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Abstract

In this paper we study the weak and strong convergence of implicit
iteration process to a common fixed point for a finite family of asymp-
totically TJ mappings in Hilbert spaces. This paper is motivated by
[Lin, Lai-Jiu; Chuang, Chih-Sheng; Yu, Zenn-Tsun Fized point theo-
rems for some new nonlinear mappings in Hilbert spaces, Fixed Point
Theory Appl. (2011), 2011:51, 16 pp.].
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1 Introduction

Throughout this paper, let H be a real Hilbert space and C' be a arbitrary
non-empty closed convex subset of H. Let T" is a mapping on H. We denotes
the set of fixed points of T" by F'(T'). The mappings that we work by those are
asymptotic TJ mappings that defined as following (see [2])

Definition 1.1. We say T : C' — C' is an asymptotic TJ mapping if there
exist two functions a : C' — [0,2] and 5 : C — [0,k], k < 2, such that

(i) 2Tz —Ty|* < a(z)|z —yl*+ B(z) [Tz —yl* forall z,yeC;
(i) a(x)+p(x) <2 forall xeC.



356 A. ghorchizadeh

Let T : C'— C be a mapping, xo € C be arbitrary and {«,} be a sequence
of real numbers in the interval (0, 1), we define

Tppr = @y + (1 —a,)T2,,  n=01,2,.... (1)

The iteration process (1) is known as the Mann’s type iteration process,
see [3]. We extend the iteration process (1) by a finite family of asymptotically
TJ mappings. Let T1,T5,..., Ty be N asymptotically TJ mappings of C' into
itself such that

We can define a sequence {z,} as follows

T = 1Ty + (1 - Oél)TliE'l
To = Qa1 + (1 - 0[2)T2x2

N = ANTN_1 + (1 - OéN)TNSL’N
Tyi1 = anp1Zn + (1 — anp) TN

We write the above iteration process in the following compact form
Ty = Tyt + (1 — ap) Thzy, n=12..., (2)

where T;, = Ty,moan) that the mod N function takes values in {1,2,..., N}.
We'll show that under suitable conditions the sequence {x,} is weakly conver-
gence to an element of F.

2 Preliminaries

In this section we collect some well-known results.

Throughout this paper, we denote the strong convergence and the weak
convergence of {z,} to x € H by z,, — x and z,, — z, respectively. From [5],
for each z,y € H and a € (0, 1), we have

lax + (1= a)yl* = allz|* + @ =) yl* —al —a)lz =yl (3)

It’s well-known that each Hilbert space H satisfies the Opial’s condition, see
[4]; that is, for any sequence {x,} C H that x, — = we have

lim sup ||z, — z|| < lim sup ||z, —y|| forall ye H\{z}.
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Definition 2.1. Let C' be a closed subset of H. The mapping T : C' —
C is semi-compact whenever for any bounded sequence {x,} in C such that
|Zn —Txy|| — 0 as n — oo, there exists a subsequence {x,;} C {x,} such that
Tp, > v €C as j — oo.

Now we recall the Demi-closedness principle, see [1], in the following lemma.

Lemma 2.2. Let H be a Hilbert space, C be a nonempty closed convex
subset of H and T : C'— C be an asymptotically TJ mapping. Then I —T is
demi-closed at zero, i.e. for each sequence {x,} in H, if {x,} converges weakly
tope C and {(I —T)x,} converges strongly to 0, then (I —T)p = 0.

3 Main Results

In this section, we state our main results. We begin by the following theorem.

Theorem 3.1. Let H be a Hilbert space that satisfying Opial’s condition
and C' be a nonempty closed convex subset of H. LetT1,T5,..., T : C — C be
N asymptotic TJ mappings with F = ﬂfvzl F(T;) # 0 and {a,} be a sequence
m (0,1). If the sequence {x,} defined as (2) and liminf, . a,(1 — «a,) > 0,
then x, — p as n — oo, for somep € F.

