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Abstract

In [1], manual generation of the elements of multiset space and mathematical
models for computing the corresponding frequency numbers were presented.
These approaches are quite tedious and amenable to mistakes. In this paper, we
develop and implement an efficient algorithm to generate the elements of a
cardinality bounded multiset space X" (m) for X and the frequency tables for
various values of n and m. Similarly, graphical representations of the respective
output tables are plotted to depict the behavioural patterns of X™(m) for some
finite values of n and m > 3.
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1 The Concept of a Multiset

A multiset (mset for short) is a collection of objects in which those objects have multiple
occurrences. A finite mset over a set X is an mset M formed with finitely many elements
from X such that each element has a finite multiplicity of occurrence in M. Also see [2], [3],
and [4] for more details.

A multiset can be represented in several ways. The use of square brackets to represent a
multiset is quasi-general. Thus, a multiset containing one occurrence of a, two occurrences of
b, and three occurrences of c is notationally written as [[a, b, b, c,c,c]] or [a,b,b,c,c,c] or
[a,b,c]y23 0r [a,2b,3c]or [a.1,b.2,c.3] or [1/a,2/b,3/c] or [at, b?,c3] or [a*b?c3]. For
convenience, the curly brackets are used in place of the square brackets. In fact, the last form
of representation as a string, even without using any brackets, turns out to be the most
compact one, especially in computational parlance. The following schematic representation
of a multiset as a numeric valued or count function abounds, particularly in the foundational
development of multiset theory and its application [5][6][7].

This paper is organized as follows. In section 2 we collect preliminaries and basic definitions
based on msets space and some related notions. In sections 3, a mathematical model for
computing the frequency number of multiset space is presented. In section 4, we extend mset
theoretic results obtained in [1] for generating X™(m) values for m < 3 to m > 3, by means
of computational model.
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2 Multiset Space and Some Related Notions

Let X be a finite set with cardinality m, usually called an m-mset. Let X™(m) denote the set of
all multisets each having m objects occurring with multiplicities at most n times, including 0.
We call X™(m), a cardinality bounded multiset space for X [1].

Let X ={ a4, a,, as, . . ., a,, } be an ordered m-set and let X™(m) be a cardinality bounded
space. Let an arbitrary element of X™(m) be denoted by X_, . where < p; > is an ordered
m-tuple, p; is the multiplicity of i** object in X,1 <i <m and 0<pi <n. For
convenience X, will be denoted by X,,;. Following the aforementioned notation, the term
X, of X™(m) would mean that all its objects have the same multiplicity p, that is X,, is a

regular mset. Also, X, will refer to the empty multiset or the origin of X™(m). It is easy to
see that X™(m) will have (n + 1)™ elements where n and m are positive integers.

2.1  Construction of X™(m) and their Patterns

LetX ={a,b} thatis, m = 2. Then,
X°(2) = {[a, bloo}

X*(2) = {[a,blo o [a, blo1, [a,b]10, [a, D]11}

X?(2) = {[a,blo o, [a, blo1, [a bl1o, [@ bli4, [@ bl2o,[a, blo2, [a b]21,[a blio [a, b]2 2}

X3(2) = {[a, bl [a, blo1, [a, b]1 o, [@, bl14, [@ b1z [a blz 1, [@ Dlo2[a b]2o, [a b2,
[a,b]50,[a, blos, [a, blis[a blsq, [a,bls, [a, blzs [a blss}

X*(2) = {[a,blo o, [a, blo1, [a, blyo, [a, b]1 1, [a, b]1 2 [a, b]2 4, [@ Dlo2[a Dlzo, [a, D] 2,
[a,b]30,[a blos, [a blisla blsy, [a, blsy [a, blzs, [a blss, [a blag, [a blos,
[a,b]14[a blz4 [a blaz[a blas [a b]sa [a blas [a blss}

XS(Z) = {[a,bloo, [a,Dlo4, [a, b]o2, [a blos, [a Dloa, [a bligla bliy, [a blig[a blys,
[a,b]1 4[a,blz0, [a b]21,[a bz 2, [a,bly3 [a blz4 [@ blso, [a blsy, [a, b3,
[a,b]33,[a blsa, [a blaola blay, [@ blas [ blsas [a blas [a blso [a blos,
[a,b]s41,[a, blys, [a,b]zs,[a,D]s o, [a blss, [a b]ss [a,blsa, [a, Dys, [a b]ss }

Similarly, X™(2) are obtained forn = 6,7,8,9,...

We take into account the cardinality of the elements of X™(m) to generate a pattern with
reference to the frequency of their occurrences. Table I, and Table Il provide a schematic
representation of the said patterns for X™(2) and X™(3) for some finite values of n as in [1].
Similarly, we extended this idea up to m = 4,5,6, and 7, that is, covering a cardinality
bounded multiset space of X™(4), X™(5), X™(6), and X"(7) respectively, for some finite
values of n.

