,
n=0
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i)  {Bn} c[a, 1] for somea € (0, 1),

0

i) Either "ot — ot | <0 Or limy, o001/ 0= 1.
n=1
iv)  Either >"[B, ~B, | <o orlim, .. | Bn-Ba-al /0n=0.

n=1
Then {x,} converges strongly to q € F, whivh solves the following VIP:
<q-f(a).J(@-p)><0,vpeF.

Corollary (iv): [33] Let C be a nonempty closed convex subset of a real Hilbert space H. Let T: C — C be a
pseudocontractive mapping and let S be a nonexpansive mapping of C into itself such that F = Fix(S) N Fix (T) # ¢. Let
f: C — C be a contraction with coefficient p € (0, 1). For arbitrarily given x, € C, let {x,} be a sequence generated by
Yo = on f(Xn) + (1 — an) S((1 — )Xn) + ATXy),

Xn+1 = [))nyn + (1 - [))n) S((l - A)yn) + ATyn)n n=0 ’ (3-58)
where 0 <A< 1-k. Let {a,}, {Bn} be two sequences in (0, 1] satisfying the following conditions:

o0
I) Iimnﬂocanzoy zan:OO’
n=0

i)  {Bn} < [a, 1] for some a € (0, 1),
iii)  Either >

o, — ocn71| <ooorlim,_ o o0n.1/0,=1.

iv)  Either >'[B, —BHI <0 or limy o | Bn- Bo-1l /an=0.

n=1
Then {x,} converges strongly to q € F, whivh solves the following VIP:
<g-f(q),J(q-p)><0,Vp€eFix(S) N Fix(T).

Corollary (v): [33] Let H be a real Hilbert space. Let A be an a-inverse-strongly monotone mapping of H into itself and
let S be a nonexpansive mapping of C into itself such that Fix(S) N A™0# ¢. Let f: H — H be a contraction with
coefficient p € (0, 1). For arbitrarily given xo € C, let {x,} be a sequence generated by

Yo = on f(Xn) + (1 — o) S(Xn - AAXy),

Xne1 = Bnyn + (1 = Bn) S(¥n - 4AYn), n=0, (3.59)
where 0 < A <2a. Let {a,}, {Bn} be two sequences in (0, 1] satisfying the following conditions:

) lim, e =0, Yo, =,

n=0
i)  {Bn}c[a 1] for somea € (0, 1),
i) Either "ot — ot | <0 Or limy, o001/ 0= 1.
n=1

iv)  Either >’
n=1

Then {x,} converges strongly to q € Fix(S) N A™0, whivh solves the following VIP:

<q-f(q),q-p><0,Vp e FixS) N A0.

In 2013, Kangtunyakarn [3] proved a strong convergence theorem for finding a common element of the set of solutions

of a finite family of variational inequality problems and the set of fixed points of a nonexpansive mapping and an 7-

strictly pseudo-contractive mapping in uniformly convex and 2-uniformly smooth spaces.

Firstly, we give a definition.

Bn _Bn—1| < oo or Iimn—>oo | ,Bn',Bn-ll /an:O-

N
Definition: Let C be a nonempty closed convex subset of a Banach space H. Let {Ti}-ﬂ be finite family of

nonexpansive mappings of C into itself and let A, A,,........ , An, be real numbers such that 0 < A; <1 for everyi=1, 2,
...... , N. Define a mapping K : C — C as follows:

‘Ul = A]_Tl + (1 - Al) I,

Uy = T U + (1 - 22) Uy,

Uz = A3T3 Uy + (1 - A3) Uy,

Un-1= Ana T Unz + (1 — Anar) Unea, (3.60)
K=Un=AnTn Una + (1= An) Una,
Such a mapping K is called the K-mapping generated by Ty, T,....... Tyand Ay, As,....., An.
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Theorem 3.2.15: [3] Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly smooth Banach
space E. Let Q¢ be a sunny nonexpansive retraction from E onto C. For everyi=1, 2, ......, N, let A; : C — E o-inverse
strongly accretive mappings. Define a mapping G; : C — C by Qc(l — AA)x =Gx forallx e Candi=1, 2, ...... , N,

where 1; € (0, % ), K is the 2-uniformly smooth constant of E. Let B : C — C be the K-mapping generated by Gy,

G,,....., Gy and ps, po,...... , pn, Where pi€ (0, 1), Vi=1,2, ...... ,N—-21land pye (0, 1]. Let T: C —> C be a
nonexpansive mapping and S : C — C be an n-strictly pseudocontractive mapping with F = F(S) N F(T) ﬂiN:lS(C,Ai)

