
International Journal of Applied Mathematical Research, 1 (3) (2012) 314-322
c©Science Publishing Corporation
www.sciencepubco.com/index.php/IJAMR

Oscillation Criteria Of Second Order Nonlinear

Neutral Differential Equations

A.A.Soliman, R.A.Sallam, A.M.Hassan

Department of Mathematics, Faculty of Science,Benha University,
Benha-Kalubia 13518, Egypt

Email:a a soliman@hotmail.com
Department of Mathematics, Faculty of Science,Monoufia University,

Shibin EL-Koom , Egypt
Email:ragaasallam@yahoo.com

Department of Mathematics, Faculty of Science,Benha University,
Benha-Kalubia 13518, Egypt

Email:ahmed.mohamed@fsc.bu.edu.eg

Abstract

This paper is concerned with the oscillation of second-order nonlin-
ear neutral differential equations of the form

[

r(t)[(x(t) + p(t)x(σ(t)))′]γ
]′

+ f(t, x(τ(t))) = 0,

by using a generalized Riccati’s technique and integral averaging tech-
nique, we establish new oscillation results which handle some cases not
covered by known criteria.
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1 Introduction

In this paper, we consider the oscillatory behavior of solutions of second-order
nonlinear neutral differential equations of the form

[r(t)[(x(t) + p(t)x(σ(t)))′]γ]
′
+ f(t, x(τ(t))) = 0, t ≥ t0 (1)

In this paper, we assume that
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(I1) r(t) ∈ C1([t0,∞), (0,∞)), r′(t) > 0,
∫ ∞

t0
r(s)

−1

γ ds = ∞;

(I2) 0 ≤ p(t) ≤ 1;

(I3) σ(t) ∈ C([t0,∞), R) , τ(t) ∈ C1([t0,∞), R) ; σ(t) ≤ t ; τ(t) ≤ t ;
limt→∞ σ(t) = ∞ ; limt→∞ τ(t) = ∞ ; σ ◦ τ = τ ◦ σ;

(I4) γ is a quotient of odd positive integers;

(I5) f(t, x(τ(t))) ∈ C([t0,∞) × R, R) and there exists q(t) ∈ C([t0,∞), R+)
such that |xf(t, x)| ≥ q(t) | x |γ .

We set z(t) = x(t)+p(t)x(σ(t)), by a solution of Eq.(1) we mean a function
x(t) ∈ C([Tx,∞)), Tx ≥ t0, which has the property r(t)z′(t) ∈ C1([Tx,∞))
and satisfies (1) on [Tx,∞). we consider only those solutions x(t) of (1) which
satisfy sup{| x(t) |: t ≥ T} > 0 for all T ≥ Tx. we assume that (1) possesses
such a solution. a solution of (1) is called oscillatory if it has arbitrarily large
zeros on [Tx,∞) and otherwise, it is said to be nonoscillatory. Eq.(1) Itself is
said to be oscillatory if all of its solutions are oscillatory.
The second order equations have the applications in various problems of physics,
biology, and economy. Therefore, there is constant interest in obtaining suffi-
cient conditions for the oscillation or nonoscillation of the solutions of various
types of the second order equations. See e.g. papers [1-11].
The oscillation problem for nonlinear such as

[r(t)[x(t) + p(t)x(τ(t))]′]′ + q(t)x(σ(t)) = 0,

has been studied in [2] by using new comparison theorems, that enabled them
to reduce the problem from second equation order to first order equation. as
well as for nonlinear equation

[r(t)[x(t) + p(t)x(τ(t))]′]′ + q(t)f(x(σ(t))) = 0,

has been studied in [11]
In this paper we will use a generalized Riccati’s technique and Integral aver-
aging techniques, this method used in [10].

2 Main Results

First, we give two lemmas which will be used in the following results.

Lemma 2.1. Let conditions (I1)-(I5) hold. If x(t) is an eventually positive
solution of (1), then there exists t1 ∈ [t0,∞) sufficiently large such that z(t) >

0; z′(t) > 0; z′′(t) < 0 for all t ∈ [t1,∞).
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Proof. Since x(t) is an eventually positive solution of (1),then by (I3) there
exists t1 ∈ [t0,∞) such that

x(t) > 0, x(σ(t)) > 0 and x(τ(t)) > 0 for t ≥ t1,

from (1) and the assumption we see that z(t) ≥ x(t) > 0 and we have

(r(t)[z′(t)]γ)′ ≤ −q(t)xγ(τ(t)) < 0 forall t ≥ t1, (2)

which implies that (r(t)[z′(t)]γ) is decreasing on [t,∞). we claim that
r(t)[z′(t)]γ > 0 on [t1,∞). Assume not, there is a t2 ∈ [t1,∞).Such that
r(t2)[z

′(t2)]
γ < 0.

