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Abstract

A new method for solving differential equations is introduced. The new
method is called piecewise analytic method (PAM). The PAM is based on
dividing the solution interval into subintervals. PAM gives an approximate
analytic solution which is very accurate and can be applied to each subinterval
successively. The piecewise analytic method can be made to be of any order of
accuracy. PAM gives very interesting results especially when the solution
contains singular points.

Keywords: Differential equation; Padé Approximants; Taylor series; Piecewise
analytic method.

1 Introduction:

The piecewise analytic method (PAM) introduces a new treatment for
solving differential equations. The PAM is based on dividing the solution interval
into subintervals. Next, we obtain an approximate analytic solution which is very
accurate and can be applied to each subinterval successively. The approximate
analytic solution is based on truncated Taylor series [1, 2] or Padé approximants
[3-5]. In PAM, the solution accuracy can be controlled as needed. The PAM gives
the exact solution in some special cases.

In “Piecewise Analytic Method”, the word piecewise is used to describe a
piecewise-defined solution that holds for each subinterval but may not hold for the
whole domain of the differential equation; also, the word analytic is used because
the solution has a valid power series expansion for any point in each subinterval.

In this paper, I will consider the basic initial value problem
u'=g¢(t,u), u)=f, t>0. 1)
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which will be used for explaining the PAM and compare the obtained solution
with the exact solutions. Equation (1) was solved numerically by Euler’s method
in 1768 [6-8]. Euler formula approximates u,, by evaluating ¢(t,,u, ), that is, ¢is

evaluated at the single point (t,,u,) but ¢(t,u) is known at every point in the
(t,u) plane. C. Runge and W. Kutta make use of this fact around 1900 [9-11] and

introduced Runge-Kutta method. The basic idea of Runge-Kutta method is to use
information which is available, but has been neglected by Euler formula.

The drawback in the old methods is the lake of adequate control of the
accuracy of the results and the local error due to truncation. The reason for this
lack of accuracy in standard numerical methods is the short lengths of the
equivalent power series. For example, a fourth order Runge-Kutta method is
equivalent to a Taylor series with only five terms obtained by PAM.

In the following sections, I’ll explain the piecewise analytic method and
then apply the method to some illustrative examples which shows how much the
piecewise analytic method is effective.

2 Piecewise Analytic Method

The piecewise analytic method (PAM) is divided into 3 steps. For
explaining the steps, consider problem(1)

u'=g(tu), u()=f, t>0.

The 1% step:

Since a computer cannot calculate indefinitely, let 0<t be replaced by
0<t<b, in which b is a positive constant. The value of b is usually determined
by the physics of the phenomenon under consideration. If the phenomenon occurs
over a short period of time then b can be chosen to be relatively small. If the
phenomenon is long lasting then b must be relatively large. In either case, b is a
fixed positive constant. The interval 0 <t <b is then divided into n equal parts,

each of length h, by the points t, = ih, i = 0,1, 2, ..., n.The value hzbn is
called the subinterval length. The points t, are called interval points see Figure 1.
U, denotes to the approximate analytic solution in the n™ subinterval.

i o LA o,
i k2 & B
(_"_\
L 4 + + + + 4 4
) i} i o Ly bpg | 777 L=k
Figure 1.

The 2" step:
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In this step, we are concerned with obtaining the very accurate
approximate analytic solution formula U, which can be applied to any

subinterval m (telt,.t,.1, m=012,...,(n-1)).
The first order initial value problem
u'=g¢(t,u), u)=f, t>0.
can be written in the form
dUm —
FraRlACE -
U,t,) =", telt,t,.], m=012...(n-1).
U, is used to identify the solution in the m"™ subinterval [t .t ] which is

m

calculated successively and the initial value U, (t,)=f, is calculated by
f,=U,.(t,), where U (t)=f,.

m

The approximate analytic solution formula U, is calculated once and then it is
applied to each subinterval successively.

Currently, |1 have two forms of the approximate solutions, one is the
truncated Taylor series solution and the other is the Pade approximants solution.
In the case of truncated Taylor solution, U, is defined according to the needed

accuracy. If we need the accuracy to be of O(h®), U_ will take the form

s—1 n s—1 t _tm n dU
Um(t) :zcn (t_tm) = ( ) [ dtm ] t < [tm’tmﬂ] (3)
- t=t,,

In the case of Padé approximants solution[3-5], U, will take the form

=0 where l+k=s-1 teft,t,.,] )

if we need the accuracy to be of O(h®).
Other alljpproximate solution is under study.
The 3" step:
In this step we apply the approximate analytic solution formula, which is
obtained in step 2, to each subinterval successively with initial values

1:m :Um—l(tm) ' Ufl(to) = f0'
Notes:
e There exist many methods for calculating (3). The first method, which I

prefer, is the substitution by U, (t)=>"c, (t—t,)" and its derivatives into
n=0

the ODE, then equating the coefficients of each power of (t—tm)n sum to
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zero to get a recurrence relation. The recurrence relation expresses a
coefficient ¢, in terms of the coefficients ¢, where m<n. The second

s (t-t,)'
method is calculating Um(t):z@[d;)_tm
n=0

n!

the manipulation of the function formula by classical differential calculus
techniques. The other methods are based the new methods which give the
truncated series solution like Adomian decomposition method[12],
Improved Adomian decomposition method[13, 14], modified variational
iteration method[15, 16], homotopy perturbation method[17], homotopy
analysis method[18] and others, The results are constants that represent the
value of derivatives at the point of evaluation.
The PAM gives the exact solution in two cases:

1. If the exact solution is a polynomial with order w and the

truncated series approximation (3) is used with s—1>w.

