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Abstract

The aim of this paper is to present a succinct review on fractional order models of infectious diseases. Fractional order derivative is a
potential tool which gives a better understanding of the impact of memory on spread of infectious diseases. This paper reviews different
infectious diseases models with constant, variable or complex fractional order. Fractional order models with time delay are presented in
this paper as well. We argue that, such models are essential for decision makers in health organizations.

Keywords: Constant/Variable Fractional Order Models-Models with Complex Fractional Order -Fractional Order Models with Time Delay-Infectious
Diseases Models with Memory.

1. Introduction

Infectious diseases and epidemics have become one of the crucial global issues as they cause of death and disability not only in developing
countries, but also worldwide. Every year, HIV, TB and malaria cause 10% of all deaths [37], [28]. Over the last few decades, the number
of infectious diseases outbreaks has increased dramatically, resulting in economic crises and millions of disability and deaths [48], [61].
For example, West Africa suffered up to $32 billion loss by 2015 and more than 11,000 deaths during Ebola outbreak [60], [66].
Infectious diseases are spreading around the globe faster than ever before, and new diseases are emerging at a high rate [20]. Speed modern
transportation has helped spread of some communicable diseases. International travelling and commerce drive the rapid, global distribution
of microbial pathogens and the organisms that harbor them [45]. Recently, the Zika virus is now spreading explosively in the world through
modern transportations. There is no, no background immunity in the population, or vaccine currently available [70]. Outbreaks provide an
opportunity to collect and analyze initial data. These gathered data are essential to predict the behavior of diseases and to adjust control
strategies. But sometimes data collection is impossible due pathological limitations [37], [40], [54]. Also, testing spread of infectious
diseases in human societies are unethical or needs big budgets [39], [40], [54]. So, mathematical models of infectious diseases should be
used to give a better understanding of spread of diseases spread in human communities [36] and to predict crucial data that should be
collected. It is worth mentioning that, mathematical modeling of diseases extends to ancient history. One of the earliest mathematical
models in epidemiology was presented by Daniel Bernoulli (1700-1782) [50], [22]. He predicted the impact of immunity with smallpox
disease that made the idea of eradication feasible [50], [22]. Nowadays, modern mathematical models of infectious diseases play an in-
creasingly significant role to evaluate the potential impact of eradication and control programs in reducing morbidity and mortality [23],
[25], [62], [46]. Such enormous models are significant to link between clinical data for selected subpopulations and population-level used
[30]. Mathematical modelling can achieve a better understanding of the indirect protection provided by immunization [29]. For example,
the spread of influenza virus in USA were simulated in 2009 from gathered data from different areas in [29]. Gathered data from the HIN1
epidemic have been used to approve SEIR mathematical model. Also, an estimate for the vaccination coverage needed to block the spread
of infectious diseases can be obtained from such models after estimating its parameters from available medical and epidemiological data
[29].

Mathematical models enable researchers to understand the development of drug resistance throughout therapy [47].

Although many of these models have been proposed in literature, it has been restricted to integer order models [17]. However, integer order
systems do not convey any information about prior states [4-11]. Understanding the concept of memory in biological systems can be very
essential to predict the future of infectious diseases outbreaks and to control infectious diseases. Studying immunological memory is es-
sential to develop vaccines. Memory and learning process in vector and host are critical in vector-borne disease transmission like Malaria
and dengue fever [56]. Learning behavior and memory in vectors like mosquitoes are important in vector borne diseases transmission [56].
Mosquitoes’ experience is considered as the ability for mosquitoes to accurately identify their hosts. Also memory and learning behavior
is significant in immunological memory which is defined as the potential of the immune system to respond more effectively to threats that
have been encountered previously [38]. Fractional order differential equations can be potential flexible tools for modelling epidemiological
and biological systems related with memory.

Adding fractional-order parameter enhances the system potential as it adds a new degree of freedom which leads the model to more space
[17], [19]. So, the fractional order is supposed to be the memory index [21]. However, if the fractional order value tends to unity, the system
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will have short memory dependence. Otherwise, if the fractional order approaches zero, so the system depends strongly on the previous
states [28], [38]. So, of fractional-order models are more logical than the integer model [1], [5], [6].

In this paper, we summarize different recent fractional order models of infectious diseases including constant & variable fractional order
models, fractional delay models, and fractional complex order models.

