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Abstract

In this paper, the Adomian decomposition method and Laplace transform method are used to construct the solution of a
convection-diffusion-dissipation equation.
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1. Introduction

When investigating the pollution of water table, we meet a lot of phenomena, such as convection, diffusion, dissipation
etc. These phenomena are governed by mathematical models. Many of them are complex partial differential equations.
To study their behavior we often with the simulations based on numeric solutions. In this paper, we examine the
convection-diffusion-dissipation equation; we use the Adomian decomposition method and sometimes the Laplace
transform method to get the exact solution.

2. The convection diffusion dissipation equation

The convection-diffusion-dissipation equation in dimension 1 has the following form:

WO (U 1y ) 2D e (x,t) =1 (x0) ?

Where u(x,t)is the concentration of the pollutant, « is a constant, v (x) is the speed of water, c(x)is the dissipation
function, f (x,t)is the function source, x is a space variable and t stands for time.

Remark-1:
ou(xt) . I au(x,t) . . , o
_a% is the diffusion term, v (x) u(gﬁ’ )IS the convection term, ¢(x )u(x,t)and is the dissipation term.
X

2.1 The convection diffusion dissipation

Let’s consider the following initial and boundary value problem:
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u(0,t)=cos(t)

u(10,t) =cos(10)cos(t)

With
f (x,t)=—cos(x )sin(t)+2cos(x )cos(t)—sin(x )cos(t)
And (x,t)eQ=[010]x[0T ].

We are going to solve problem (A ) using the Adomian decomposition method and the Laplace transform method.

2.1.1. Application of the adomian decomposition method (ADM)

The general theory of the Adomian decomposition method can be found in [1-10].

From (2) and (3), we have:
8u(x,t)_82u(x,t)_8u(x,t)
ot ox?

From (4) we have:
£ou(x,s)
t)=u(x,0 d
u(at)=u(x,0)+ [

0

t t
—Jau(x’s)ds—ju(x,s)js+
0 ax 0
t

{(—cos(x )sin(s )+ 2cos(x )cos(s)—sin(x )cos(s))ds
=cos(x )cos(t )+ 2cos(x )sin(t)—sin(x )sin(t)+

jézu(x’ )d fau (x.) ds fu (x,s)s

2
o OX

From (2) and (3) we have:

10 12, 10 10
u(lO,t)—u(O,t)—.fau(zz’t)dz +J-au(z 't)dz +Iu(z t)dz +
X o OX o

0

sin(t )Tcos(z)dz —2cos(t)lfcos(z )dz +cos(t)1_fsin(z )dz =0

(6) =
“(10't)—u(0,t)_ja Lgf(zz,t)dz +J6u(z 1)

0 0

sin(t )sin(10) — 2cos(t )sin(10) + (1 —cos(10))cos(t ) =0

10
dz +_[u (z,t)dz +
0

(7) =
cos(10)cos(t)—cos(t)— Taz +ljgaué)z( t) dz +ljgu(z t)dz +

0

sin(t )sin(10) — 2cos(t )sin(10) +cos(t ) — cos(t )cos(10) =0
8)

OX OX

0

From (5) and (9), we obtain:

—u(x,t)—cos(x )sin(t)+2cos(x )cos(t)—sin(x )cos(t )

[Pty [ Gy )z —sint)sin(10) + 200s(t )sin(10) =0

31

)

®)
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®)

(6)

()
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u(x,t)=cos(x)cos(t)+2cos(x )sin(t)—sin(x )sin(t)-
sm( )sin(10)+ 2cos(t )sin(10) +

J. (x 5) g .l‘aug))((lS)ds_'i.U(X’S)ds+

0

T@u(z, )dz—.([ﬁ ;Z t)d —Iu (z.t)d

2
o OX

According to the ADM, we suppose that the solution of (2) has the following form:

t):gun(x,t)

From (10) and (11), we construct the following Adomian algorithm:
Uy (x,t)=cos(x )cos(t)
u,(x,t)=2cos(x )sin(t)—sin(x )sin(t)—sin( )sin(10)+2cos(t )sin (10) +

jazugi)i's)ds !auﬁ( ds — Iu X,s)ds +

0

10 A2, 10
J.au"(zz’t)dz —Iau"( ’ )dz —J'uo(z t)dz
0 OX OX o

t 22 t t
uM(x,t):.fa u:%E);,s)ds —.[au"a(:'s)ds —jun(x,s)ds +
0 0 0

. 0 10
fletly Jletly oo ines
o OX o X 0

Which gives us:
u(x,t)=0 = u,(x,t)=0, vn>1

Thus the solution of (2) is:
u(x,t)=cos(x)cos(t)

2.1.2. Application of the Laplace transforms method

Let’s note the Laplace transform by:

+o0

U(x,p)=L,(u(x.t))= ju(x,t)e""dt

0

Applying the Laplace transform to the equation (2), we obtain:

pU ) -u(x,0)- P S EPL0 (1p) = Beaso) i)
(16) &
LB R 1 g e )10 22 () 2 i)
17) <
d@dii,p)_du éi,p)_(u P)U (x.p)= p2p+1sin(x)_[ij+21|0}cos(x)

