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Abstract

In this paper, the problem of an incompressible viscous flow over a
flat plate is presented. The Homotopy perturbation method (HPM) is
employed to solve the well-known Blasius nonlinear differential
equation. It has been tried to use a special technique by which one be
able to obtain solutions that are very close to the exact solution of the
equation. The obtained results have been compared with the exact
solution of Blasius equation and another results obtained in previous
works so that the high accuracy of results are clear. Also it is found
that this method is powerful mathematical tool and can be applied to a
large class of linear and nonlinear problems in different fields of
science and engineering especially some fluid mechanics equations.
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1 Introduction

The governing equations the most physical phenomena are non-linear. Except in a
limited number of these problems, we have difficulty in finding their exact
analytical solutions and others must be solved by other methods. Therefore,
approximate analytical solutions are searched were introduced approximate.
Analytical methods have always been of interest to scientists. Perturbation method
is one of the well-known methods to solve nonlinear problems; it is based on the
existence of small/large parameters, the so-called perturbation quantity [1, 2].
Many nonlinear problems do not contain such kind of perturbation quantity, and
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we can use non-perturbation methods, such as the é-expansion method [3], the
artificial small parameter method [4], the Adomian’s decomposition method [5],
the Variational iteration method (VIM) [6], and the Homotopy analysis method
(HAM) [7].

One of the strong analytical methods for eliminating small parameter is applying
Homotopy perturbation method (HPM) [8-11]. The HPM is a combination of the
classical perturbation technique and homotopy technique, firstly proposed by He
[12-14]. One of the benefits of this method is that it hasn't Homotopy and
perturbation methods limitation. In this paper, the basic HPM method presented
and then problem of an incompressible viscous flow over a flat plate is presented
and Blausis equation derived. Then analytical solution of problem is obtained by
applying HPM method. In addition, Howarth number is calculated. Howarth
number is an important number in fluid mechanics. It has used for calculating of
drag coefficient. Howarth[15] obtained an accurate numerical solution for Blasius
equation in whicha =f "(0) = 0.332057. This value is accepted for comparison
because it has high accuracy. After that, several try is done for calculating this
number from other methods. He [16] in 1998 solved this equation by applying
variational iteration method and he found « = 0.5436 by a first approximation.
This value has 63.7% relative error respect to Howarth's calculation. In 2007
Wazwaz[17] used the same method and found « =0.37329 .This value has
21.42% relative error respect to Howarth. In 2003 and 2004, By homotopy
method, He[18, 19] obtained the first iteration step led to « = 0.3095with 6.8%
accuracy (relative error), and the second iteration step yielded « = 0.3296 with
0.7% accuracy of the initial slope. In 2007 Ganji [20] found « = 0.348505 by
HPM method with three terms approximation with 4.9% relative error. In 2009
Fathizadeh and Rashidi [21] found « = 0.348 by HPM method with 4.9% relative
error. In this paper, the problem is solved by using a special technique and HPM
method and then results are compared with previous works. The approximations
of the f " (0) obtained by this paper in comparison with previous HPM results
provide the higher accuracy.

2 Basic idea of Homotopy Perturbation Method

To illustrate the basic ideas of this method, we consider the following equation

A(u)-f (r)=0reQ Q)

With the boundary condition of
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Where A is a general differential operator, B a boundary operator, f (r)a known

analytical function and I is the boundary of the domain . A can be divided into
two parts, which are L andN , where L is linear and N is nonlinear. eq. (1) can
therefore be rewritten as follows:

L(u)+N (u)-f (r)=0, reQ 3)

Homotopy perturbation structure is shown as follows

H (v.p) = (- p)[L ()L (ug) ]+ p[A ()1 () ]=0 (4)
Where
v(r,p): Qx[O,l]—)R ®)

In eq. (4), p €[0,1]is an embedding parameter and Yo is the first approximation

that satisfies the boundary condition. We can assume that the solution of eq. (4)
can be written as a power series in P, as following

2 n i (6)
V=va+pWV+pP Vvo+L = 3 v
And the best approximation for solution is
u=|imp—>lV=V0+Vl+V2+L (7

The above convergence is discussed in [22].
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3 Governing Equations:

Boundary layer flow over a flat plate is governed by the continuity and the
Navier-Stokes equations. Under the boundary layer assumptions, for a two
dimensional, steady state, incompressible flow with zero pressure gradient over a
flat plate, governing equations are simplified to:

2
ua—u+v a—uzua—; (8)
OX oy oy
ou ov
—+-—=0 9
ox oy

Subjected to boundary conditions:

y=0— u=0; (10)

ou
y=w—o>u=U,, —=0 (11)

oy

By applying a dimensionless variable (”7) defined as:

5 (12)

n :\z:Re

(Re is the Reynolds number and defined as: (Re = U )
19

The governing equations of (8) and (9) can be reduced to the well-known Blasius
equation where f is a function of variable () :

1
f " + 7ff " — O (13)
2
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With boundary equations:

n=0-f =0,f"=0 (14)
p=oo—f'=1 (15)

Where f is related to the u velocity by

fro L (16)

And the “prime” denotes the derivatives with respect to7 .

