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Abstract

In this paper, we construct a backward difference scheme for a class of general SIR epidemic model with general incidence function f. We
use the step size & > 0, for the discretization. The dynamical properties are investigated (positivity and the boundedness of solution). By
constructing the Lyapunov function, under the conditions that function f satisfies some assumptions. The global stabilities of equilibria are
obtained. If the basic reproduction number Ry < 1, the disease-free equilibrium is globally asymptotically stable. If Ry > 1, the endemic
equilibrium is globally asymptotically stable.
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1. Introduction

In the theory of epidemic dynamical models there are two kinds of mathematical models, the continuous-time models described by differ-
ential equations and the discrete-time models described by difference equations.

Nowadays, in order to study the continuous time SI/R and STRS epidemic models, many various discrete dynamical model have been con-
structed and then, dynamical properties have been considered in many papers such as ([9, 5, 11, 12, 13]). The fact that the epidemiological
data are usually collected in discrete time units, such as daily, weekly or monthly, makes the discrete model a natural choice to describe a
disease transmission. The result of the discrete model can also be compared with the actual data directly. The discrete model also exhibits
rich dynamical behavior, though it is more complicated than the corresponding continuous model. However, the study of the discrete
epidemic models is comparatively few due to the complicates expressions and the difficulties in the dynamical analysis. In this paper, we
discretize the continuous-time model studied in [6], by using the backward difference scheme with time step size 4. The SIR model under
consideration here use a general incidence function with delay f(S, ;) and generalize a STR model studied in [2] with a particular incidence

BSI:
1+al;’
In [2], a detailed analysis of the current model is presented. It is shown that when the basic reproduction number Ry < 1, then the disease-

free equilibrium is globally asymptotically stable and when the Ry > 1, then the endemic equilibrium is globally asymptotically stable,
without any further conditions on the parameters. In this paper, we construct a backward difference scheme for a class of continuous-time
SIR models with general nonlinear incidence function with delay. We study the dynamical properties, especially the global stability of the
disease-free equilibrium and endemic equilibrium for this discrete model. Primary, we study the basic properties of the model, such as,
the positivity and the boundedness of solutions. Furthermore, we construct discrete type of Lyapunov functions and use stability theory of
difference equations to establish the global stability of equilibria.

The paper is organized as followed, in second section we give the discrete mathematical model, the basic reproduction number R and the
existence and uniqueness of disease-free equilibrium and endemic equilibrium. Thirdly, we study the positivity and the boundedness of
solution. At fourth, we study the stability of disease-free equilibrium, when Ry < 1. In section 5, we study the global stability of unique
endemic equilibrium when Ry > 1. In the section 6, we give a particular incidence function used for our numerical simulation and the
numerical results. We end with some remarks a conclusion.

function
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2. Discrete mathematical mode

In this section, we study a discrete SIR mathematical model. In fact, we considere the following continuous model from [2] with a general
nonlinear incidence function given by:

S=B—uwS—f(S,I),

I=f(8,1z) = (2 + 7)1, D
R =yl — u3R.
Where

Wi, i = 1,2,3 denote the death rate of the different class,

S is the size of the susceptible individus,

1 is the size of the infected individus,

R is the size of the individus recovered, B is the recruitment rate of susceptible hots,
v is the treatment rate of infected,

f is a general incidence function, which must satisfies some conditions.

‘We make the following hypothesis

H1: f is non-negative C! function on the non-negative orthant.

H2: for all (S,1) € RZ, £(S,0) = f(0,1) =0.

Let us denote by f; and f5 the partial derivatives of f with respect to the first and to the second variable.
‘We assume that system (1) holds with initial conditions

S(0)eRy and I1(0) =¢(0) for0 € [—/,0[; 0< j<n—1.

Let us denote by ¢ € ¢ = C([—j,0], R4 ), the space of continuous functions from [—,0] to R.
The disease-free equilibrium of system (1) is given by,
Eo = (.1°.8%) = (20,0)
H1
and the endemic equilibrium by:
E* = (S*,I",R").
Also, the basic reproduction number is
Z(SO 70)
M2 +Y
Remark 2.1: The basic reproduction number evaluates the average number of new infections generated by a single infected individual in
a completely susceptible population. We can summarize the stability of the equilibria by the following theorem:
Theorem 2.1: The following statements hold.
(i) If Ry < 1. Then the disease-free equilibrium Eg of (1) is globally asymptotically stable.
(ii) Let assume Ry > 1. Then the endemic equilibrium E* of (1) is globally asymptotically stable.
Now, we use the backward difference scheme to discretize model (1). Let & > 0 be the time step size.