ZZ: Py (t_tm)n

2. If the exact solution is a rational function ==2————— and the
n
zqn (t _tm)
n=0

Padé approximants (4) is used with 1 >z and k > w.
The truncated series (3) is suitable if the solution has no poles and
bounded, if not, the Padé approximants (4) is more suitable than truncated
series (3).
| don’t know the best form for Padé approximants (4) but by experience |
prefer | =k =even.
The Padé approximants  coefficients p,(n=0,1,2,..,1) and
q,(0,1,2,...,k) are determined by [3-5]

J which is based on

t=t,,

S21+k Pn (t_tm )n
> e (t-t,) - ———=0((t-t,)"""), (5)
"0 zqn (t_tm)

n=0

k
setting g, =1 and multiply (5) by an (t-t, )n , Which linearizes the equations
n=0

coefficient. It can be written out in more detail as

Cut GG ++Cuyd =0

C.,+¢C 4+ 4+C =0
w2 T Calh 1-k+20k ‘ ©)

Ciox T Gl +---+ GO =0
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Co = Py

C, +CQ =P

C, +C,q; +Cy 0, =P, (7)
G +C4Q +---+Cyq, =B

Once, the q's are known from equations (6), equations (7) can be solved easily.

If equations (6) and (7) are nonsingular, then they can be solved directly as
follows;

Cika Ci_ks2 o Cin
det G Cra G
[ I I
j oL j
Zk‘cj_kt Zk:lcj_mt Z:;Cit
j= j=k~ i=
Um(t) = ] (8)
Cvn Gz = Ca
det
G Ci Gy
tk tk—l . 1
Forl=1and k=1
Po = Co» d =1
2
€ —CyC, G 9)
p==—"2, g =——=
C C
Forl=1and k=2
Po = Cos 0, =1
3 2
- .’ —2¢c,CC, +C,°Cy , - —C,C, +C,C, , 10)
C12 —CC, C12 —CoC,
2
g, =& =%
27 2 :
G, —GCyC,
For =2 and k=1
Po =Gy, Qo =1
Cc,C,—C,C —C
1212 03’ q]_: 3. (11)
C, C,
sz — GG,

Forl=2and k=2
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Po =G, 0o =1
0 CC,Y —C,2C, — CyC,Cy + CoCiC, _ —C,C,+CC, 12
1 2 ’ 1 2 ’

Cz _C1C3 Cz _ClcS

¢, =2¢.c,C. +C,C.2 +¢%C, —C,C,C c.t-c,C
P _ 2 1¥2V3 0™v3 1 Y4 0v2v4 q _M
2 2 ’ 2 2 .
Cz - 103 Cz - 1C3

Forl=3 and k=3
Po=Cco,
(3 2 2 2 2 2 2
P]_—(—C]_C3 +2C1C2C3Cq +CpC3C4 —C7C5 —CpC2Cq —C1 C5C5 +CTC3C5 —CoC2C3C5 +
Co C1C4 Cs +Co C5 Cs —Co C1 3 Cq ) /(—C3 +2 2 C3Cq —Cp C§ —CF C5 +Cq C3Cs),
Pa=(c2 3 —2¢5cacs —Crcheq +2c1CoCh +CoC3C5 +C3 C5 —Co €5 Cs —CF CqCs —
CoC2Cq C5 +Co Cp CB —Cq C5 Cg +CF C3Cp +Co Ca C3Cg —Co C1 C4 Cg)/
(c3 —2cpc3cq +Cq ¢4 +C5C5 —C1 C3C5),
P3=
(3 ~3cpcheg +C5¢5 +2¢C1 03¢5 —CoCf +2C5C305 —2Cq €505 —2Cq CpCqCs +
2CoC3CaCs +CFC8 —CoCpCE —C3Cq +2Cq CpC3Cq —CoC3Co —
2 3 2 2
C4C4Cp +C0C2 CaCq)/(C§ —2C2C3Ca +C1Cq +C5C5 —C1 C3Cs), 13)

_—c§c4 #CpC3 +CpC3C5 —C1 C4 C5 —C5 Cg +Cp C3 Cg

q1=

03 —2CpC3Cq +C1Cq +C5C5 —C1C3Cs '
€35 —C5C5 —CpCqCs +C1 C8 +CpC3Cp —C1 CyCh

q2_ 1
03 —2CpC3Cq +C1C§ +C3C5 —Cq C3Cs

—C3 #2304 C5 —CpC& —c§ce +CoCqCh

03 —2cpC3Cy #C1 €] #C5C5 —C1 C3C5

03=

Forl=4and k=4
Po=Cto,
P1=(—clcﬂ' +3C1C3 c§c5 +coc§c5 -C1 c%,c%> —2010204(:% —20003040% +

czcd +cocpcd —2cycicacs +20qCpC5Ce —CoC3C5Ce +

2C1CpC3C5Cq +2CoC3C5Cs —2C5 CqC5Cq —CoC1CaCq —Cp C5CE +
C2¢3C8 —CoCpC3C3 +CCqCaCl +C1CiC7 —2C1 CpC3CqCy +
CoC3CaCy +C2C5C7 —CoCpCqC7 +C1C3C5C7 —C3C3C5C7 —