Table I: Frequency value corresponding to the cardinality of the elements of X™(2)

0123456780 [10/11 [12 [13 [14 |15 16 17 18
X°2) 11
X2 1 21
x22) 1 2321
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In table I, the first row 0,1, 2, 3,...,18 represents the cardinality of the elements in X™(2)
while the remaining rows represent the corresponding frequency of their occurrence. The set
X°(2) contains only one element with cardinality zero, the set X*(2) contains three elements;
one element with cardinality zero, two elements with cardinality one and one element with
cardinality two, and soon forn = 2,3,...,9.

It can easily be seen from the above that the number of elements in X™(m) is the same as the
sum of the frequencies of the objects. The highest cardinality of an element
Xpi € X™(m) is mn which is unique while the smallest is zero. The highest frequency of an

elementin X™(m) is (n + 1) and the corresponding cardinality is n.

Likewise, by adopting the same rigorous method of manually computing the values of
X" (m) for cardinality m = 2, we can also generate X™(m), for cardinality m = 3 as
shown below:

Letm = 3, then we compute X*(m) forn = 0,1,2,...,9.

LetX ={a,b,c} thatis, m = 3. Then,

X°(3) = {[a,b,clo 00}

X'(3) = {la,b,clo00, [a, b, C]001, [a, b, 0]010, [a,b,clo11 {[ab,clio0 @b, C]101,
[a, b, C]110, [a,b,cli11}

X?(3) = {[a,b,clo 00 [0, b, cloo1, [a b, clio [a b,cloro, [a b, clor,[a b, clorqy,
[a,b,clio1[a b, cli1o [a b, cliin[a b, clooz [a b, clorz [ blozo,
[a,blo21,[a,b,clo22 [a b, clizola b, clzo0, [@ D]z 10, [@bl201,
[
[

—

a,b,cliozla b,clizq [a b, clyq zla b,clizz [a b,clyo0, [@ b]z 10, [a b]l2o1,
a,b, C]211,[a: b, C]zoz, [a, b, C]zzo,[a: b, C]212, [a, b, C]221, a, b], 10, [a, b]zzz,}

—

Table Il: Frequency value corresponding to the cardinality of the elements of X™(3)

0123 4 |5 [6 7 8 o [10/11 (121314 15 [16 |17 [18 19 [20 [21 [22 23 [24 [25 |26 [27
X°3) |1

x'@3) 1331

x23) 1367 |6 3 11

x33)|136l10/12]12/10'6 [3 1

x*3)|13l6|10/15 18 19 18 [15[10/6 [3 |1

X5(3) [113/6/10 |15 21 [25[27[27 (25 21 /15 11016 [3 |1
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X%(3)|1/3/6/10 |15 |21 |28 (3336 137 |36 |33 |28 |21 15|10 6 3 |1

X7(3)|1/3/6/10 |15 |21 |28 36 |42 |46 |48 |48 |46 |42 |36 (28 21 15 /10 (6 |3 |1

X®(3) |1/3/6/10 |15 |21 |28 (36 |45 |52 |57 |60 |61 |60 |57 |52 45 |36 28 |21 15|10 (6 |3 |1

X°(3) |1/36 |10 |15 |21 |28 |36 |45 |55 |63 |69 |73 |75 |75 |73 |69 |63 |55 |45 |36 |28 |21 15|10 (6 3 |1

In table I, The set X°(3) contains only one element with cardinality zero, just as in table I,
while the set X*(3) contains four elements; one element with cardinality zero, three elements
with cardinality one, three element with cardinality two and one element with cardinality
three and so on.

Considering the tediousness encountered by ways of manually computing the various values
of X"™(n) with respect to the value of m = 2and 3. A computer program was written
based on the implementation of the algorithms presented in section 5. It was observed that the
program was able to compute for X™(m) with respect to the varying values of n and m
within an estimated time frame.

2.2.  Construction of X™(m) with Varying Values of m

When m > 3 the manual computation of X™(m) becomes tedious and unfriendly. In this
paper, we develop an algorithm with subsequent program to compute X™(m) and generate
the frequency tables. The extended steps taken can be described as follow:

Let X ={a,b,c,d}, and m = 4, then X™(4) is computed for n = 0,1,2,..,9. with
cardinality values ranging from 0,1,2,...,36. Also for X ={a,b,c,d,e}, and m = 5,
X™(5) is likewise computed for n = 0,1,2,..,9. with cardinality values ranging from
0,1,2,3,...40, and so on for X ={a,b,c,d,e,f} and X ={a,b,c,d,e, f}, The output
generated from the computer program is as shown in tables 111, 1V, V, and VI below.