Since
as@) . S(t+h)—=S(t) dI(t) I(t+h)—1(1)
T h T T, ’
dR(t) .  R(t+h)—R(1)
and - =
we obtain
i (B S0 1) = (540 1) ) = B S(0) = F50.00)

lim (/(S(l +h),F(t+h) — (2 + 7)1 +h)> = S(8(0), I (1)) = (2 +1)1(21)

h—0

and
lim yI(t+h) — mR(t+h) = vI(t) — u3R(1).
h—0

Therefore, we can derive from the continuous model (1), the discrete one for any step size & > 0, by using a variation of backward Euler
method:

S(t+h)—S(1)
h

1(t+h)—1(1)
h

R(t+h)—R(1)
h

=B—wS(t+h)— f(S{t+h),li(t+h))
= f(S(t+h), 1 (e +h)) = (2 + 1)t + ) 2)

=7yI(t+h)— uR(t+h).
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Let us denote by

t=n,t+h=n+1,80)=S,, I(t)=1Iy, R(t) =Ry, S(t+h)=Sp41, [(t+h) =111, and R(t + h) = R;;11.

From system (2) we obtain the following discrete SIR epidemic model with general nonlinear incidence function:
Sn+1 =Sy = h[B - .ulSr1+1 *f(sn-'rl alé_;,_l)]
Loyt =y = Rf(Sugr, 1) — (M2 + V) g ] 3)
Ry1 — Ry = h[Yl1 — 3Ry 1 1]

Where B,y and y;,i = 1,2,3 are some positive constants, similar to those in the continuous system (1). Since R,, does not appear in the first
and the second equation of system (3), it is sufficient to analyze the behavior of S, and 1,,.
System (3) always admits a disease-free equilibrium
B
Eo— (7 0, o)
1

E* = (8", \R");

and an endemic equilibrium

where

— I*

1551 U3

St =

Let also make these hypothesis:
H3: £(Sy, 1) < f(8°,0)1, foralln >0 and j < n.
L1 < Snt1 < .f(Sn+1:1,£+1)
N VD)
Remark 2.2: The assumption H4 is used to prove that the difference of the Lyapunov function V,, ;1 —V;, <0, in addition, this assumption
is also used to show that S, > 0 Vn € N.

H4: foralln >0,

3. Basic properties

We consider that the initial conditions of system (3) :
S(0) >0, 1(0)>0 and R(0)>0. C))
Proposition 3.1: Let (S,,1,,R,;) be the solution of system (3), with initial conditions (8). Then S,, > 0,1, > 0 and R,, > 0 for all n. Proof.
To prove this proposition, we use the system (3).
Assume that S;, >0, I, >0 and R, > 0.
From the second equation of (3) we have, _
(1 +h(“2 + Y))IIH—I =1 +hf(Sn+1»I,j,+1)7

since , > 0 and f a non-negative function, we have 7, ;| > 0 for all step size h > 0.
From the last equation of system (3) we have,

(1+hp3)Ryy1 = Ry + Y1,
since R, > 0 and /,, 1 > 0; then, we have R, ;1 > O for all step size 4 > 0.
For the positiveness of S, 11 we use the assumption H4 and then, we get (Sy,, 1, R;) € Rf forall n >0

|
Proposition 3.2: Any solution (S, I, R,) of system (3), with initial condition (4) satisfies
B
lim Sup(Slz +1 +Rn) <=
n——+oo u
with g = min{;, Uy, u3}. Proof. Let us note N, 11 = Sy1+Ipp1 +Ryp1 and Ny =S, + 1, + Ry,
By adding the different equation of system (3) we have,
Nay1—=No = h[B—w1Sui1— Malyy1 — U3 Ry 1]
< h[B—p(Spst + a1+ Ruy1)]
< h[B - IJNnJrl}
= (1 +hi)Nyy1 — Ny < hB,
S0
Jim sup((1+2p)Ny1 —Ng) = lim suphiNyy
. B
< —.
= ngrrw supN,11 < m
Hence we have B
. < B
’Zgrgwsup(S,, +1I,+R,) < g
with g = min{iy, o, p3 }-
|

Theorem 3.1:
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(i) If Ry < 1, then model (3) has only a unique disease-free equilibrium
Ep = (5°,0,0).
(ii) If Ry > 1, then model (3) has a unique endemic equilibrium
E* = (S*,I",R").
Proof. Any equilibrium E = (S,1,R) satisfies

B—mS—f(S.1)=0

S = (ma+7)1=0 )
’}’[ — /J3R =0.
By using the second equation of (5) we obtain:
S(S1
( i )= ().