CoCopC3C5C7 +CoC1CyqgCsCy +CoC%Ce C7 —CpC1C3CqC7 —
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Co C3 Cg +2Co Co €3 C4 Cg —Co C1 C5 Cg —Co €5 Cs Cg +Co C1 C3 C5 Cg) /
(—CZ1 +303c§c5 —c%c% —20204c§ +clcg —20%0406 +
2CpCCg +2CpC3C5Cq —2C1 CaCsC —C3C4 +CqC3C3 +
C3C7 —2CCaCaCy +C1C5C7 +C5C5C7 —C1 C3C5C7),
P, =
(—Cacd #3CpCaC]Cs +C1 €505 —CaC5CE —2C5CyC8 —201C3CqCE —CoChCh +
2¢1CpC8 +CoC3C —2¢pcccq +2C5¢5Ce —C1C3ChCq +CoCiCo +
2C%C3C5C6 +2C10%C506 —2C1CyCqC5Cq —C%C%Cs —C()CQC%C(:J -
3¢ +cicacd —cococacd +Cocrcscd +Cocicy —2¢5cgcacy +
C1c3CaCy —CoC3CaCr +C3C5C7 —2C1CpC3C5C7 —CoC3C5C7 +
€% C4C5C7 +3C0CpCqC5C7 —CoCpCECy +C1C5CeC7 —CiC3CqCr +
Cg C2 C3Ce C7 — Cq C1 Ca Cg C7 —Co C5 €3 +Co C1 €33 —C1 €3 Cg +
21 CpC3CqCg +CoChCaCq —CFC5Cq —CoCpCyCg —CpChesCy +
cf €3 C5 Cg —Co C2 C3 Cs Cg + Co C1 C4 C5 Cg +Co C3 Cg Cg — Co C1 C3 Cp Cg) /
(—c4 #3c3cics —c5c8 —2cpcqch #Cqcd —2c5CqCh +
2C2C42106 +2C9C3C5Cg —2C1 C4C5Cq —C%C% +ClC30% +
C3C7 —2CpC3CqC7 +Cq C4C7 +C5C5C7 —C1 C3C5C7),
P3=
(—c3cd +3c5cics +Cacios —c3c —4cocacycd —cqcfcd +cicd +2¢icacd +
CoCacl —2c3cace +CpCaC)Ce +CChCq +4CocsesCs —
2€1C3C4C5C —2CqC3Cs5C —2C1 CopC8Cq —CoC3CEce —2C5C3¢8 +
C1c§c8 +2CoC3CaCh +C5C5C3 +CoCpCsC8 —CoCqCE +ChCy —
Cyc§CaC7 —C5C5C7 +CoChC7 —2Cq C5C5C7 +4Cq CpCaCsC7 —
c2cdcy —cocacdey +C3cg 7 —CoChceC7 —C2CaceCy —
Co C2 CaCe C7 +2 Co C1 C5Ce C7 —Cq €5 C5 +€5 C3CF +CoCpCCs —
CoC1CaCh —CpC3Cg +2C3C3CsCq+C1C5CaCq —2C1 CoC]Ch —
Co C3C4 Cg —C3 C5 Cg +Cq C3 C5 Cg +C5 Ca C5 Cg + Cg Co Ca Cs Cg —
Co C1 CE Cg +C1 €5 Cp Cg —CF C3 Cp Cg — Co C2 C3 Cp Cg +Co C1 C4 Cg Cg) /
(—C4 +3c3Cf05 —C5C8 —2CpCaC8 +Cy C8 —2C5CyCo +

2CpC5C6 +2CpC3C5C6 —2C1CaCsCq —C5C8 +Cq C3CE +

3 2 2
C3C7 —2C2C3C4 C7 +C1 C4C7 +C5C5C7 —C1 C3C5C7), (14)
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Pa=(c3 —4cacios +#3c5cact #3cpcicd —2cocacd —2¢icacd +coct #
3c5chce —3CoC3Ce —2C3C5Cs —2CpCaCaCsCq +4CqC5C5Ce +
c5cécg +2c1c3cécg —3coCacicg +CoclcE +2¢5cach —

4C1C3CaC8 +CoC5CE —2C1CpC5C8 +2CoC3C5C3 +CFCE —CoCoCl —

2¢8cacy +4Cpc3c507 —2C1C3C7 +2CpCC5C7 —4c3CaC5C7 +

+

200020507 +201020§07 —20003c§07 —20%0306 C7 +2010506 C7
2C1CpCsCqC7 —2CC3CsCqC7 —Zcfcsca C7 +2CgCyC5CqC7 +
¢3¢ —2cicocacd +cocded +cfeacd —cococacd +cdcg —
302050408 +c§c‘2108 +201030308 —000208 +205030508 -
2¢1¢4C5Cq —2C1 CpCaCsCg +2 CoC3CaCsCg +C3 C& Cg —Co Cp CECg —
C3 Cg Cg +2C1 C2 C3 Cg Cg — Co €5 Cp Cg — CF C4 Cg Cg +Co C2 C4 Cp Cg) /
(cﬁ'{ —3030205 +c§c§ +2Cp 040§> —clcg +20§c406 -
2CyC5Ce —2CpCaC5Cq +2Cq CaCsCq +C5C8 —Cq C3C8 —
C3C7 +2CC3CsC7 —C1C5C7 —C5C5C7 +Cq1 C3C5C7),