4 HPM Solution for Flow over a Flat Plate:

For some sufficiently large M, the condition (3) can be replaced by the condition

f/(M) =1 (17)

Under the transformationz = & , the blasius equation transformed to:

M 2
g"’(2)+79(2)9"(2)=0 (18)
Where g(z):lc,\(/ln) and the “prime” denotes the derivatives with respect to

z [0,1].The boundary conditions (14), (15) are transformed to

z=0->9g=0,g9'=0 (19)
z=1->¢g'=1 (20)
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In this section, we will apply the HPM to nonlinear ordinary differential system
(18). According to the HPM, we can construct a homotopy of system (18) as
follows:

M 2
1- p)(V”’—96)+D(V"’+TW")=0 (21)

We consider Vv as following:

6 .
v:v0+pv1+p2V2+p3V3+...:_Z VipI (22)

Assuming g, =0 and substituting v from Eq. (22) into Eg. (21) and some
simplification and rearranging based on powers of p-terms, we have:

Po:vom =0 23)
v(0) =0y (0)=0vy(1)=1
2
1 " M "
P v, +—WVnvpn)=0
1ty Vo) (24)
v1(0) =0y, (0) =0y, (1) =0
p2.y "'+M2(vv vy, )=0
2 2 10 01 (25)
V5(0)=0,v, (0)=0yv, (1) =0
p3.y '"+M2(v Vo VAV V. ) =0
3 2 2'0 0" 2 1'1 (26)
v5(0)=0v5(0)=0v5(1)=0
ph.y " Mz(vv" VVa +VoVq 4V o ) =0
Vo, A — + + + =
4 T Valg *Vglg *V¥y VYo 27)
V4(0)=0yv,(0)=0v, (1)=0
POy m+M2(v Vi VN VN VAV, VNS ) =0
5 2 3'1 13 4°0 0" 4 2'2 (28)

vg(0) =0y (0)=0vg (1)) =0



2
6 m

M " ” ” " " "
P N64uE—Wﬂl4wf44w§o4#&54N§2-wwy3)=0

Vg(0)=0vg'(0)=0vg (1) =0

Solving Egs. (23) — (29) with boundary conditions, we have:

11 1 13
M8 = mAS, 2 w42
161280 5760 80640

vzc)z

-1 25 11 29 1
M6(——111—4—28+4—25 + M622
107520 198 24 60 1548288

v3(z):

Vy(2) =
4 425779200 1092 3 112 12

ve(z) =
5 1859803545600 2040 12 6

16201928 2713925 763571 IVllozz
24 60 446352850944000

1 9299 125 7381 g 341
8 J14 125 11 7381 g 341 5

-1 1272379 46495 51025
MlO Z17_ Z14+ Z11

50249

929901772800

1 19241647 1272379 6323320
M2 ,20 17, ,14

Vg(z) =
2529332822016000 1368 12
3259750 11 16488725 g 6647629 5 59045561
-~ 27+ 2%+ 27) -

9 168 60 6055222775906304000

According to Eq. (22) and the assumption p = 1:

With choice M=5 we get:

21
M1222

587

(29)

(30)

(31)

(32)

(33)

M822

(34)

(35)

(36)

(37)
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9(z2) = 0.83107013847 2 — 0.29591364617 > + 0.21461539772 © —0.13619000187 11

20 (38)

+0.05722180311z 14 — 001350962363z 17 +0.0013576574842

. f .
Now, under the transformationg(z) = |\(/|T7) , the above equation transformed to:
2 -4 - -8 11
f (1) = 0.166214027 " -4.734618338 x 10 ;75 +2.747077090 x10 0 778 1394585618 x 10 n
+4.687610111x10 ;714 _ 8.853666940x 10 ;717 +7.118035270 x10 " 7720 (39)

— -HPM[2l] —— Present HPM  »  Howarth = - HPMRL] === Fresent HFM HU“’aﬂh‘
+ HPM[20] + HPM[D)

3]

f
'
o
Fig. 1: The comparison of Fig. 2: The comparison of
answers obtained by HPM and answers obtained by HPM
numerical solution for f'(#) and numerical solution for f~
(n)

5 Results and Discussion

In this manuscript the Homotopy perturbation method such as analytical technique
is employed for nonlinear blasius equation. Figs. 1 and 2 show the profiles of f'(#)
and f** (i) obtained by the HPM for different values of # in comparison with the
numerical solutions obtained by Howarth. We can see a very good agreement
between the present HPM and the numerical results. So, the solutions are obtained
present HPM are more accurate than [20], [21]. Numerical comparison between
present HPM with other different approximate solution is tabulated in Table 1 and
2. It is interesting to note that present HPM is very close to the numerical results
in comparison with [20], [21]. The approximations of the f ” (0) obtained by HPM
and their relative error with respect to the Howarth [15] results are listed in Table
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3. Figs. 3 and 4 shows the absolute error of f, f * related to Howarth solution at
different values #. But our results are more acceptable than results obtained by
[20], [21].