Now let us consider the function ¢ defined by,

o(I) = T —(m+y).
Hence, we have
lim o(I) = ﬂ((so 0)) = (k2 +7)
I—0* a1 ’
_ £(8%0) )
— (B

= (m+Y(Ro—1),
and in the other hand
11,8°
t+y
When Ry < 1, we have 11ir(1)1+ ¢(I) <0. Consequently, there is not any /* > 0 such that ¢(/*) = 0. Therefore, model (3) has a unique
—

o(I) =—(u2+7), where I =

disease-free equilibrium Ey. When R > 1, we have Ilir(r)1+ @(I) > 0. Therefore, there exists a unique I* €]0; 1] such that ¢(I*) = 0.
—

Furthermore, we have §* = 50 — w[* >0 and R* = l[* > 0 and this implies that model (3) has unique endemic equilibrium

M1 U3
E* = (S*,I",R).
|
Reamark 3.1: The space K = R x ¢ is positively invariant and attracting domain for system (3).

4. Stability of the disease-free equilibrium

4.1. Local stability of the disease-free equilibrium

B
In this subsection, we will study the stability of the disease-free equilibrium Ey = (;70, 0).
1

Theorem 4.1: When R < 1, then disease-free equilibrium Ey of model (3) is locally asymptotically stable.
Proof. By computing the linearization system of model (3) at equilibrium Ej, we have

Sn+1 - Sn = h[*.ul *fl (S(),O)]S,,_,_l - hf2(50,0)1n+1
In+1 —I,= hfl (Sovo)SIerl + h[/2 (5070) - (/42 + 7)}In+l (6)
Ryy1— Ry = hylyy1 — hsRy 1

The matrix A associate of system (6) is given by

1+ hlpy + £1(S°,0)] hf2(8°,0) 0
A CRA0) 1-hp-(mty] 0| @
0 —hy 1+ hu;

The system (6) can be rewrite by

X1 :A_IXn§

with X, = (Sp, I, Ry
If all eigenvalues A of A satisfy |1| > 1, then eigenvalues ¢ of A~! will satisfy |o| < 1.
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The characteristic polynomial P(X) associated to A is:

P(X)

det(A —XI)
(1+hpz —X)[(1+hug +hf1(S°,0) = X) (1 = f>(8°,0)

+h(pa+7) —X) +hf1(8°,0) /2(5°,0)].

Let A be aroot of P(X), then

(1+huz—24)=0

or

(14 Ay +Rf1(8°,0) = A) (1= 1 f2(8%,0) + h(ka +7) — A+ 1 £1(5°,0) f2(8°,0) = 0.

The root A = 1+ hyj is strictly greater than one.
Now we prove that the roots of the polynomial equation

(14 +hfi(8°,0) = A) (1= hf2(8°,0) + h(t +7) = A) +h° £1(5°,0) /2(5°,0) = 0 ®)

are also strictly greater than one.
For this, let us suppose that equation (8) have root 4} = |A| < 1.
Thus, we have

(1 hpy +Rf1(8°,0) = A1) (1= hfa(S°,0) +h(pa +7) — A1) + 12 f1(8°,0) /2(8°,0) = 0. ©)
So from (9), we have:
(14 hpy +hfi(S°,0) = A) (1= hfa(8°,0) + Az +7) — M) = —h* 1(5°,0) f2(5°,0). (10
By using the second member of (10) and the fact that Ry < 1, we get:

—1* f1(5°,0) /2(8°,0) = (hf1(5°,0))(=hf2(5°,0))

< (A +hf)(—h[f2(5°,0) = (u2 + 7))
< (Hh(urtfi) — 4) (1= AL (Y0 +7)] — 4.

Hence equation (10) cannot have roots. Hence, Ej is locally asymptotically stable according to Theorem 2 in [10].
4.2. Global stability of the disease-free equilibrium

Theorem 4.2: The disease-free equilibrium is globally asymptotically stable in K whenever Ry < 1. Proof. In this proof we used the
comparison theorem [8] and the assumption H3 . By using the equation of the infectious class in (3) and the assumption H3 above, we
have:

by = [V h(t + D)1 = hf (Sus1,10, 1),

SO

In > (L+h[(m2+79) = f2(8°,0)]) i1, (11)

and
M7y > 1y with M =1+ h[(u +7) — £(8°,0)].