Jo=1,
Q1=(—Cc3c5 +2C3CqCE —Cpcd +C3C)Ce —2C5C5Cq +Cp CBCq +Cp CaCh —

C1C4C8 —C3CqC7 +CpChC7 +CoCaCsC7 —C1 CaCsCy —C3CqCr +
C1C3Cg C7 +C3Cg —2CpC3Cq Cg +C1 C5 Cg +C5 C5 Cg —C1 C3C5Cg)/
(c3 -3caces +cc +2cpcacd —cpcd +2c5cqch -
2C)C5Ce —2CpCaCsCq +2Cq1CaCsCq +C5CE —Cp C3C8 —
C3C7 +2CpC3C4C7 —C1C5C7 —C5C5C7 +C1 C3C5C7),
Q2=(—C§c§ +C3C2 +C3 cg —CochCs —CoCaCh +C1C5CE —CaCcy —C5C5C7 +
3CpCs4C5C7 —C1 CEC7 +CpC3CqC7 —C1CaCqCy —C3C3 +C1CaCF +
C3 C4 Cg —Cy CF Cg —Cp C3 C5 Cg +Cq C4 C5 Cg +C3 Cg Cg — C1 C3 Cg cg)/
(—c4 #3c3c5cs —c§cd —2cpcach +cqcd —2c5caco +
2CpC5Cq +2CpC3C5Cq —2C1 CaCsC —C3C3 +Cq C3C8 +
C§C7 —2CpC3C4C7 +C1C£21C7 +C%C5C7 —C]_C3C5C7),
Q3=(cacd —2c5c5ce —C3C8 g +2C3CyCh +CaC5CE —Cq CR +C5C7 —Cacher —
C%CB C7 —C2C4CqC7 +2C1C5Cgq C7 +C2C3C% —C1C4C% —C3C§C8 +
05 C5 Cg +C2 C4 C5 Cg — C1 CE Cg —Cp C3 Cg Cg +Cq C4 Cg Cg) /
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(—c4 +3cgcfcs —c5cd —2cpcqcd +01 0 —2cfcqce +
2020206 +2CpC3C5C6 —2C1C4C5Cq —c%c% +clcgc§ +
C3C7 —20pC3CqC7 +C1C5C7 +C5C5C7 —CqC3C5C7),

q4=(—cfr," +304c§06 —cﬁc% —203050% +czc% —2030507 +

2¢3¢8C7 +2C3CaCeC7 —2CpC5C6C7 —C5C8 +CpCqCl +

C§ Cg —2C3C4 C5Cg +Cp C& Cg +C5 Cg Cg —C2 C4 Cp Cg)/
(—cﬁ +3030§05 —c%c% —20204c§ +clc§ —20%0406 +

2CpCCg +2CpC3C5Cq —2C1 CaCsC —C3C4 +Cq C3C3 +

C3C7 —2CpC3CsC7 +C1C5C7 +C5C5C7 —C1 C3C5C7),

And so on, where we can calculate any desired Padé approximants by

using any symbolic mathematical program for any series U (t) :ch (t-t, )"
n=0

and then all what we will do is only substituting by c,'s in the suitable p's and
q's for obtaining the desired Padé approximants .

3 lllustrative Examples:

In the following examples, I show how PAM can be used for solving ordinary
differential equation (linear and non-linear). The results are very interesting.

3.1 Hlustrative Example 1:
For illustrative purpose, consider the ordinary differential equation

du
—=-U, u(0) =1. 15
™ (0) (15)
This is a linear problem and can be solved exactly to yield the solution
ut)=e" (16)

For solving (15) using PAM
First, fixing b =10 and h=0.1which leads to

n= b—1, =M=100 subintervals (17)
h 0.1
Next, the 1* order initial value problem (15) can be written in the form
du
n- U, U (t)="f, teft,t ],
dt m m( m) m E[ l] (18)

where f =U_.(t,), U,(t)=1 m=012,...,n-1

Equation (18) is valid for each subinterval so, I’ll obtain a solution for (18) and
consequently the solution will be valid for each subinterval.
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Substituting by U, (t)=> ¢, (t-t,)" and its derivatives into (18) leads to

n=0
Sne, (t-t,) =D, (t-t,)", ¢ =T, teft, ] (19
n=1 n=0
Solving (19) leads to:
c, =T,
_CO
= = — f y
C1 1 m
-c, f
"% 2
-c, -—f, (20)
C,=—>== ,
3 3!
c = —Cy — (_1)” fm
" n nt '

Therefore, if we need accuracy of O(h°):

Substituting by (20) into (3), we get the approximate analytic Taylor series
solution

2! 3! 41
and substitute by (20) into (12) for obtaining p'sand g'sand then substitute by
them into (4), we get the approximate Padé solution
f (12-6(t—t )+ (-t )
e o (12-6(t—t,)+( 2 )
12+6(t-t,)+(t-t,)
If we need accuracy of O(h°):

Following the same procedure, the approximate analytic Taylor series solution
will take the form

Um(t)= fm {1—(t—tm)+(t_tm)2 _(t—tm)3 + (t—tm)4 ], tE[tm,tm+1] (21)

, telt,.t,.,] (22)

_ 2 _ 3 _ 4 _ 5
Um(t): fm(l—(t—tm)+(t tm) _(t tm) +(t tm) _(t tm) +
2! 3! 41 5!
(t-t,)° (t-t,)"  -t,)°
o s &bt
and the approximate Padé approximants will take the form
U f, (1680-840(t-t,)+180(t—t,)* —20(t —t,)° + (t-t,)*)
(0= 1680+840(t —t_)+180(t—t_)? +20(t—t,_)* +(t—t)*
According to the needed accuracy order, we will use the suitable form of analytic
approximation.

(23)

telt, t..] (24)



Piecwise Analytic Method 87

The next step is substituting by the desired approximate analytic solution
in each subinterval successively. Figure 2 shows the PAM solution (24) using
h=0.1. Table 1 summarizes the results and successive procedures for illustrative
example 1. Table 2 shows figures of the absolute error between the exact solution
(16) of the ordinary differential equation (15)and the truncated series solution (23)

and Padé approximants solution [%} (24), which both have O(h®) for different

values of h. Table 3 and

Table 4 show figures of the absolute error between the exact solution of
(15) and different forms of the truncated series and Padé approximants using
h=0.01 and h =1 respectively.

PAM Solution
Ia

!
0
04l

Qa2

T 4 5 3 10
Figure 2: The PAM solution (24) of problem (15) using h=0.1.