2.3.  Mathematical Models for Computing the Frequency Number of m set Space

In [1], equations (1) and (2) were presented as a mathematical model for computing the
frequency number of mset space where it was noted that there is no generalization model for
computing fX™(m). However, we adopted the same mathematical concept to design a
computational model for obtaining the frequency number for X™(m), denoted by fX™(m)
using the same recurrence formula.

Let consider some few case of how the recurrence formula can be used to generate the
frequency numbers fX™(m) for when m = 2 and m = 3. A good instance of this is
achieved by considering the frequency number fX™(2), and fX™(3), now by using the
recurrence formula we have

{fk+1}, 0<k<n

n—k+1, n+1<k <2n (1)

@) =,

Similarly, for m=3, the frequency number of X™(3), which s denoted by fX™(3), is given
by
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k
Z(i+1). 0<k <n
fX"(3) =4 (i+1)+ (3n—-2i+1), n+1<k <2n
Z l;—l
Z(L+1)+ Z(Bn—21)+ Z (i—-3n-2), 2n+1 <k<3n

i=n+1 i=2n+1
2)

3 Computational Model for Generating the Frequency
Number of a Multiset Space

Algorithm 1 Cardinality computation

1. input: multiplicity n, cardinality m
2: function generateCardinality(y,z) begin

3: n: multiplicity of occurrence of an object m with incremental value of +1;
4. y: incremental value of n;

5: z: function value; X™(m);

6: cardinailty_array = array(); //Array keeping cardinality of values

7 for0<a<zdo

8 b « merge(b, y) // concatenate the value of b andy

9: a<—a+tl

10: end for

11: n—y+1

12: i« base convert(0, n, 10)
13: j < base convert(b, n, 10)
14: k<« 0;

15: whilei<jdo

16: res < base convert(i, 10, n)
17: cardinailty array() « res
18: 11+l

19: end while

20: //Returns an array containing cardinality of values
21:  return cardinailty_array()
22: end function generateCardinality

Algorithms 2 computation of cardinality summation

1: function getCardinalitySummation(cardinailty_array()) begin
2:  for each cardinailty_array() as val do

3: /[Tokenize digits into array

b « array() //Initialize array

¢ < 0 //Initialize summation

for 0 < a <strlen(val) do

4
5
6:
7
7 b[] « intval(substr(val, a, 1))
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8: a«—at+1

9: end for

10: //Sums array values

11:

12: for each b as new_val do
13: c < c+new_val
14: end for

15:

16: //Pushes sum into new array
17: summ_array[] « ¢

18: end for

19:  return summ_array()
20: end function getCardinalitySummation

Algorithm3 Frequency number of a multiset space generation

1: m: cardinality value

2: for1<g<8do

3 for 0 <i<cell length do

4 occurence_counter «— " "

5 getCardinalitySummation_arr «— array()
6: getCardinalitySummation_arr «—
e
8

getCardinalitySummation(generateCardinality(g, m))
for each getCardinalitySummation_arr as loop_val do

9: if loop_val ==ido

10: occurence_counter «— occurence counter + 1;
11: else

12: occurence counter «— " "

13: end if

14: i—i+l1

15: end for

16: g—g+l1

17:  end for

This algorithm has been implemented into a corresponding applet program named mset.java,
its takes two arguments, n and m. As an example of it use, we computed some instances of
X ={ab},X = {a,b,c},X = {a,b,c,d},X = {a,b,c,d, e}, X = {a,b,c,d,e, f},thatis
m = 2,3,...,6forn=0,2,3,...,9.

4 Conclusion and Further Direction

This study has been carried out as a result of the promising application interests eminent with
the introduction of the cardinality bounded multiset space. There are major fields in computer
science, for which this area is considered possible areas of application, such as data mining,
search optimization techniques and conceptual proving of some program termination. Some
other possible areas of application of mset theory and concepts as a whole has been studied in
detail and presented in [8][9]. Most importantly, we have been able to use a computer
program to generate X™(m) for varying values of n and m. However, there has been no
generalization case of mathematical model covering the computation of cardinality bounded
mset space. We therefore present this issue as an open research topic that deserve full
attention.
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Table 111: Frequency value corresponding to the cardinality of the elements of X™(4)
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Table IV: Frequency value corresponding to the cardinality of the elements of X™(5)

| ofilzfsfals o [7 e fo [0 11 12 13 4 15 16 [17 18 [19 [20 [21 [22 [23 [24 5 26 |27 (28 [ [s0 [31 [32 [33 [34 [35 36 [37 [sm [s0 [a0
5 O A I
T A I
O A
T 0 I M
O e e o A A A B A R R
O T o A R I

£ 8
HEl

HEl

o | O
NN
w N
o
N

195 13510

w




338

Table V: Frequency value corresponding to the cardinality of the elements of X™(6)
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Table VI: Frequency value corresponding to the cardinality of the elements of X™(7)
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