Since

(r(t)[z′(t)]γ) ≤ (r(t2)[z
′(t2)]

γ) for all t ≥ t2

z′(t) ≤ (r(t2))
1

γ z′(t2)(r(t))
−1

γ .

Integrating from t2 to t

z(t) − z(t2) ≤
∫ t

t2

(r(t2))
1

γ z′(t2)(r(s))
−1

γ ds

≤ (r(t2))
1

γ z′(t2)

∫ t

t2

(r(s))
−1

γ ds

z(t) ≤ z(t2) + (r(t2))
1

γ z′(t2)

∫ t

t2

(r(s))
−1

γ ds,

from (I1) and as t → ∞;z(t) → −∞ which contradiction with the fact z(t) > 0,
this implies that r(t)[z′(t)]γ > 0 and z′(t) > 0 on [t,∞).
To prove that z′′(t) < 0
from (2) and (I1), we have

(r(t)[z′(t)]γ)′ < 0

r′(t)[z′(t)]γ + γr(t)[z′(t)]γ−1z′′(t) < 0,

z′′(t) < 0. This completes the proof.

Lemma 2.2. Let g(u) = Bu − Au
γ+1

γ , where A > 0 and B are constants , γ

is a quotient of odd positive integers. Then g attains its maximum value on R

at u∗ = γγBγ

Aγ(γ+1)γ and max(g) = γγ

(γ+1)γ+1

Bγ+1

Aγ .

Proof. From hypotheses of Lemma 2.2

g′(u) = B − γ + 1

γ
Au

1

γ ,
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to obtain the max and min value of g(u) we put g′(u) = 0

u∗ =
γγBγ

Aγ(γ + 1)γ
,

since g′′(u∗) < 0, then g(u) attains to the max value on R at u∗.i.e g(u∗) is the
maximum value of g(u)

g(u∗) =
γγ

(γ + 1)γ+1

Bγ+1

Aγ
,

and we can write the inequality

Bu − Au
γ+1

γ <
γγ

(γ + 1)γ+1

Bγ+1

Aγ
.

Theorem 2.3. Assume that (I1)-(I5) hold, and assume that there exists a
positive differentiable function ρ(t) such that ρ′(t) > 0, τ ′(t) > 0 , γ ≥ 1

lim sup
t→∞

∫ t

t0

[

Q(s)ρ(s) − 1

(γ + 1)γ+1

(ρ′(s))γ+1r(τ(s))

ργ(s)(τ ′(s))γ

]

ds = ∞,

where Q(t) = q(t)[1 − p(τ(t))]γ. Then equation (1) is oscillatory.

Proof. Suppose that x(t) be a nonoscillatory solution. with out loss of gener-
ality we may assume that x(t) is positive, then there exists t1 ≥ t0 sufficiently
large such that x(t) > 0, x(σ(t)) > 0, x(τ(t)) > 0.
Since

[r(t)[z′(t)]γ ]
′
+ f(t, x(τ(t))) = 0,

from (I5)

[r(t)[z′(t)]γ ]
′ ≤ −q(t)xγ(τ(t)),

from hypotheses, we obtain

x(t) = z(t) − p(t)x(σ(t))

x(τ(t)) = z(τ(t)) − p(τ(t))x(σ(τ(t)))

≥ z(τ(t)) − p(τ(t))x(τ(t))

≥ [1 − p(τ(t))]z(τ(t)), (3)

from (2) and (3), we get

[r(t)[z′(t)]γ ]
′ ≤ −q(t)[1 − p(τ(t))]γzγ(τ(t)). (4)
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Now define ω(t) be a positive differentiable function on the form

ω(t) = ρ(t)
r(t)[z′(t)]γ

zγ(τ(t))
,

ω′(t) = ρ′(t)
r(t)[z′(t)]γ

zγ(τ(t))
+ ρ(t)

[r(t)[z′(t)]γ ]′

zγ(τ(t))
− γρ(t)

r(t)[z′(t)]γz′(τ(t))τ ′(t)

zγ+1(τ(t))
,

from (4), we have

ω′(t) ≤ ρ′(t)

ρ(t)
ω(t) − ρ(t)q(t)[1 − p(τ(t))]γzγ(τ(t)) − γω(t)

z′(τ(t))τ ′(t)

z(τ(t))
, (5)

from Lemma 2.1
r(t)[z′(t)]γ ≤ r(τ(t))[z′(τ(t))]γ , (6)

from (5) and (6),

ω′(t) ≤ ρ′(t)

ρ(t)
ω(t) − ρ(t)q(t)[1 − p(τ(t))]γ − γω(t)

z′(t)(r(t))
1

γ τ ′(t)

z(τ(t))(r(τ(t)))
1

γ

≤ ρ′(t)

