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Abstract

In this paper we are concerned with the oscillation of second order non-linear homogeneous differential equation.
An example has been given to illustrate the results.
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1. Introduction

In this paper we are concerned with the oscillation of the second order non-linear differential equation of the form
() + (2'(t))* + a(t) f(x(t) = 0, (1)

where a(t) is a continuous real valued function on the interval [a, 00), without any restriction on its sign and « > 0
is a fixed non-negative real number. f(z(t)) is continuously differentiable functions on R — {0} where yf(y) > 0
and f'(y) > 0 for all y(¢) # 0 and the following conditions holds for f(y)

(fly) + f'(y) - o and —* (fly) + ['(y) e )
f+ iy T fo+ ey U
and

F(2)+f(2) Yy F(x)+f(2)
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y>0
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co____ _dz co____dz
Y (f(z)+f'(2)) Y (f(z)+f'(2))

Our attention is concentrated only to such solution x(¢) of the differential equation (1.1) which exists on some
interval [, 00) , for § > a.

Definition 1.1 A solution x (t) of the differential equation (1.1) is said to be “nontrivial 7 if x(t) # 0 for at least
one t € [a, 00).
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Definition 1.2 A nontrivial solution x (t) of differential equation (1.1) is said to be oscillatory if it has arbitrarily
large zeros on [8,00), for B > a otherwise it said to be “ non oscillatory.

Definition 1.3 The differential equation (1.1) is said to be oscillatory if a nontrivial solution x (t) is oscillatory.

The study of the oscillation of a second order nonlinear ordinary differential equations is of special interest.
Many criteria have been found which involve the behavior of the integral of a combination of the coefficients of
second order nonlinear differential equations. This approach has been motivated by authors (for example see [1],
2], [3],14],15],16],7],8] and [9] and the authors therein).

The purpose of this paper is to present new criteria of oscillation of the differential equation (1.1).

2. Main results

We prove the following theorem

Theorem 2.1 The differential equation (1.1) is oscillatory if

t—o00

t
lim inf/ a(s) ds > —o0, (4)

lim sup %/ (t — s)a(s) ds = 00 (5)

t—o00

and

li
t—o00

1 t
I Sup o=y / (t —s)"ta(s) ds = oo for some integer n > 2, (6)

where f(z(t)) satisfies the conditions (1.2) and (1.3) .

Let z(t) be a nonoscillatory solution of (1.1) on the interval [8,00), where § > max{a, 1}, without loss of
generality its solution can be supposed such that z(¢) > 0 on [, c0).

We define

w(t) =a' () (x(t)

Then w(t) is well defined and satisfies the equation

w'(t) = —(f(z(t) + f'(x(®))w?(t) — alt) (7)

Integrating both sides of the above equation from g to t we get

t

—w(t) = —w(8) + /B als)ds + /B (F(a(s)) + F/(a(s)))w(s) ds. (8)

We will consider two cases where

/ﬁoo(f(ﬂi(S)) + f'(z(s)))w?(s) ds is finite or infinite.

Case I: If f;o(f(z(s)) + f'(z(s)))w?(s) ds < co.In this case we

/ " (Fa(s) + £ ((s))wP(s) ds < N for t > 8 o
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Where N is a positive constant. Using Schwarz inequality for ¢ > 3 we derive

‘/; w(s)y/ f(x(s)) + f'(x(s))ds

2

IN

i ! 2 /
( /ﬁ s) /ﬁ w?()(F(x()) + f((5)))ds

= (tﬂ)/ﬁw2(8)(f(:v(5))+f’(x(8)))d8

Now using (2.6) we have

‘ /; w(s)\/f(x(s)) + f(x(s))ds

Then by condition (2.1) there exist a constant M > 0 such that

2
< Nt forallt > f.
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Now put K = fy v f(;(:)f ) 72 > 0. Then in view of (2.7) and (2.8) for any t > 8 we get
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Thus by setting

C= MTQ(K+ VN)~2

we have

V() + f(z(t) =

From (2.4) we get

alt) = w' (1) — (F(a(0) + J'(()w(1) < (1)~ S0 (1), for every > 6.

Hence we obtain
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for all ¢ > . This gives

¢ ¢ - —1)°
Jim sup = ! — /a (t—s)""a(s) ds < \ la(s)|ds +w(B) — n401 + 4((?(71 i)2) =00

Which contradicts the condition (2.3).
Case II : Suppose fﬁoo w?(s)(f(x(s)) + f'(z(s)))ds = 00
By condition (2.3) from (2.5) it follows that there exist a constant y such that

—w(t) > p +/[3 w?(s)(f(2(s)) + f'(x(s)))ds, for all t > 3. (12)

We consider d > (8 such that

)
A=pt /ﬁ w¥(s)(F((s)) + ['(x(s)))'ds > 0.

Then (2.9) says that w(t) is negative on[d, co] ,now multiplying (2.9) through by

w((FE) + 7/ @)
[mfﬁ w?(s)(f(@(s)) + f'(a(s)))'ds]

and then integrating over [6,t] we get

In
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. >

Thus for every t > ¢ it holds that
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A(f(2(9)) + f'(x(9)))
fa@®) + f'(=(t))

o /5 W¥(s)(F(x(s)) + F'(a(s)))ds >

The last inequality and (2.9) gives

2 (t) < —A(f(z(8)) + f(x(d))) <0, for all t > 4,
which leads to the contradiction

tlgglox(t) = —00.

Therefore the theorem implies that the differential equation is oscillatory, and this completes the proof.

3. Examples
The following example illustrates the applicability of the theorem.
Consider the second nonlinear order differential equation
() + (2' (1) + etz3(t) = 0, (13)

for this differential equation we have f(x) = x3and a(t) = e!.To show the applicability of Theorem.
For condition (2.1)

¢ ¢
lim inf/ a(s)ds = lim inf/ e’ds = lim inf [es]fy =e% > —o0.

t—o0 t—o0 t—o0

For condition (2.2)

t

. 1 . 1 st
tlgglo sup E/a (t—s)a(s)ds = tlgglo sup ~ [(t—s+1)e],
t 1 t
= 1imsup[e—(l—a+ )eo‘]:lime:oo
t—00 t t—oo t
For condition (2.3) for example put n = 3
i sup L (¢ 9 a(s) ds = Jim sup s [0 - sterd
Jim sup 2= i s a(s) ds = lim sup - : s)“e’ds,
using integration by parts twice we get
I ! t(t 2esds = i 1[(t )2 e 42t @y g (et "]
ti)rgosuptz i —s5)%e’ds = t;rgosuptz —a)’ e +2(t—a)e” + (e—e)

) e +2(4

= limsup{(l_t %>ea}:oo.
t—o0

Tt
+t% (et _ e(x)

Hence the theorem is applicable.
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