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Abstract 

 

The viscous dissipation and buoyancy effects on laminar convection with transpiration are investigated. Uniform and 

asymmetric temperatures are prescribed at the channel walls. The velocity field is considered as parallel. A perturbation 

method is employed to solve the momentum balance equation and the energy balance equation. A comparison with the 

velocity and temperature profiles in the case of laminar forced convection with various dissipation is performed in order 

to point out the effect of buoyancy. The case of convective boundary condition is also discussed. 
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1 Introduction  

Viscous dissipation is often neglected in the studies of laminar convection in channels. On the other hand, this effect 

can be relevant if highly viscous fluids with low thermal conductivity are considered. 

A comprehensive review of the literature on this subject matter can be found in Aung [1]. Analytical and numerical 

solutions for the temperature and the velocity field have been obtained for both prescribed wall temperatures and for 

prescribed wall heat fluxes. 

The paper presented by Tao [13] was the earliest analyses of laminar and fully developed mixed convection in a parallel 

– plate vertical channel with prescribed uniform temperatures at the boundaries.  

Berardi et al [8] studied viscous dissipation in duct flow of molten polymers. Flow reversal and heat transfer of fully 

developed mixed convection in vertical channels was studied by Cheng et al [9]. Hamadah and Wirtz [10] made an 

analysis of laminar fully developed mixed convection in a vertical channel with opposing buoyancy. These authors 

pointed out that the temperature distribution in the fluid is uniform when both boundaries are at the same temperature 

and is a linear function of the transverse coordinate when the boundaries are kept at different temperatures. In 

asymmetric heating, heat transfer between the two boundaries of the channel occurs by pure conduction. Moreover, the 

buoyancy force influences the velocity profile and can give rise to flow reversal both for upward flow and downward 

flow. 

In literature, both for prescribed wall temperatures and for prescribed wall heat fluxes, the analyses of fully developed 

mixed convection are performed by analytical methods [11]. While the developing flow is analyzed by numerical 

techniques, such are presented by Aung and Worku [2,4], they studied the developing flow and flow reversal in a 

vertical channel with asymmetric wall temperatures. 

Aung and Worku [3] also used a numerical technique to analyzed mixed convection in ducts with asymmetric wall heat 

fluxes. 

In work of Barletta [6], a solution of the problem of mixed convection with viscous dissipation in a parallel – plate 

vertical channel with uniform and equal temperatures is obtained. The velocity and temperature profiles are expressed 

as a perturbation series with respect to a dimensionless parameter which accounts for buoyancy. 

Recently, Barletta and Nield [7] analyzed the buoyant laminar flow in a square lid – driven enclosure. The governing 

equations are solved numerically by employing a Galerkin finite element method. 

 Moreover, some papers deal with the internal mixed convection with viscous dissipation. For instance, Iqbal et al [12] 

consider the fully-developed combined force and free convection in a vertical circular tube with a uniform boundary 

heat flux. These authors employed three different mathematical techniques for the solution of the coupled momentum 

and energy balance equations: an extended Frobenius method, the Galerkin method and the Runge-Kutta method. 
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This paper is to extend the studies available in the literature on fully developed laminar convection in a vertical channel. 

Here, viscous dissipation and buoyancy effects on laminar convection in a vertical channel are considered and 

investigated. The prescribed wall temperatures are asymmetric. These effects are expected to be relevant for fluids with 

high – velocity flows. In the case of asymmetric heating, a consequence of this coupling is that no conduction regime is 

present when viscous dissipation is taken into account. Here, the velocity profile and the temperature profile are 

obtained by a perturbation method based on the perturbation parameter   defined by   
  

  
 where    is the Grashof 

number and    is the Reynolds number. 

 

2 Formulation of the Problem and Governing Equations 
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Fig. 1: Configuration of the system 

 

Let us consider a Newtonian fluid which steadily flows in a plane-parallel channel whose walls are separated by a 

distance  . The flow is assumed to be laminar and parallel, i.e., the only nonvanishing component of the velocity   is 

the axial component . The temperature field on the boundary walls are uniform and asymmetric with values           
as shown in Fig.1, the axial coordinate   is directed upward, i.e., it has a direction opposite to the gravitational 

acceleration vector. Since only the axial    component of is nonzero, the mass balance equation is                   
  

  
                                                                                                                                                                    (2.1) 

On account of equation (2.1),   depends on the transverse coordinate   

Let us assume the equation of state 

              ],                                                                                                                                      (2.2) 

As well as the Boussinesq approximation. In equation (2.2),   is the thermal expansion coefficient and the temperature 

is the bulk temperature    defined as  
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Where the mean velocity is given by 
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Then, the momentum balance equation is given by 
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   ,                                                                                                                                                                (2.6) 

Where    is the transpiration parameter   is the gravitational acceleration, 𝜈 is the kinematic viscosity defined by ν 
 

  
and          is the difference between the pressure p and the hydrostatic pressure P. 