Table 1: Obtained results, in comparison with HPM and numerical method
(Howarth) for f (1)

" Howarth | Hpm Hpm Present Eg:ﬁr E;ﬁr Eroor
19 20 21 hpm resent
[10]  |[200 |[21] p ool |y | P

0 0 0 0 0 0 0 0

0.2 | 0.0066412 | 0.0069699 | 0.0077932 | 0.0066484 | 0.0003287 | 0.0011520 | 0.0000072

0.4 | 0.0266762 | 0.0278758 | 0.0293860 | 0.0265894 | 0.0011996 | 0.0027098 | 0.0000868

0.6 | 0.0597215 | 0.0626959 | 0.0647567 | 0.0598003 | 0.0029744 | 0.0050352 | 0.0000788

0.8 | 0.1061082 | 0.1113738 | 0.1138493 | 0.1062224 | 0.0052656 | 0.0077411 | 0.0001142

1.0 | 0.1655717 | 0.1738016 | 0.1765564 | 0.1657432 | 0.0082299 | 0.0109847 | 0.0001715

1.2 | 0.2379487 | 0.2498038 | 0.2527029 | 0.2381818 | 0.0118551 | 0.0147542 | 0.0002331

1.4 ]0.3229815 | 0.3391217 | 0.3420312 | 0.3232729 | 0.0161402 | 0.0190497 | 0.0002914

1.6 | 0.4203207 | 0.4414008 | 0.4441877 | 0.4206587 | 0.0210801 | 0.0238670 | 0.0003380

1.8 | 0.5295180 | 0.5561797 | 0.5587117 | 0.5298809 | 0.0266617 | 0.0291937 | 0.0003629

2.0 | 0.6500243 | 0.6828833 | 0.6850282 | 0.6503809 | 0.0328590 | 0.0350039 | 0.0003566

2.2 | 0.7811933 | 0.8208206 | 0.8224437 | 0.7815042 | 0.0396273 | 0.0412504 | 0.0003109

2.4 0.9222901 | 0.9691873 | 0.9701481 | 0.9225139 | 0.0468972 | 0.0478580 | 0.0002238

2.6 | 1.0725059 | 1.1270772 | 1.1272213 | 1.0726070 | 0.0545713 | 0.0547154 | 0.0001011

2.8 | 1.2309773 | 1.2935005 | 1.2926472 | 1.2309370 | 0.0625232 | 0.0616699 | 0.0000403

3.0 |1.3968082 | 1.4674133 | 1.4653338 | 1.3966410 | 0.0706051 | 0.0685256 | 0.0001672

3.2 | 15690949 | 1.6477584 | 1.6441417 | 15688630 | 0.0786635 | 0.0750468 | 0.0002319

3.4 | 1.7469501 | 1.8335195 | 1.8279185 | 1.7467840 | 0.0865694 | 0.0809684 | 0.0001661

3.6 | 1.9295251 | 2.0237911 | 2.0155409 | 1.9296270 | 0.0942660 | 0.0860158 | 0.0001019

3.8 | 21160298 | 2.2178650 | 2.2059613 | 2.1166770 | 0.1018352 | 0.0899315 | 0.0006472

4.0 | 2.3057464 | 2.4153361 | 2.3982576 | 2.3072780 | 0.1095897 | 0.0925112 | 0.0015316

4.2 | 2.4980396 | 2.6162294 | 2.5916832 | 2.5008250 | 0.1181898 | 0.0936436 | 0.0027854

4.4 | 2.6923609 | 2.8211494 | 2.7857122 | 2.6967390 | 0.1287885 | 0.0933513 | 0.0043781

4.6 | 2.8882480 | 3.0314545 | 2.9800744 | 2.8944690 | 0.1432065 | 0.0918264 | 0.0062210

4.8 | 3.0853206 | 3.2494582 | 3.1747721 | 3.0934800 | 0.1641376 | 0.0894515 | 0.0081594

5.0 | 3.2832736 | 3.4786579 | 3.3700690 | 3.2932580 | 0.1953843 | 0.0867954 | 0.0099844