Table 1.

n | e | =Una) U0 -

0 [to.t,]= fo1 | e accuracy O(h*)--------
[0.0,0.1] ’ Series

1| lLe]= f, =U,(0.1) 1—(t—tm)+W—
[0.102] | ' U, (t)=f, 3 2!
[t t]z (t_tm) +(t_tm)

2 2 f,=U,(0.2) 3l 41
[0.2,0.3] Pads
[tt]= f (L2-6(t—t,) +(t-t,)°)

= . U (1) =

[0.3,0.4] f:=0.03 n(t) 12+6(t—t )+(t—t )
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[t4't5]:
) [0.4,0.5] =004 1 accuracy O(h?) ---------
Series
2 3
U, ()= fm(l_(t—tm)Jr(t_zt?) _(t_St!m) +
r [totea] = | f=Uea(t) (t-t,)" (-t) , (t-t,)°
[rh.(r+Dh] | =U, _(rh) 4! 51 6!
8
(t-1,)", (-t)
7! 8!
Padé
[tootioo ] = U, (t)=(f (1680-840(t—t )+180(t—t )*—
% [999,91();0] foo =Uss (9.9) 20(t ~t,,)° +(t~t,)*)) / 1680+ B40(t -
B t,)+180(t—t,)* +20(t—t,)° + (t—t,)"),

Table 2: Figures of the absolute error between the exact solution of the ordinary
differential equation (15) and the truncated series solution (23) and Padé

approximants solution [%J (24) using different values of h.

/ g 9
h Padé [%} Truncated Series O(h?)
Absolute error Absolute error
0.00005}- .04
0.00004
003}
0.00003
3 002t
0.00002}
0.00001f 0oL
. t / . .
2 4 6 10 2 4 6 8 10
Absoluteerror
Absolute error 0.0012+
3.x108F
0.0010F
25x107F
2 10] 0.0008F
2 15x 106 0.0006
1.x10-6F 0.0004 -
5.x 107 [ 0.0002]
w t ‘ ‘ ‘
2 4 6 10 2 4 6 8 10
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Absoluteerror Absolute error
25x107}
14 x1078F
2.x10° 12x10-8f
1.x1078F
15x10-6
1 8. x107°F
1.x108[ 6.x 100
4.x107°F
5.x107 F
2.x10-9}
. . N . .
4 8 10 10
Absolute error Absoluteerror
6.x107°F
5 x1071 [
5.x107°F
4.x1071F
4.x107°F
S
5 Sx10 3.x109F
Tt
2.x10 2.x107%F
1x10™F 1.x10-°F
2 4 6 8 10 10
Absoluteerror Absolute error
35x107“F 3.x1072
3.x107ME 25x1072
=14
25x10 2 x10-2]
2.x1074 ¢
2 15x1072 F
15x107“ |
1.x1072}
Lx1074f X
-13
5.x1075F 5 x 107 H
2 4 6 8 10 10
Absolute error Absoluteerror
1.x107% - 1.x10-%
8.x10715 8.x10-5
1 6.x10-15 6.x10-55
4.x10755 4. %1075 H
2.x1075 2 x10-1
2 4 6 8 10 10
Absolute error Absoluteerror
2.x1070 | 1.x107 H
8. x 10717 H
155108 | X
01 6.x 107
' 1.x10-16
4. x 1077
-17
5.x10 2 x10-7
2 4 6 8 10 10
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Table 3: Figures of the absolute error between the exact solution of (15) and
different forms of the truncated series and Padé approximants using h=0.01.

Tamer A. Abassy

o (h)

Padé [n/n]

Series

Absoluteerror

5.x1072}

4.x102 1

3.x1072¢

2.x1072 1

1.x107%

10

Absoluteerror

3.x1071E

25x1071

2.x1071

15x 101 |

1.x1071

5.x1072

10

Absolute error

2.x107%

15x107%

1.x107%

5.x107%

3

Absolute error
1.x10-16 H
8.x107Y
6.x 1017
4.x1077

2.x107Y

4 6 10 10
Absolute error Absolute error
2.x107% 1.x10-1 q
8.x107Y
15x107%
9 6.x 10717
1.x107%
4.x1077 H
5.x107Y
2.x107Y
2 4 6 10 4 6 10
Absolute error Absolute error
3.x107% 2.x107%
25x107%
15x107%
2.x107%
11 15x107% 1.x107%
1.x107%
5.x 1071
5.x107%
' 2 4 6 10 4 6 10
Absolute error Absolute error
2.x107% 1.x10-%
8.x107Y
15x107%
13 6.x 107V
1.x107%
4.x10°Y
5.x 1071
2.x107Y
2 4

10
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Absoluteerror Absolute error
3.x107% 1.x10-1
25x107% 8.x107Y
2.x107%
1 5 6. x 1077
15x107%
4.x107Y7
1.x107%
5.x1077 | 2.x107Y
t t
2 4 6 10 4 6 10
Table 4: Figures of the absolute error between the exact solution of (15) and
different forms of the truncated series and Padé approximants using h=1.
7 g
0 (h) Padé [n/n] Series
Absoluteerror Absoluteerror
0007F
0.0005
0006 F
00004 o005t
5 0.0003F 0004
0.003F
00002
0.002F
0.0001f
0.001F
. t . t
4 6 10 4 6 10
Absolute error Absolute error
000015
3.x10-0 -
7 | 000010
1.x108] 0.00005
4 6 0 2 6 0!
Absolute error Absolute error
25x107}
14 x10-8]
12x1078F 2.x10°0
1x1078}F
15x10-]
9 8.x107°F
6.x10°F 1.x10-6[
4.x10-°]
5.x107 F
2.x107°F
. t t
2 4 6 10 4 6 10
Absolute error Absoluteerror
35x 1071 |
2.x10-8
3.x1078E
25x1071 15x1078
l 1 2.x1071F
15x107 M F 1.x1078}
Lx1071E
5.x1079F
5.x1072
. t . ‘
2 4 6 10 4 6 10
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Absolute error Absoluteerror
6.x107% 14 x1071°
5.x1074 [ 12x10-1
1.x107%°
4.x107% [
13 8.x1071
3.x107% |
6.x1071
—14 [
2.x10 4 x 10
1x104} 2 x10-1
t t
2 4 6 8 10 2 4 6 8 10
Absolute error Absolute error
7.x107BF
4.x10-16
6.x107BF
3.x107% 5.x107BF
15 4.x107B}
—16
2x10 3.x107Bf
2.x107BF
1.x107%
1x107B ¢
‘ . ; t . . n t
2 4 6 8 10 2 4 6 8 10
Absolute error Absolute error
1 x10-% 25x1075 |
8.x107Y 2.x1075F
17 6.x 107V 15x1075
4.x1077 1x10-5}
2.x107Y 5.x107% [
t t
2 4 6 8 10 2 4 6 8 10
Absolute error Absolute error
2.x107 1.x10-16
8.x10°Y
15x107%
19 6.x 107V
1.x107%
4.x1077
5.x107Y
2.x107Y ‘J
t 1 L t
2 4 6 8 10 2 4 6 8 10