ρ(t)
ω(t) − ρ(t)Q(t) − γω

γ
γ+1 (t)

τ ′(t)

ρ
1

γ (t)(r(τ(t)))
1

γ

, (7)

put Q(t) = q(t)[1 − p(τ(t))]γ , B = ρ′(t)
ρ(t)

, A = τ ′(t)

ρ
1
γ (t)(r(τ(t)))

1
γ

ω′(t) ≤ −ρ(t)Q(t) + Bω(t) − Aω
γ

γ+1 (t),

by using Lemma 2.2

ω′(t) ≤ −ρ(t)Q(t) +
γγ

(γ + 1)γ+1

Bγ+1

Aγ

≤ −ρ(t)Q(t) +
γγ

(γ + 1)γ+1

(

ρ′(t)
ρ(t)

)γ+1

(

γτ ′(t)

(r(τ(t)))
1
γ ρ

1
γ

)γ

≤ −ρ(t)Q(t) +
1

(γ + 1)γ+1

(ρ′(t))γ+1

ργ(t)

r(τ(t))

(τ ′(t))γ
. (8)

Integrating (8) from t1 to t

ω(t) − ω(t1) ≤ −
∫ t

t1

[

ρ(s)Q(s) − 1

(γ + 1)γ+1

(ρ′(s))γ+1

ργ(s)

r(τ(s))

(τ ′(s))γ

]

ds,

taking the lim supt→∞;ω(t) → −∞ which contradicts with ω(t) positive, then
Eq.(1)is oscillatory.
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Remark 2.4. the above theorem is more general of theorem 3.1 in [10].

Following [10],Define D = {(t, s) : t ≥ s ≥ 0} and
H = {H(t, s) ∈ C1(D, R+) : H(t, t) = 0, H(t, s) > 0; ∂H

∂s
≥ 0 for all t ≥ s ≥

0}

Theorem 2.5. Assume that (I1)-(I5) hold, and assume that there exists a
positive differentiable function ρ(t) and a function H(t, s) ∈ H such that

lim sup
t→∞

1

H(t, t0)

∫ t

t0

[

H(t, s)Q(s)ρ(s) − [C(t, s)]

(γ + 1)γ+1

ρ(s)r(τ(s))

(τ ′(s))γHγ(t, s)

]

ds = ∞,

where C(t, s) = ∂H
∂s

+ H(t, s)ρ′(s)
ρ(s)

. Then Eq.(1)is oscillatory.

Proof. Suppose that x(t) be a positive solution of Eq.(1). from (theorem 2.3)
and Eq.(7) by multiplying two sides by H(t, s)

H(t, s)ω′(t) ≤ H(t, s)
ρ′(t)

ρ(t)
ω(t)−H(t, s)ρ(t)Q(t)−γH(t, s)ω

γ
γ+1 (t)

τ ′(t)

ρ
1

γ (t)(r(τ(t)))
1

γ

H(t, s)ρ(t)Q(t) ≤ −H(t, s)ω′(t)

+ H(t, s)
ρ′(t)

ρ(t)
ω(t) − γH(t, s)ω

γ
γ+1 (t)

τ ′(t)

ρ
1

γ (t)(r(τ(t)))
1

γ

.

(9)

Integrating Eq.(9) from t1to t

∫ t

t1

H(t, s)ρ(s)Q(s)ds ≤−
∫ t

t1

H(t, s)ω′(s)ds +

∫ t

t1

H(t, s)
ρ′(s)

ρ(s)
ω(s)ds

−
∫ t

t1

γH(t, s)ω
γ

γ+1 (t)
τ ′(s)

ρ
1

γ (s)(r(τ(s)))
1

γ

ds,

(10)

since

∫ t

t1

H(t, s)ω′(s)ds = −H(t, t1)ω(t1) −
∫ t

t1

∂H

∂s
ω(s)ds, (11)

from (10) and (11) , we get

∫ t

t1

H(t, s)ρ(s)Q(s)ds ≤ H(t, t1)ω(t1) +

∫ t

t1

∂H

∂s
ω(s)ds +

∫ t

t1

H(t, s)
ρ′(s)

ρ(s)
ω(s)ds

−
∫ t

t1

γH(t, s)ω
γ

γ+1 (t)
τ ′(s)

ρ
1

γ (s)(r(τ(s)))
1

γ

ds,
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∫ t

t1

H(t, s)ρ(s)Q(s)ds ≤ H(t, t1)ω(t1) +

∫ t

t1

[

∂H

∂s
+ H(t, s)

ρ′(s)

ρ(s)

]

ω(s)ds

−
∫ t

t1

γH(t, s)ω
γ

γ+1 (t)
τ ′(s)

ρ
1

γ (s)(r(τ(s)))
1

γ

ds,

(12)

put B =
[

∂H
∂s

+ H(t, s)ρ′(s)
ρ(s)