By using the fact that Ry < 1, we have (us 4+ ) — /2(5%,0) > 0. So the constant M is greater than one. We conclude that the linearized
equation (11) is stable whenever Ry < 1. By a standard comparison theorem [8], , — 0 as n — oo for equation (11) and substituting /, =0
in system (3), we get S, — SO, I, — 0 as n — +oo. Thus, (Sy,1,) — (59,0) as n — oo for system (3); when Ry < 1. Therefore, E is
globally asymptotically stable if Ry < 1.

|

S. Global stability of the endemic equilibrium

In this section, we study the global stability of the endemic equilibrium given by E* = (S*,/*,R*). Theorem 5.1: When Ry > 1, the
endemic equilibrium point £ is globally asymptotically stable. Proof. By using the first and second equation of (3), at equilibrium point
E*, we have:

B= 8"+ f(8*,I)
and
S8 17) = (ma+ 117,

which can be used for the following computation.
Let
glx)=x—1—Inx
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and

Let us consider
Vi=Vs, +V, + Vi,
Thus
Viri =V =Vo, ., Vs, + Vi, — Vi, + Vi — Vi
Let us calculate Vg, ., — Vs, .
For this, we use the mean value theorem and we suppose that S,, < S, 1, the computation is the same when S, ;1 < §,,.

Spa1 S,
Vs, — Vs, = g( gi)-g(ﬁ)

Sn+l — Sn

= T flnSn+1+lnSn
1 InS,+1—InS,
= — (S -8
(S* Sn+1 —Sn ( nH n)

1 InS,+1 —1InS
7(1 —S*%)(Snﬁ»l —Sy).
n+1 n

By using the mean value theorem we have:

I_S*lnSanlnSn <1- S* .
Sn+175n Sn+1
Hence,
1 s
Vo —Vo < —(1- Sp1 =S,
Sat1 Sa — S* ( SnJ,»l)( n+1 n)
h * j
< 5 17Sn+1 (B*.ulsrz+1*f(sn+la1n+1))
< (1 S ) S~ a1t )
LS . - j
Vs —Vs, < o 1_S+1 (S — 1St + (8" 1) = f(Sur1, 104 1))
n
2
Spi1—S*
h ( " > h s j
< -4~ 7 4+ (1- S5 I°) — f(Spi1, I
> S+ Sn+1 + o+ Sn+1 ([( ’ ) f( n+1, n+1))
2
N -5 . * * j
_ < " ) LS (1_ s )(1_.f<sn+ulé+1>>_
= TS S 5* Sut1 J(8%.17)
Now, let us put ‘
Su+1 biy1 L
Xn+1 = 27*7 Yn+1 = ”17*7 Zi.‘,l = V}* .
Fe = LG G)  SSund)
il S(8*,1%) (8%, 1%)
:max{ [(S'.1) B8 )7]}
S* I*
we have,
2
S, S j
Ve —Vs < _hul(”“ ) L ST (1_ s )(1_.f(Sn+1,1;+1))
cett e 7 S* Sp+1 S* Sp+1 S(8*,1%)
2
S, S
< Ml ( " ) WS (- L (1= k)
— * * n+1
S S,hLl S Xn+1
2
N 1_S) Sk j
< hiy ( " h/(S A )(1 —F(Zj )_ 1 _'_F(Zf’l+1))
- S* Snt1 s X Xnt1
2
Spi1—S
hlil ( n+1 ) .
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Now, let us calculate V., —Vj,. We use the mean value theorem and we assume that 7, < I,,;1. Notice that the computation is the same

when 11 <.
1 +1 1
o= ()oY

Loy —1
= % —Inl,q +1nl,

1 Infy1—1Inl,
= (=TT g
(1* Int1—1I, (i1 = 1n)

1 In/ —InJ,
_ 7(1_,*M)(,M_,n)_
1 In+1_1n

Vi

By using the mean value theorem, we have:

1_I*lnln+1—lnln <1 I .
L1 —1In Int1
Therefore,
h I i
Vi, =V, < 51— (.f(Sn+1:1n+1) — (U2 + V)i 1)
I Iy
_ hfshr) (1 o ) (/(swzm - (uzw)lnﬂ)
- r Iny1 J(8%,1) J(8*,1%)
< S* 1* ( ) ( (S"+1’In+l) 1n+1)
- o1 J(8%,1%) I
< S* I* ( n+1a n+1) _ 1,1;1 - If(sn-ﬁ-lzlé_;_l))
- f(S*,1*) I* Iy f(S*,1%)
S* I* F(ZJ_H)
= ( n+1 “Yn+l T ﬁ)
F(z,,)
< 1+F Ynal — ﬂ)
é( @ n+1) i Yn+1

Now, let us evaluate V| —V, .

a

] I I
11 -1
Ve Ve = Z{g(nl* )_g( r )}
=0

= glzn1) —2(zh)

= Zn1—2—Inze +Ing

IN

E(znr1 — 2 — NZy41 +1nz)).

By adding and subtracting

F( F(z
(1) andIn ( "+1),
Xn+1 Yn+1

1+Inx,41, In

we have:
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2
h/.L <Sn+1*S) . .
Viri =V < - 17+§(72ﬁ+1+lnzﬁ+lflnyn+lf

1
S* Sp+1 Xn+1
1 F(Z F(Z F(
+Inx, 1 +1—1+In— + Gas1) +1In (1) —In (i)
Xn+1 Xn+1 Xn+1 Xn+1
j j j

,F(ZnJrl) +1In F(Zn+1) 7lnF(Zn+l))

Yn+1 Yn+1 Yn+1

2

Spi1—S*
/ <"+ ) ; o1 1
—’—M7+§(—zﬁ+1+lnz{,— +1+In

<

A\ Spt1 Xn+1 Xn+1

Jj Jj Jj J
+F(Zn+1) _1_1nF(Zn+1) _ F(z,41) +1+1HF(Zn+1)>
Xn+1 Xn+1 Yn+1 Yn+1
2
Sn+1 _S*>

N S Spt1

(k) () (52

By using H4 and the fact that the function g is monotone increasing on each side of point 1 and is minimized at this point 1, we obtain:

Vit =V < 0.

Thus, we have

Hence, by the Lyapunovs theorems on the global asymptotical stability for difference equations [7], we obtain that the endemic equilibrium
E* is globally asymptotically stable.
|

6. Simulation and comments

In this section, we present a numerical simulation of continuous-time model and discrete one given respectively by models (1) and (3).
Notice that Scilab is the software used for the simulations. We give the representation from the value of our step size /4 and the reproduction
rate Ry. We discuss when reproduction rate Ry < 1 and Ry > 1. The black curve gives the evolution of the different class for the continuous
time model and the red curve the evolution of the different class for the discrete time model. In our, simulation we use the mass action
incidence rate function defined by f(S,7) = BSI where B is a nonnegative constant. The parameters used in the simulation are: B =
100; uy =0.1; up = 0.02; uz =0.03; y=0.2; B =0.00023; ¢ = 0.2; from this value we have Ry = 0.21 < 1. When we change the value
of B to B =0.023, we get Ry = 20.91 > 1.

7. Conclusion

In this paper, motivate by the fact that discrete models are more appropriate forms than the continuous ones in order to fit the statistical data
concerning infectious diseases, we have studied the discrete forward difference version for a SIR model with general incidence function.
We use the backward Euler discretization with the step size h; the reproduction rate Ry is obtained and we show that the disease-free
equilibrium Ej is globally asymptotically stable if Rg < 1 and the unique endemic equilibrium E* exist and is globally asymptotically
stable if Ry > 1 for this discrete SIR epidemic model with general incidence function (3) by using the technique of Lyapunov functional.
‘We observe that, there is no more great difference between the two models, the dynamics are almost the same. The step size his h = 1, but
this step can be seen as a bifurcation parameter and we project to investigate this in our future works.
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Figure 1: Susceptible: Case where Ry < 1, Red curve represents the discrete model and black one the continuous model.
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Figure 2: Susceptible: Case where Ry > 1, Red curve represents the discrete model and black one the continuous model.
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Infected

Figure 3: Infected: Case where Ry < 1, Red curve represents the discrete model and black one the continuous model.
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Figure 4: Infected: Case where Ry > 1, Red curve represents the discrete model and black one the continuous model.
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Figure 5: Recovered: Case where Ry < 1, Red curve represents the discrete model and black one the continuous model.
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Figure 6: Recovered: Case where Ry > 1, Red curve represents the discrete model and black one the continuous model.
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