3.2 lustrative Example 2:
Consider the ordinary differential equation
du
e
which is a linear problem and has the exact solution
u(t) =¢' (26)
Following the same procedures in example 1, we obtain:
Co = fon

u, u(0) =1. (25)

CO
C :—:f ,
1 1 m
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o Gl
22 2
3 3 27)
c f
C :”_4:_”',
" n nl!

Substituting by (27) into (3), we obtain the approximate analytic Taylor series
solution

U, ()= fm(1+(t‘tm)+(t_2t;n) +(t_3t!m) +(t_4t;n) +(t_5t!m) '

(t _tm)6 (t _tm)7 (t _tm)8
+ 6' + 7| + 8' )’ te[tm'tm+1]

Substituting by (27) into (14) for obtaining p'sand g'sand then substituting by

them into (4), we obtain Padé approximants [%}

U f, (1680—-840(t —t,)+180(t —t,)° —20(t —t,)° + (t—t,)*)
" 1680-840(t—t ) +180(t—t )2 —20(t—t )+ (t—t_)*

(28)

et t.1](29)

PAM Solution

20000

I3

Foom)

a000

4 s & 10
Figure 3: The PAM solution (29) with h =.01.

Figure 3 shows the PAM solution (29) using h=.01. Table 5 shows the absolute
error between the exact solution of the ordinary differential equation (25) (which
is unbounded) and truncated series solution (28) and Padé approximants

solution[%J (29), which both have O(h°), for different values of h. Table 6
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and Table 7 show figures of the absolute error between the exact solution of (15)
and different forms of the truncated series and Padé approximants using h =0.01

and h =1 respectively.

Table 5: Figures of the absolute error between the exact solution of the ordinary
differential equation (25) and truncated series solution (28) and Padé

approximants solution [%} (29) for different values of h.

s[4 . 9
h Padé [ A] Truncated Series O(h”)
Absoluteerror Absoluteerror
0.25¢
0.008
0.201
0.006 -
0.15F
0.004 -
0.10(
0.002f 0.5
. Lt . .
2 4 6 10 2 4 6 8 10
Absolute error Absoluteerror
0.000035¢ 0.0015}
0.00003
0.000025
0.0010
5 0.00002
! 0.000015]
000001} 00005
5.x106F
. Lt . . .
2 4 6 1 2 4 6 8 10
Absolute error Absolute error
2.x1078 12x107° |
1.x10°8 |
15x10° 1
8.x107 f
2 1.x108) 6.x107" |
4.x107 |
5.x10° b
2.x107 |
. Lt . .
2 4 6 10 2 4 6 8 10
Absolute error Absoluteerror
1.x1070p
5.x107°f
8.x10°1
4.x107°F
6.x1071
1 3.x1079}
4.x10"1 1
2.x107°F
-1
2.x107% - 1.x109L
. ot . .
2 4 6 10 2 4 6 8 10
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.01

Absoluteerror
25x1071

2.x1071 |

15x10% |

1Lx107 b

5.x1072

1
m

pg

S

~
=

Absoluteerror
25x1071

2.x1071 |

15x10%

1Lx107 b

5.x1072

J
4 6 8 10

Table 6: Figures of the absolute error between the exact solution of (25) and
different forms of the truncated series and Padé approximants (h=0.01).

7 5
o (h) Padé [n/n] Series
Absolute error Absolute error
3.x10% [
25x107°F 0.000015
2.x10
5 000001
15x107°F
1.x108 |
5.x1070
5.x107F
. . . ot
4 6 8 10 2 4 6 8 10
Absolute error Absolute error
6.x1071 b
2.x1071
5.x10°1F
uf
15x 10 ax10f
7 Lx107% 3.x10-uf
2.x1074
5.x1072
Lx1078 L
h Lt
4 6 8 10 2 4 6 8 10
Absolute error Absolute error
25x107% ¢ 25x107% ¢
2.x1074 2.x1074
9 15x107% 15x107%
1.x10-1} 1.x10-1}
5.x1072} 5.x1072 |
——te {
4 6 8 10 2 4 6 8 10
Absolute error Absolute error
2.x1071 -
15x 1071
15x107%
1 1 1x1071}
Lx107%
5.x1072
5.x1072
t
4 6 8 10 2 4 6 8 10
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Absolute error Absolute error
25x1071F
2.x1071 -
2.x1071
15x1071
15x10714
13 1x1071}
1.x10-1}
-12 [
5.x10 5.x102f
t t
2 4 6 8 10 2 4 6 8 10
Absolute error Absolute error
2.x1071 2.x1071
1551071+ 15x107%
15 Lx107% Lx107%
5.x1072 5.x1072
t t
2 4 6 8 10 2 4 6 8 10
Absolute error Absolute error
25x107 % ¢
2.x1071
2.x1074
15x107%
1 7 15x107%
1Lx1071}
1x101}
-2
5-x10 5.x1072f
t i t
2 4 6 8 10 2 4 6 8 10

Table 7: Figures of the absolute error between the exact solution of (25) and
different forms of the truncated series and Padé approximants fixing the time step
hatl.