]

and A = γH(t, s) τ ′(s)

ρ
1
γ (s)(r(τ(s)))

1
γ

from lemma 2.2 and (12)

∫ t

t1

H(t, s)ρ(s)Q(s)ds ≤ H(t, t1)ω(t1) +

∫ t

t1

Bω(s) − Aω
γ

γ+1 (s)ds

≤ H(t, t1)ω(t1) +

∫ t

t1

γγ

(γ + 1)γ+1

Bγ+1

Aγ
ds

≤ H(t, t1)ω(t1) +

∫ t

t1

γγ

(γ + 1)γ+1

[

∂H
∂s

+ H(t, s)ρ′(s)
ρ(s)

]γ+1

[

γH(t, s) τ ′(s)

ρ
1
γ (s)(r(τ(s)))

1
γ

]γ ds

≤ H(t, t1)ω(t1) +

∫ t

t1

γγ

(γ + 1)γ+1

[C(t, s)]γ+1r(τ(s))ρ(s)

[γτ ′(s)H(t, s)]γ
ds,

where C(t, s) = ∂H
∂s

+ H(t, s)ρ′(s)
ρ(s)

.

1

H(t, t1)

∫ t

t1

H(t, s)ρ(s)Q(s) − 1

(γ + 1)γ+1

[C(t, s)]γ+1r(τ(s))ρ(s)

[τ ′(s)H(t, s)]γ
ds ≤ ω(t1).

Taking lim sup of the both sides of the above inequality as t → ∞ we obtain
contradiction with the assumptions of theorem 2.5. Then Eq.(1) is oscillatory.

Remark 2.6. the above theorem is more general of theorem 3.2 of [10]

3 Examples

Example 1. Consider

[√
t

[

x(t) +

(

1 − 1

tα

)

x(t − δ)

]′]′

+
ϑ

4t
3

2
−β

x(λt) = 0. t ≥ t0 (13)

where ϑ > 0, α ≥ 0, 0 < β < 1, 0 < λ < 1, t ≥ 1.
Note that γ = 1 , r(t) =

√
t > 0 ,

∫ t

t0
s

−1

2 ds = ∞, p(t) =
(

1 − 1
tα

)

, q(t) = ϑ

4t
3
2
−β

,
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τ(t) = λt, σ(t) = t − δ

choose ρ(t) = r(τ(t)) =
√

λt , ρ′(t) = λ

2
√

λt
.

Q(t) = ϑ

4t
3
2
−β

( 1
λt

)α , ρ(t)Q(t) = ϑ

4t
3
2
−β

( 1
λt

)α
√

λt

by applying theorem 2.3

∫ t

t0

[

Q(s)ρ(s) − 1

(γ + 1)γ+1

(ρ′(s))γ+1r(τ(s))

ργ(s)(τ ′(s))γ

]

ds =

∫ t

t0

[

ϑ

4t
3

2
−β

(
1

λt
)α
√

λt − λ2
√

λs

4λ2s

]

ds

=
ϑλ

1−2α
2

4(β − α)
t(β−α) −

√
λs

2
|tt0
(14)

from (14)

lim sup
t→∞

∫ t

t0

[

Q(s)ρ(s) − 1

(γ + 1)γ+1

(ρ′(s))γ+1r(τ(s))

ργ(s)(τ ′(s))γ

]

ds = ∞

Then the equation (13) is oscillatory.

Note that Example 1. essentially and extends Example 4.1. of [5]

Example 2. consider the following differential equation

[

[(

x(t) +
1

2
x(σ(t))

)′]3
]′

+
a

t2
x3(

√
t) = 0 , t ≥ t0 (15)

where σ(t) ∈ C([t0,∞), R), σ(t) ≤ t.
Note that p(t) = 1

2
, q(t) = a

t2
, a > 0, r(t) = 1, γ = 3, τ(t) =

√
t.

choose ρ(t) = t, ρ′(t) = 1

since Q(t) = q(t)[1 − p(τ(t))]γ = a
8t3

by applying theorem 2.3

∫ t

t0

[

Q(s)ρ(s) − 1

(γ + 1)γ+1

(ρ′(s))γ+1r(τ(s))

ργ(s)(τ ′(s))γ

]

ds =

∫ t

t0

[

a

8s
− 1

44s3( 1
2
√

s
)3

]

ds

=
1

16

(

1√
t
− 1√

t0
+ 2a log[t] − 2a log[t0]

)

(16)

from (16)

lim sup
t→∞

∫ t

t0

[

Q(s)ρ(s) − 1

(γ + 1)γ+1

(ρ′(s))γ+1r(τ(s))

ργ(s)(τ ′(s))γ

]

ds = ∞

Then the equation (15) is oscillatory.
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