# ¢. Define a mapping B4 : C — C by T((1 - a)l + aS)x = BaX, V X € C and a € (0, % ). For arbitrarily given x; € C,

let {x,} be a sequence generated by

Xna1 = 0 F(X) + BoXn + ¥aBXn + ¥nBaXn, V0 > 1, (3.61)
where f: C — C is a contractive mapping and {an}, {Bn}, {¥n}, {6} € [0, 1], on + Bn + ¥n + 6, = 1 and satisfy the
following conditions:

i) lim,_ . 0, =0, Zan:oo,
n=0

i) {yn}h {6:3< [c,d] < (0, 1), forsomec,d>0,Vn>1,

i) |8, —B, <o, 3s,.-0
n=1 n=1

<o,y
n=1

iv) 0<liminf,_ By <lim sup,_..pn < 1.
Then the sequence {x,} converges strongly to q € F, whivh solves the following VIP:
<q-f(@),j@-p)><0,VvpeF.
In 2013, Atid Kangtunyakarn [2], introduced a new mapping, called S*-mapping to modify the Halpern iterative
scheme for finding a common element of two sets of solutions of variational inequality problem and the set of fixed
points of a finite family of nonexpansive mappings and the set of fixed points of a finite family of strictly pseudo-
contrctive mappings in a uniformly convex and 2-uniformly smooth Banach space.
Firstly, we give a definition.

< o0

Yni1 = Vn

n+1” “n

N N
Definition: Let C be a nonempty closed convex subset of a Banach space H. Let {Si},f1 and {Ti}-ﬂ be two finite

families of mappings of C into itself. For eachj=1,2, ...... , N, let 0 = (ulj, o, a3j) elxIx1,wherele]0, 1] and
o+ o) + o5 = 1. Define S* : C — C as follows:
uO = Tl = Iy

Uy = Ty (04'Sy Up+ 0" Up+ 03'1),
U=T, ((11252 U+ a” Uy + (132|),
Uz=T; ((11353 Up+ a® Uy + (133|),

Un-1= T2 P Sns Un o+ o HUN o+ 05" ), (3.62)
Sh=Uy=Ty (U-lN SNUn -1+ 0 Uy 1 + (13N|),
This mapping is called the st —mapping generated by S;, S,,....., SNy T1, To,.nnent. Ty and 04, ap,..... , On.

Theorem 3.2.16: [2] let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly smooth Banach
space E. Let Q¢ be a sunny nonexpansive retraction from E onto C. Let A, B be a- and S-inverse strongly accretive

mappings of C into E, respectively. Let {Si}: be a finite family of k;-strict pseudocontractions of C into itself and let

{_I'I}l\i1 be a finite family of nonexpansive mappings of C into itself such that F = ﬂiN:lF(Si)ﬂiN:lF(Ti) N S(C, AN

SC,B)y#dandk =min{ki:i=1,2,...... , N} with K_2 <k, where K is the 2-uniformly smooth constant of E. Let a;j =
(o, 0, ag) € I x I x I, where 1 € [0, 1], a+ o + ag' = 1, o € (0, 1], 0 € [0, 1], 05’ € (0, 1) forall j=1,2, ...... ,N.
Let S” be the S —mapping generated by S;, S,......, Sn, T1, Tos....... Ty and ay, G, ..., aN.
Let {x,} be the sequence generated by x;, u € C and
Xns1 = OU + BiXn + Vo Qc (I —aA) X, + 8, Qc (1 —bB) X, + 1, S X, , n> 1, (3.63)
where {on},{Bn}{Vn} {0} {nn} € [0, 1] and a,, + B, + vy + 8, + 1, = 1 and satisfy the following conditions:
) lim e 0,=0, Y o, =0,

n=0

i) {yn} {6:}, {m}<s [c,d] < (0, 1), forsomec,d>0,Vn>1,
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iii)
iv)

v)
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0 0

<w’ZYn+1_Yn <Oo’i8n+l_6n <o Z

n=1 n=1 n=1

Olpy — @y <®,

i <o, i Bn+1_Bn L P 4
n=1 n=1

0 < liminf,_ By <lim sup,_,.Bn < 1,

o p
ae (o, F)and b € (0, F)'

Then {x,} converges strongly to z, = Qr U, where Qg is the sunny nonexpansive retraction of C onto F.

4.
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