The rest of the paper is organized as follows: In section two, some basic definitions of the fractional calculus are presented. Section three
introduces discussion about fractional order models of immune system while section four is devoted for the epidemic models with memory.
Section five displays the role of mathematical models of with memory of Human immunodeficiency virus based on fractional order models.
Two models are discussed in this section; the first is a constant fractional order model of HIV infection of CD4* T-cells, while the second
model is a fractional complex-order model drug-resistance in HIV disease. A study on fractional order models of vector borne diseases is
presented in section six. Section seven is devoted for Fractional variable-order model of multi-strain tuberculosis (TB). Fractional order
model with time delay of HIV infection.

2. Preliminaries

Firstly, basic definitions of constant & variable fractional-order integration and fractional-order differentiation will be discussed [3], [6],
[71, [0, [51], [52], [57], [58].

Definition 1: The fractional order integral of order of a function f: R* — R is given by

.
r(a)

Jf ) = — [X(x — D Lf () dt,a > 0,x > 0,

Where ¢ & x € (0, 0]
This integral is called integral with memory.

Definition 2: The Caputo and Riemann—Liouville fractional order derivatives of order a are given respectively as follows [46]:
Def(x) = D"(J™f(x)),

DEf(x) = J™%(D™f(x)),

Where

m—-—1<a<mmEe€N.

Definition 3: Grunwald-Letnikov fractional order derivative of function f(t) is given as follows [48]:

SGDEf () = lim h™ Xie_o(=1)7 () (t — kh)

Wherenh =x — a

The variable-order fractional derivative, is a powerful tool to characterize memory that may vary from point to point [57], [58]. Some of
the basic definitions of the variable-order fractional derivative are presented as follows:

Definition 4: (Riemann—Liouville fractional derivatives of order)

Let a(t) be a continuous and bounded function, then Riemann—Liouville variable-order fractional derivative of f(¢): [a, b] — R is defined
as [57]:

Left Riemann-Liouville derivative of order a(t) is defined by

DO = Fmayadat — DO f@dr,

Where 0 < a(t) <1
Definition 5: (Caputo fractional derivatives of order a(t))

Let a(t) be a continuous and bounded function, then the Caputo variable-order fractional derivative of f(t): [a, b] — R is defined as [57],
[58]:

Left Caputo derivative of order a(t) is defined by

EDFOF(O) = ey Ja (6 = D70 f (@,

Where 0 < a(t) <1

Definition 6: (Griinwald-Letnikov fractional derivatives of order a(t))
Let a(t) be a continuous and bounded function, then the variable-order fractional derivative of f(t): [a, b] — R is defined as [52]:
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GpFOF (1) = lim e £, (=1)7 (“P) £t - jh)
Where h is the step size, n = % [n] is the integer part of n and 0 < a(t) < 1.

3. Fractional order models with an immune response

All The immune system plays a vital role in human health as it protects the body from all harmful foreign substances like viruses and
bacteria [32]. After defeating an infection, B and T cells create memory cells as they hold information about each hazard that attack the
body. This creates the memory of immune system which makes it easier to identify and eliminate in the future [14]. There is no alternative
to mathematical modeling to understand the behavior of immune system [39]. Numerous mathematical models have been presented to
simulate the immune system [32]. The majority of such models proposed in the literature were integer order models. In [2], the authors
presented a generalization of hepatitis C virus (HCV) model based on HCV basic model of Perelson et al [16] as follows

D*(T)=s—dT—-(1—-n)BVT,
D*(D) = 1-mBVT =611 —1/cy), (1)
D*(V) = (1—¢,) pl — cV.

Where T, | and V present respectively uninfected hepatocytes, infected hepatocytes and virus density, and 0 < a < 1 is the index of
memory. The rate of production of uninfected hepatocytes is s, while their rate of death is d per cell and rate of infection is 8. The rate of
loss of infected hepatocytes is § per cell. The rate of production of virions is p per infected hepatocytes and their rate of clearness is ¢ per
virion. &, and  present respectively the efficacy of treatment in blocking virion production and reducing new infections. The authors show
that “fractional order results show the realistic biphasic decline behavior of HCV but at a slower rate”.

In [24], another example to show that fractional order models are more significant to model the immune system than classical integer order
models. The authors consider two immune effectors y, z attacking an antigen x. As follows:

D%*(x) = x — axy — bxz,
D*(y) = —cy + xy, 2
D%(z) = —ez + xz.

Where a, b, c, e are positive constantsand 0 < a < 1.

Equilibrium points of (2) are locally asymptotically stable the condition |arg 1;| > a% is satisfied, where A; is the eigenvalue of the Jaco-

bian matrix of the system at the equilibrium. It has been proved in [24] that, fractional order model is either stable as classical integer order
model or more stable.