Table 2: Obtained results for f “ (0), in comparison with HPM and numerical
method, Howarth (f “ (0) =.332057)

method f7(0) Relative Error

HPM [Present method] 0.332428 01 %

HPM [20] 0.348505 49 %

HPM [21] 0.348 4.8 %

HPM [18] 0.3095 6.8 %

HAM[19] 0.3296 0.7 %
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Table 3: Obtained results, in comparison with HPM and numerical method
(Howarth) for f " ()

" Howarth | Hpm Hpm Present E|rPr(|3/|r Erpr(lz/lr Error

[19] [20] [21] hpm [20] [21] present

0 0 0 0 0 0[0 0

0.2 | 0.0664077 | 0.0696975 | 0.0703281 | 0.0664818 | 0.0032898 | 0.0039204 | 0.0000741
0.4 |0.1327641 | 0.1393444 | 0.1406060 | 0.1329106 | 0.0065803 | 0.0078419 | 0.0001465
0.6 | 0.1989372 | 0.2088105 | 0.2107046 | 0.1991507 | 0.0098733 | 0.0117674 | 0.0002135
0.8 | 0.2647094 | 0.2778800 | 0.2804100 | 0.2649775 | 0.0131706 | 0.0157006 | 0.0002681
1.0 [ 0.3297800 | 0.3462538 | 0.3494253 | 0.3300826 | 0.0164738 | 0.0196453 | 0.0003026
1.2 [ 0.3937761 | 0.4135539 | 0.4173749 | 0.3940826 | 0.0197778 | 0.0235988 | 0.0003065
1.4 [0.4562617 | 0.4793309 | 0.4838112 | 0.4565324 | 0.0230692 | 0.0275495 | 0.0002707
1.6 | 05167567 | 0.5430747 | 0.5482248 | 0.5169439 | 0.0263180 | 0.0314681 | 0.0001872
1.8 | 05747581 | 0.6042289 | 0.6100571 | 0.5748116 | 0.0294708 | 0.0352990 | 0.0000535
2.0 | 0.6297657 | 0.6622097 | 0.6687189 | 0.6296405 | 0.0324440 | 0.0389532 | 0.0001252
2.2 | 0.6813103 | 0.7164291 | 0.7236108 | 0.6809787 | 0.0351188 | 0.0423005 | 0.0003316
2.4 |0.7289819 | 0.7663226 | 0.7741498 | 0.7284483 | 0.0373407 | 0.0451679 | 0.0005336
2.6 | 0.7724550 | 0.8113803 | 0.8197988 | 0.7717748 | 0.0389253 | 0.0473438 | 0.0006802
2.8 | 0.8115096 | 0.8511819 | 0.8600992 | 0.8108053 | 0.0396723 | 0.0485896 | 0.0007043
3.0 | 0.8460444 | 0.8854328 | 0.8947068 | 0.8455199 | 0.0393884 | 0.0486624 | 0.0005245
3.2 | 0.8760814 | 0.9140010 | 0.9234279 | 0.8760235 | 0.0379196 | 0.0473465 | 0.0000579
3.4 |0.9017612 | 0.9369507 | 0.9462547 | 0.9025271 | 0.0351895 | 0.0444935 | 0.0007659
3.6 | 0.9233296 | 0.9545718 | 0.9633968 | 0.9253044 | 0.0312422 | 0.0400672 | 0.0019748
3.8 |0.9411181 | 0.9673977 | 0.9753066 | 0.9446574 | 0.0262796 | 0.0341885 | 0.0035393
4.0 | 0.9555182 | 0.9762106 | 0.9826929 | 0.9608570 | 0.0206924 | 0.0271747 | 0.0053388
4.2 | 0.9669570 | 0.9820237 | 0.9865191 | 0.9741165 | 0.0150667 | 0.0195621 | 0.0071595
4.4 | 0.9758708 | 0.9860369 | 0.9879789 | 0.9845695 | 0.0101661 | 0.0121081 | 0.0086987
4.6 | 0.9826835 | 0.9895542 | 0.9884434 | 0.9922967 | 0.0068707 | 0.0057599 | 0.0096132
4.8 | 0.9877895 | 0.9938540 | 0.9893700 | 0.9973820 | 0.0060645 | 0.0015805 | 0.0095925
5.0 | 0.9915419 | 0.9999999 | 0.9921642 | 0.9999982 | 0.0084580 | 0.0006223 | 0.0084563

6 Conclusion

In this paper, the Homotopy perturbation method has been successfully applied to
a nonlinear blasius problem. Since we have used a special technique, we have
obtained results with excellent accuracy for”7 = 5. It is also shown that, the present
work result for these values of 7 benefit more accuracy than [20], [21] and are in
acceptable agreement with ones derived by the numerical method.
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Fig. 4: The comparison of the

Fig. 3: The comparison of the absolute error in answers results by
absolute error in answers HPM for /” (i7) with respect to the
respect to the Howarth [15]
results
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