Proof. Assume p € F. Since T),(moan) is asymptotic TJ mapping, then for each
n € N, we have
||Tn(modN)In_p|| S ||Zl§'n _pH (4)

From (3) and (4) we infer that

|zn — p”2 = ||anzn_1 + (1 - O‘n>Tn(modN)xn - p”2
= anllzn-1 = pl* + (1 = @) [ Tagmoaryzn — plI”
— (1 — )|z — Tn(moo‘lN)fnn2
< agllwp-1 = pll* + (1 = an) ||z, — plf?

- an(l - an)’|xn—1 - Tn(modN)an2- (5)

Hence, we have
2 = plI* < [l2n—1 — pI*.

Thus {||x, — p||} is a decreasing sequence, so lim,,_., ||z, — p|| exists. Also, by
ineq uality (5) we have

an(l - O4n)||$n—l - irn(modN)an2 S ||xn—l _p||2 - ||xn _p||27
since liminf,, ., a,(1 — ;) > 0, we deduce

hm ||In—1 — Tn(modN)an = 0 (6)

n—oo
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On the other hand

||xn - xn—l” = Hanxn—l + (1 - an)Tn(modN)xn - xn—l”

S (1 - an)||Tn(modN)xn - xn—l”-
From the last inequality and (6) we obtain that

lim ||z, — 21| = 0. (7)

Triangle inequality, (6) and (7) imply that

nh—{{olo ||xn - Tn(modN)InH = Oa (8)
and
lim ||z, — T+l =0, Vie{l,2,...,N}. 9)

Assume j € {1,2,...,N}. Since T},modn)+; s an asymptotic T.J mapping,
there are two functions o := aymoedn)+; and B = Bymodn)+; that satisfy
conditions of Definition 1.1. We have

||In - Tn(modN)—l—jan
< Nwn = 2ol + [|Zn4s — TamodNy+iTnjl| + [ Tngmod Ny +5Tn+5 — Tn(modN)+5Tn |
a(r)

<1+ T)chn = Tl + 1 Znts — To(modN)+jTnrsll

+ \/@HTn(modean =
<(1+ \/a(;) + \/ﬁ(gz))llxn — o
B(x)

+ (1 S 205 = Tatmoanyeg@nss|l

So by (8) and (9) we infer that

lim (|2, — Ty (modn)+jTnl = 0 (1<j<N). (10)

n—oo

Since {z,} is bounded, there exists a subsequence {x,, } of it such that {z,, }
converges weakly to p € C. For any [ € {1,2,..., N}, (10) implies that

khm ||$nk - Tlxnk” =0. (11)

Now we can apply Lemma 2.2 to infer that (I — T;)p = 0, for any [ €
{1,2,...,N}. Therefore p € F. Now we prove z,, — p as n — oo. Let
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{z,,} be another subsequence of {z,} such that z,, — ¢ then we show that
q = p. Assume p # ¢, then by Opial’s condition we deduce

Tim flz, = pl = lim [lan, —pll < lm [z, —q]
00 k—o0
= lim ||z, — ¢|| = lim ||z, — q||
n—oo 71— 00

< hm Hxnz _pH = lim ||xn —pHa
1— 00 n—oo
which is a contradiction. Therefore we conclude that x, — p. O

In the following theorem we infer the strong convergence.

Theorem 3.2. Let H be a Hilbert space satisfying Opial’s condition and C
be a nonempty closed convex subset of H. Let T1,Ts,...,Tn : C' — C be N
semi-compact asymptotic TJ mappings with F := ﬂf\il F(T;) # 0 and {a,} be
a sequence in (0,1). If {x,} defined as (2) and liminf, . o, (1 — a,) > 0,
then x, — p as n — oo for somep € F.

Proof. From the proof of Theorem 3.1, we know that there exists a subsequence
{zy, } of {z,} such that x,, — p as k — oo for some p € C' and satisfies (11).

Since 7}, I = 1,2,..., N, is semi-compact we have limg_ ||z, — p|| = 0.
Therefore z,, — p as n — oo, because {||x,, — p||} is convergence. O
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