We remark that:

U(0p) =L (u(01) =L (cos(t)) =7

+1

U (10,p) =L (u(10,t))=cos(10)L (cos(t)) = p2p+1cos(10)

The solution of (18) is:

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)
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BT LT, o

2

+Ce
pe+1

+

U(x,p)=ce cos(x )

Using the boundary conditions (19), we obtain ¢, =c, =0,and U (x,p)= pzp 1
+

Applying the inverse Laplace transform, we obtain:
u(x,t)=cos(t)cos(x)

Remark-2

Both methods give us the same result.

a) The convection-diffusion-dissipation equation with variable coefficients
Let’s consider the following initial and boundary value problem:

ou(x,t) 10%u(x.t ou(x,t
E?t )_E a§<2 )+x(5—x)cos(x)éix)+3x2u(x,t):f(x,t)
(B):{u(x,0)=cos(x)
u(0,t)=cos(t)
u(10,t ) =cos(10)cos(t)
With
f (x,t)=—cos(x )sin(t)+(0.5+3x #)eos(x )cos(t) —x (5—x )cos(x )sin(x )cos(t )

And (x,t)eQ=[0,10]x[0T ].
We are going to solve problem (B ) using the Adomian decomposition method.
From (22), we have:

6u(xt) 162u(xt) ou(x.t)

=f (x,t)+ x (5—x)cos(x ) o =-3xu(x.t)
From (24), we have
u(x,t)=u(x,0)+ J'f (x,s)ds += J'aua(xz )ds—

x (5—x)cos(x )I%ds -3 Zju (x,s)ds

0

a 2

62 ) l t
ff ds —x (5—x )cos(x —3xzju(x,s)ds
0

From (22), we have:

dex Zl_fazuaixt)d +_[x (5—x)cos(x) ng dx +_[3x u(x.t) dx—jf (x,t)dx =0

o ot

(26) <
10 10 A2 10
J‘de ,lj‘wdx +I3X u(x,t)dx +sin(t)sin(10) -
o Ot 2y OX 0

50cos? (10)cos(t) —T(Scos(x )+ Zsin(x ) - 2x cos(x ) —5sin(x ))u (x,t)dx —

0

(%sinlo —60c0s10 + 294sin10jcos(t ) +[Z—900820 —%sin 20+ %)cos(t) =0

From (25) and (27), we obtain:

cos(x ).

=cos(x )+J(—cos(x )sin(s)+(0.5+3x 2)cos(x )cos(s)—x (5—x )cos(x )sin(x )cos(s ))ds +

33

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)
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u(x,t)=cos(x )cos(t)+[%+3x 2jcos(x )sin(t)—x (5—x )cos(x )sin(x )sin(t)+

auxs
J

t
ds —3x 2J.u (x,s)ds +

BX —X )cos(x )l-au (is)

0

1J96u(x,t)dX _Elj-)a uag(x 1)

p 2) dx —fo u(x,t)dx ++sin(t)sin(10) (28)

0
10
—50cosz(10)cos(t)—j(Scosx +X7sinx —2x cosx —5x sinx Ju (Xt Jdx —

0

[%sin10+ 60c0s10 + 294sin10jcos(t )+ [%gcoszo —%sin 20 +%]cos(t )

According to the ADM, we suppose that the solution off (22) has the following form:
t)=u, (x.t) (29)
n=0

From (28) and (29), we construct the following Adomian algorithm:

Uy (x,t)=cos(x )cos(t)
u(x.t)= (%+3x 2]cos(x )sin(t)—x (5—x )cos(x )sin(x )sin(t)+sin(t)sin(10) -

10

50c052(10)cos(t)—_[(5cosx +x?%sinx —2x cosx —5x sinx )uo(x t)dx —

0

(%sinlOJr 60c0s10 + 294sin10]cos(t )+ [98—900320 %sm 20+ g]cos(t )+

2 t t

-([aai)d —( X —xz)cos(x)_l‘auoa(:((’s)ds —3x2£u0(x,s)ds +

10 10 A2, 10

jwdx —Ef%):’t)dx —I3X g (xt)dx

o ot 2y OX 0
1] tou, (x,s |

T l *)gs (5% —x )cos(x)l[a(x)ds —3X2‘([UH(X,S)dS +

au,

10 10

jwdx —j3x u, (x,t)dx —
OX

0 0

5cosx +x2sinx —2x cosx — 5x smx) (x,t)dx ;n>1

f
I

(30)
Which gives us:
u(x,t)=0 = u,(x,t)=0, vn =1 (31)
Thus the solution of (22) is:
u(x,t)=cos(x)cos(t) (32)

3. Conclusion

Through these examples, we showed again the usefulness of the Adomian decomposition method, in the search of an
approximate solution of an equation and this method gave us the exact solution.
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