As a consequence of equations (2.5), (2.6) and of the boundary condition on  , it can be easily proved that:   

dependson  ;   depends only on  ;    is a constant; 
  

  
  is a constant. 
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The energy balance equation is given by  

               ]    ,                                                                                                                                 (2.7) 

 Here k is thermal conductivity and     𝜈 is the dynamic viscosity.  

The boundary conditions on the velocity   and temperature   are 

       ,                             
                                                                                                                                                            (2.8) 

Note that, on account of equations (2.2) to (2.4), the mass flow rate    per unit width can be expressed as 
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Introducing the dimensionless parameters  
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While the Grashof number    is always positive, the Reynolds number    and the parameter    can be either positive 

or negative. In particular, in the case of upward flow         both    and   are positive, while, for downward flow 

      , these dimensionless parameters are negative. 

Equation (2.5) and (2.7) can be written in non – dimensionless form as  

                                                                                                                                                 (2.11) 

And 

               ]                                                                                                                                     (2.12) 

The corresponding boundary conditions are  

                                                                                                                                    (2.13) 

Moreover, equations (2.3), (2.4) and (2.11) yield 

∫     
 

 
    ,   ∫      

 

 
                                                                                                                             (2.14) 

For any prescribed value of the dimensionless parameter , equations (2.13) to (2.15) allow one to determine the 

functions               as well as the constants   and  . In particular, it is easily verified that the choice     

correspond to the absence of buoyancy forces, i.e., to forced convection. 

 

3 Perturbation Series Solution 

In this section, the perturbation method which leads to the solutions of equations (2.11) to (2.14) is described .Let us 

expand the functions           and the constants γ and   as a power series in the parameter   , namely 
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These equations (3.1) to (3.4) are substituted in equations (2.11) to (2.14), the coefficients of the increasing power of   

were equated to zero, thus: 

For order zero 

    
                              ∫       

 

 
                                                                               (3.5) 

  
            

    ]                       ∫          
 

 
                                                              (3.6) 



 

 

 
458 International Journal of Applied Mathematical Research 

 
The boundary value problem which correspond to     is the following 
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                                                                  (3.7)  
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                                             (3.8) 

Equations (3.5) and (3.6) are easily solved because the function       does not affect the function     . The latter, 

together with the constant  , is determined by solving equation (3.5) namely;  

                                                                                                                                                           (3.9) 

 

                                                                                                                                                                (3.10) 

Similarly,       is also to be determined together with the constant    by substituting equation (3.9) into equation 

(3.6), namely 
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Equations (3.1) and (3.2) reveal that                  are the dimensionless velocity and temperature profiles in the 

case             , i.e., in the case of forced convection. As expected,       is the usual Hagen – Poiseuille velocity of 

laminar forced convection. Obviously,          are the values of         in the case    .  

For the case     , by substituting equation (3.11) into equation (3.7), one obtains the function       and the constant 

   as follows 
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Also, by substituting equations (3.9), (3.10) and (3.12) into equation (3.8), one obtains the function 

                         as follows 
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By employing equations (3.9), (3.10), (3.12), (3.13), (3.14), (3.15) and (3.16) one evaluate the functions             
                                       although the expansions of                     given by equations (3.1) 

to (3.4) have infinite number of terms, in practice one can deal with truncated perturbation series. In particular, if the 

first two terms of each series are considered, one obtains   
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The Nusselt number    which is the coefficient of heat transfer or the ratio of convective and conductive heat is given 

by 
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And 
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On differentiating equation (3.18) and substituting into equations (3.21) and (3.22), we obtain 
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And 
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4 Analysais and Discussion of the Results 

In this section, 2-terms perturbation series are employed to evaluate the dimensionless velocity profiles and the 

dimensionless temperature profiles. The radius of convergence of the perturbation series can be easily obtained by 

estimating the value of D’Alembert’s ratio limit [5].Since the temperatures           are not the same (asymmetrical), 

both the dimensionless velocity    and dimensionless temperature   depend on the dimensionless parameter . When the 

flow is upward    is positive. On the other hand, when the flow is downward   is negative. 

In Table 1, the values of         are obtained by means of 2-terms perturbation series, for values of   which lie in the 

interval           . The pressure drop parameter   increases for both for downward flow       and for 

upward flow     . The temperature difference ratio   decreases for both              . 

Tables 2 and 3, show the numerical values of Nusselt numbers          . These numerical values are obtained by 2 - 

terms perturbation series for values of   which lie in the interval             it can be observed from table 2 that 

the values for both            are the same. While in table 3, both            increase for both           .  