4. Epidemic models with memory

An epidemic occurs when an infectious disease transmitted rapidly to many people than what was expected in a region during a given
period. The Flu of 1918 was known as one of the most deadly outbreaks in recorded world history. This flu killed more people than World
War | (about 20 million victims) [54]. Recently, World Health Organization (WHO) has declared emergency state for Ebola outbreak in
West Africa after thousands of deaths because of the virus in 2014. Mathematical models in epidemiology are able to describe and predict
highly dynamic outbreaks. For example, the following model [12] presents a fractional order model of Ebola infection using SEIR model
as follows:

Da(s) - _ ﬁs(t)(ql;](t)"'l(t)) )
pe(E) = POEBO) - 5 (), @
D) = 6E() ~ I (0),

D(R) = yI(t).

Where 0 < a < 1, while S(t), E(t), I(t), and R(t) are the susceptible, exposed, infected, removed populations respectively at time t and the
number of total population N = S(t) + E(t) + I(t) + R(t). The parameter 8 = pc is average number of infected people, p is the probability
of infection, c is the per capita contact rate, g € [0, 1] and y is the per-capita death rate. The authors have analyzed the WHO data in order
to give an accurate prediction of the outbreak in Liberia, Guinea, and Sierra Leone. They achieved a good approximation to real gathered
data.

5. Fractional order models of HIV infection

HIV is one of the most deadly viruses. It causes AIDS and destroys the immune system, so the body cannot defend itself against any threat.
There were more than 36 million people living with HIV by the end of 2014 [67]. An estimated 21.8 million people have died of AIDS
since the start of the epidemic. Mathematical models provide an essential tool to understand the interactions between HIV and the immune
system. Fractional order models are helpful to provide a better understanding of the dynamics of HIV infection [19]. An impressive example
has been shown in [19], where the authors have introduced a modified model of fractional order based on the ODE model proposed by
Culshaw and Ruan [15] into a system of fractional-order as follows:
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DA(T) =s—prT+1T(1- Tﬂ) — K, VT

De() = K{VT — ul, C)]
De(V) = Nupl — KyVT — iy V

Where T(t) is the concentration of healthy CD4*T-cells at time t, I(t) is the concentration of infected CD4*T-cells, and V (t) presents
the concentration of free HIV at time t. The parameters s, uy , 7 and Tp,q, are the source of CD4* T-cells, the natural death rate of CD4*T-
cells, their growth rate and their carrying capacity respectively. K; is the infection rate of T-cells with free virus while K; presents the rate
at which infected cells become actively infected, y; is a blanket death term for infected cells, u,is the lytic death rate for infected cells, uy,
is the loss rate of virus and N is the number of viral particles. In [19], it is assumed that 0.5 < a < 1. The authors think that fractional
derivatives cannot describe accurately the rate of change in number when 0 < a < 0.5. It has been proven that in [19], there is a unique
solution x(¢) = (T, 1, V)t for on ¢ = 0 and the solution will remain in R3. Furthermore, T (t) and I(t) are all bounded by T, . The au-
thors showed that the model established in this paper possesses non negative solutions, as desired in any population dynamics. A restriction
on the number of viral particles released per infectious has been obtained cell in [19], to sustain the infection. Another interesting study
about a fractional complex-order model for drug resistance in HIV virus during therapy is presented in [44] as follows:

S(DeHFI + DEFI)T(t) = A — dT — ke(1 = 8 Ve (DT () — k(1 = nfV(OT(®),

S(DHEI 4+ DEF) Ty() = (1 — Wk (1 = nf)OT () — STy(®),

S(DEHBI + DEFI) () = Neb(1 = n)Ts(t) — cVs() ©)
S(DUHFI + DIFI) T, () = uKy(1 = nf )V (DT () + Ky (1 = nf )V (DT (£) — 6T, ()

~(De*FI + DEFI) U(E) = Ny §(1 = np)T, () = ¢V (t)