0 (h) Padé [n/n] Series

Absoluteerror Absoluteerror
800+
300}
2501
200F
150F

1001

50F

Absoluteerror Absoluteerror

6 8 10
201
151
15r
7 10r
101
6 8 10

051

600
400
2001
ot . ot
4 6 8 10
j t
4 6 8 10




Absoluteerror Absolute error
0.25}
0008
0.20f
0006
015f
0004
0.10f
0.002F 005f
Lt . Lt
6 10 2 4 6 8 10
Absoluteerror Absolute error
0.00002] 000201
0.000015F 00015
0.00001F 00010
5.x10°1 0.0005
=t . -
6 10 2 4 6 8 10
Absolute error Absolute error
-8
4x 107 0000014
0.000012F
3.x1078
0.00001F
8.x10°F
13 2.x107
6.x1078
-6 [
Lxi0) 4.x10
2.x106
ot : =t
6 10 2 4 6 8 10
Absolute error Absolute error
5.x107%
6.x1078}F
—11
4.x1070 | 5 x10-8F
3.x10-u} 4.x1078F
15 3.x1078F
2.x1071
2.x1078F
Lx107%t
1.x1078F
Lt . Lt
6 10 2 4 6 8 10
Absolute error Absolute error
25x10710
7.x102}
6.x1072F 2x10770f
5.x1072 ¢
15x10710F
1 7 4.x1072¢
3.x1072¢ Lxig-0f
2.x1072 ¢
Sx1gH L
1.x1072F
¢ \ Lt
6 10 2 4 6 8 10
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Absolute error Absolute error
7.x102 7.x102
6.x1072F 6.x1072F
5.x1072F 5.x1072F
19 4.x1072 ¢ 4.x1072 ¢
3.x1072¢ 3.x1072¢
2.x1072F 2.x1072F

1x1072F 1x1072F

t t
2 4 6 8 10 2 4 6 8 10

3.3 lllustrative Example 3: (Non-Linear & Homogenous)
Consider the nonlinear homogenous differential equation
u'(t) = —u?, u(0) =-1. (30)
Equation (30) has the exact solution

u(t) = 31
()tl (31)

This solution has an important characteristic, it is a rational function and has a
singular point at t =1. This example is very good to study the effect of the pole on
the obtain PAM solution.
Fixing b=2 and h=0.1which leads to

_b=% _2=0_ 56 qubintervals. (32)

h 0.1

Secondly, from(30), we define the following differential equation for each
subinterval m

du, 2
— t)="f telt ,t .|
dt Um ' Um(m) m? e|:m’ m+1] (33)
where f =U_(t.), U,(t)=u(0)=-1,m=0,12,...,n-1.
Substituting by U, (t)=> ¢, (t-t,)" and its derivatives into (33) leads to
n=0
ch t—t,) (ch (t-t,) j c,=f., telt, t,.] (39
n=0
Solvmg (34) leads to:
c, =",
G _(Co)z - _( fm)2 !
c, =—C,¢ = (f,, ), (35)

Cy = chklck D" ()™
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Substituting by (35) into (3), if we need accuracy O(h®), we can obtain the

approximate analytic Taylor series solution
U,®="f —f2t-t)+ft-t)-f*t-t)>+f°t-t) telt,t,,] 36

Substituting by (35) into (12) for obtaining p's and q's then substituting into
(4), we obtain the Padé approximants
U, (t) :L,
1+ f (t-t,)
if we need accuracy of O(hg), we can obtain the approximate analytic Taylor
series
U, t)=f —f2t-t)+f3t-t ) —f -t )+f°t-t) -

telt t ] (37)

(38)
fme (t _tm)s + fm7 (t _tm)6 - fms(t _tm)7 + fm9 (t _tm)s te [tm’tmﬂ]
and the Padé approximants will be
f
U, t)=——-"r—, teft .t 39
0= 605 &l ta (39)

which is the same as (37).

The Taylor series solutions (36) and (38) are not accepted near the poles because
the error will be very large and not accepted at all. In the other side, observe the
Padé approximants solutions (37) and (39), you will find that the exact solution
(31) ,(37) and (39) are same. Figure 4 shows the PAM solution using Padé which
is the same as the exact solution (31).

FPAM Solution
20

ol

15 20

1o}

Figure 4: The PAM solution (Padé) of problem (30).



100 Tamer A. Abassy

3.4 lllustrative Example 4: (Non-Linear Non-Homogenous)
Consider the differential equation

u'(t) =u®+1, u(0) =0. (40)
This is a nonlinear problem which has the exact solution
u(t) =tan(t) (41)