 The buoyancy effect for downward flow, enhances the pressure drop and the bulk temperature and the temperature on 

the axis of the tube, while it lowers the convection coefficient. On the other hand, for upward flow the convection 

coefficient and the pressure drop are enhanced by the buoyancy effect, while the bulk temperature and the temperature 

at the axis are lowered. 

In figures 2 – 10, the dimensionless velocity and temperature profiles are plotted for different values of  . The plots 

have been obtained by employing 2 – term perturbation series. In these figures comparison between the behavior of 

        in the case of mixed convection and in the case of forced convection (i.e.    ) is performed. 

Figures 2 – 4 clearly reveal that the plot of      with different values of   is asymmetrical. The graphs consist of two 

parts. The first part which is to the left shows that if both              (downward and upward flow), the velocity 

  increases and vice – versa in the second part of the graph. 

Figure 5 reveals the effect of Reynolds number on the velocity   in the case of asymmetric heating. It can be observed 

from the graph that the velocity increases asymmetrically with increases in    . 

Figures 6 and 7 respectively show the effect of Brinkman number    on velocity   in the case of asymmetric heating 

for     and the effect of Brinkman number    on velocity   in the case of asymmetric heating for    . It can also 

be observed that the   increases asymmetrically. 

Figure 8 depicts that, for upward flow (   ), the buoyancy effect decreases the temperature  , while this effect 

increases the temperature profile for downward flow (   ). The lines of the graph converge to the points        , this 

is due to forced convection (   ).  

Figures 9 and 10 demonstrate the effect of    on temperature profile for     and the effect of    on temperature 

profile for     respectively. It is shown in figure 9 that, the temperature   increases as    decreases. While the 

temperature   decreases as    increases. On account of Tables 1 – 3 and figures 2 - 10, it can be pointed out that the 

changes induced by buoyancy on the velocity profile and on the temperature profile are more apparent in the case of 

downward than in the case of upward flow.  

 

 

 
Fig 2: Plots of      in the case of asymmetric heating, for different values of   and for               
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Table1: Values of   and   for various values of   
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Table2: Values of     and     for               

          

                             

                             

                             

                             

                        

                         

                         

                        

      

                     

                     

                      

                      

                          

                          

                          

                          

 
Table 3: Values of     and     for               
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Fig 3: Plots of       in the case of asymmetric heating, for different values of   and for                 

 

 
Fig 4: Plots of      in the case of asymmetric heating, for different values of   and for               

 

 
Fig 5: Effect of Reynolds number on the velocity   in the case of asymmetric heating 

 

 
Fig 6: Effect of Brinkman number    on velocity   in the case of asymmetric heating for     

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-1

-0.5

0

0.5

1

1.5

2

y

v
e
lo

c
it
y
 u

 

 

=-400

=-300

=-200

=-100

=0

=100

=200

=300

=400

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-4

-3

-2

-1

0

1

2

3

4
x 10

4

y

v
e
lo

c
it
y
 u

 

 

=-400

=-300

=-200

=-100

=0

=100

=200

=300

=400

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-3.5

-3

-2.5

-2

-1.5

-1

-0.5

0

0.5
x 10

4

v
e
lo

c
it
y
 u

y

 

 

Re=1

Re=3

Re=6

Re=9

Re=12

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-6

-5

-4

-3

-2

-1

0

1
x 10

5

y

v
e
lo

c
it
y
 u

 

 

Br=3

Br=6

Br=9

Br=12

Br=15



 

 

 
462 International Journal of Applied Mathematical Research 

 

 
Fig 7: Effect of Brinkman number    on velocity   in the case of asymmetric heating for     

 

 
Fig 8: Plots of      in the case of asymmetric heating, for different values of   and for               

 

 
Fig 9: Effect of    on temperature profile for     

 

 
Fig 10: Effect of    on temperature profile for     
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5 Summary and conclusions 

Viscous dissipation and Buoyancy effects on laminar convection in a vertical plate channel with transpiration have been 

studied. The wall temperatures are uniform and asymmetric. The mass flow rate has been considered as prescribed and 

the bulk temperature has been chosen as reference fluid temperature in the Boussinesq approximation. 

The governing equations (the momentum balance equation and the temperature balance equation) have been written in a 

dimensionless form. 

A perturbation method has been employed to evaluate the dimensionless velocity , the dimensionless temperature , the 

Nusselt numbers           , the pressure drop parameter   and the temperature difference ratio  . The solution of   

and   has been determined by the perturbation parameter  
  

  
 . Moreover, 2 – terms perturbation series has been used 

to obtain the values of ,              as well as to plot the functions              for some values of . 

It has been pointed out that the viscous dissipation and the buoyancy effects enhance the flow in the case of downward 

flow, while it lowers this effect in the case of upward flow. 
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