This exact solution of equation (40) has an infinite number of singular points at

t:%i(nﬂ), n=0,12,.... In this example, we will see the effect of these

singular points on the solution.
From (40), we can define the following differential equation for each subinterval
m

d(LjJtm =Um2 +1, Um(tm): fm’ te[tm'tmﬂ]' (42)

where f_ =U_,(t,), U,(,)=u(©)=0,m=012,...,n-1

SubstitutingU,, (t) = >_c, (t—t,)" and its derivatives into (42) leads to
n=0

S S 2
> nc, (t—tm)”‘lz[ch (t—tm)”J +1, c, =T, tet, ty..] (43)
n=1 n=0
Solving (43) leads to:
Co="F.,
¢, =1+f 2,
c, = f, (1+f,%).
1
==(1+4f 2+3f ),
CB 3( + m + m ) (44)
1
c4=§fm(2+5fm2+3fm4),
Cy =i(2+17 f,2+30f,* +15f,°),
15

c =Lty (17+77f 21105f *+45f 6),
6 45 m m m m

c =i(17+248f ?+756f, +8401,° +315f,°),
" 315 " " " i

C =if (62+440f 241008 f *+945f ® +315f 8),
8 315 m m m m m

Substituting by (44) into(3), we obtain the approximate analytic Taylor series
solution.
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U (t)="f +@1+ fmz)(t—tm)+( o (1+ fmz))(t—tm)z +
1 2 4 3 1 2 4 4 (45)
(§(1+4fm +3f )j(t—tm) +[§ f,(2+5f,”+3f, )j(t—tm) , teft,t ]
Substituting by (44) into (12) for obtaining p'sand q's then substituting by
them into(4), we obtain the Padé approximants
-3f —3(t-t )+ f (t—t )
-3+3f_(t-t,)+(t-t,)?
if we need accuracy of O(hg), we can obtain the approximate analytic Taylor
series solution
Un®]=fn #E—tn) (L +f4) #t=tm)® fm (1 + f3) +% (t-tn)® (1 +4 £ +3 fn) +

U, ()=

, teft, ] (46)

1 1
3 t—tm)* fm (2 +5 f2 +3 f,ﬁl) T (t—tn)° (2 +17 f2 +30 fo +15 f,ﬁ) +
1

Y (t=tm)® fn (17 #77 £ +105 fy +45 f3) +

1
e (t—tn)" (17 +248 £ +756 f3 +840 f +315 f3) +

PR 2 4 6 8
(t—tm)° fm (62 +440 fyy +1008 fy +945 fn +315 fy), te [tn tm 1]

315 (47)
and Padeé approximants
105f +105(t—t )—-45f (t—t )>-10(t—t )°+ f (t—t )*
105-105f (t—t )—45(t—t )>+10f (t—t )°+(t-t )*

Um (t) = 't € [tm 'tm+1] (48)

The truncated series solution is not suitable for this problem because it has
an infinite number of singular points. Figure 5 shows the Padé approximants
solution (48) which is obtained by PAM and Figure 6 shows the absolute error
between the exact solution (41) and the Padé approximants solution(48). Table 8
shows the absolute error between the exact solution (41) and the Padé

approximants solution(48) for different values of h, t,=0 and %<t<3%.
Table 9 shows the absolute error between the exact solution (41) and different

forms of Padé approximants solution fixingh=0.1, t, =0 and %<t < 3% :
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PAM soluton
sf |

ak

-

In I

_4:_

—6:— |
Figure 5: The PAM solution (48) using h=.01.

Absolute ervor
25510710 -

2 wineL

I5xi0- 1oL

L xro 0L

5o Ip L

L. L .

5 0 15

Figure 6: The absolute error between the exact solution (41) and Padé
approximants solution(48) using 0<t<5z and h=0.01.

Table 8: The absolute error between the exact solution (41) and the Padé

approximants [4/4](48) for different values of h, %< t< 3% and t, =0.

h= Absolute Error graph for %<t < 3% and t, =0.

Absofute ervor

Qo0ssE

0o030F

Qo025
[

1

00015 E

DoMI0E

00005 L

20 25 30 35 40 4.5
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0.1

Absolute ervor

4107 L

Zxio L

2x1071L

ILxo™

20 25 30 35 4.0 4.5

0.01

Abgolute error
FSx10 ML

Zx0ML
25xipHL
2 a0
Lixio L

Lxlp L

s xw-”H

20 235 30 33 40 4.5

0.001

Absolute error
IEx107 ML

ER il
25x10714L
2x107 L
Lixio ™[

LxI0 ML

S w1074

210 25 kA 35 4.0 45
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Table 9: The absolute error between the exact solution (41) and different forms of

Padé approximants for h=0.1, %<t < 3% and t, =0.

[ﬂ} Absolute Error graph for %< t< 3% and t, =0.

Absolute error

o010k
0008k
{ 2 j| 00005

2 00004k

o002

20 25 LA 35 40 4.5

Absolute ervor
2x1077

25x10Ff
2x107L
{g} 15x1077L
1 x1077

5wl

20 25 30 35 4.0 4.5

Absofute ervor

4xi0 L

ZxloL
4
4 2xlo ML

1L xlp

20 25 a0 35 40 4.5
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Absol

25x 10714

{5} 2 x10-1
5 15x 107

2SxipTe L

ER Sy

Lxrot4f

SxI0 L

wle ervor

20 25 30 35 410 45

35w 0
3 w1071
25 x 1072
{Q} 2 w1071
6 1ix10-1

I x10-%

5ol L

Absolute error

25x 107"

!
7 LixID

I x o

2xfo ML

3 :(10‘15!

Absolute ervor
Iwlo L

20 25 30 35 40 45

4 Observation:

We can observe from the previous illustrative examples 1-4 and the results in
tables 2-9 that the absolute error is taking the same shape approximately in each
column until specified h or order and then the error is fixed. This isn’t logic
because the error must not be fixed as h or the order is reduced. The error must
approaches to zero as h approaches zero or the order increases. This is because of
the roundoff error, the limited specification of the computer device and the
mathematical program which I have used.



106 Tamer A. Abassy

5 Conclusion:

The piecewise analytic method is an efficient method for solving any
ordinary differential equation. We can control the accuracy of the obtained
solution as needed. We use the Padé approximants when the solution contains
poles or singular points and it is suitable for large interval length. The truncated
series solution is faster than Padé approximants but the Padé is more accurate than
truncated series.
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