Where T is the density of uninfected CD4*T-cells with rate of production 24 and rate of death d. The parameter Kj is the infection rate of
the CD4*T-cells with drug-sensitive HIV viruses V;. The concentration of drug-sensitive infected CD4*T is T,(t) while the concentration
of the drug-resistant infected CD4*T is T,.. The CD4*T -cells may be infected by drug-resistant viruses V. at a rate K,.. The efficacy rates
of RTI for wild type and mutants are n3, and ny, respectively (The proportions of eliminated Ty and T,. cells by RTI). The parameter u is
the proportion of T cells that can become resistant to the drug. The rate of death of T,.and T is § while c is the clearness rate of the viruses.
V; and ;. are produced with bursting sizes drug-sensitive strains Nsand N, respectively. The efficacy of P1 for wild type strain and mutants
are ny and ny, respectively. Based on Grunwald-Letnikov formulation, the authors simulated the model for different values of the fractional
derivative of complex order D*+5J where (a + Bj) e C. If &« = 1 and 8 = 0, the system will be converted to the integer order model.
Applying fractional derivative complex-order to the system, results in complex valued outcomes. The authors fixed § = 0.8 and 0.5 <
a < 1. Faster declines in the density of viruses have been observed for decreasing values of a [44]. In other words, increasing memory of
T-cells leads to faster decreasing in density of HIV.

6. Fractional order vector borne diseases models

Vector-borne disease is a commonly used term that describes a disease transmitted to people by vectors like mosquitos and ticks through
feeding activity [63]. Being a vector means that it carries a disease from one host to another. More than 1 million people die every year
from mosquito-borne diseases like Malaria and Dengue Fever [65]. An interesting generalization of the basic deterministic ODE Dengue
Fever disease model has been presented in [49]. The authors have modified the integer order model in [41] to be fractional order model as
follows

b Sul
D(Sy) = p (K — ,) — 2223l
bB1Sul
D(Iy) = % = (uy + vy,
D*(Ry) = yYuly — uuRy,
De(ty) = 2B o,

DY(S,) = A — ”’ﬁ% —mS,.

(6)

Where 0 < a < 1, Sy, I and Ry are the populations of susceptible humans, infected human, and recovered human respectively. S}, and
I, are the populations of susceptible mosquitos, infected mosquitos. The total human population K at time t is denoted by Ny where Ny =
Sy + Iy + Ry. The authors considered that N, = Sy + I,. The parameter py is the per capita mortality rate of the humans and m is the
corresponding value for the mosquitoes. y; is the humans recovery rate while b is the biting rate. The probabilities of transmission from
human to mosquito and vice versa are denoted by B; and 3, respectively while A, is the recruitment rate of mosquito. Model (6) has some
drawback, because the left-hand side of the system (6) has dimension (time)~% while the right-hand has the dimension (time)~*. So it is
recommended to use the procedure presented in [18,49]. System (6) can be re-written as follows:
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D(Sy) = ufi (K — S) — B,
D (Uy) = L — (ufy +yiDly,

D*(Ry) = y&ly — ufRy, ]
DSy = 4 = = = sy,

pa(l,) = ””BZ% — mel,.

Where A, = u4% x (S,(0) + I,(0)), and u,, is the birth rate of mosquito. In [48], two different orders & € (0,1] and 8 € (0,1] are intro-
duced to the system (6) to be more sensible, so the new system is as follows:

b% B, Syl
D(Sk) = ufj(K — S) = =P

D(1y) = LB — (g 4+ y )1,

D*(Ry) = vily — iRy, (8)
DF(Sy) = A, — bﬁﬁz% —-mfs,

DP(ty) = LE2luSt _

The basic reproduction number has been derived in [48] for (6) to be

_ [oB B
Ro= on * Sk Gumerm ©)

The infection persists if Ry > 1, and dies out if R, < 1. Using the next generation matrix approach, the basic reproduction numbers R,
Roand R, have been derived for systems (7) and (8) respectively in [49]to be:

5 _ ’b“51 b%B,A
Ro = me Xm"‘K(u,".HyIZ‘;) (10)

And

by bPpaa (11)

Ro = mP " mBK(u&+vi)

It is clear that, R, and R, carry information about the persistence of the disease. Involvement of the index of human memory (a) and the
index of mosquitoes memory (8) in (10) and (11) has some effects on the values of the reproduction numbers R, and R,. The authors in
[49] observed the relation between the memory of mosquitoes and the dengue transmission. Also they studied the effect of the memory of
humans on dengue transmission. Increasing human memory (a — 0) will reduce the disease transmission. The authors in [49] presented a
strategy for controlling dengue disease through studying the memory effects of the host, and the vector. they believe that, increasing human
memory and learning behavior through different kinds of media awareness is essential to reduce the disease transmission. Also the memory
of the mosquito (like detecting host sites and suitable locations for their eggs) plays a significant role in the disease transmission. So,
Increasing mosquitoes memory and learning behavior (f — 0), leads to increasing the disease transmission. The authors observed that the
results of (8) have a better agreement with a real measured data in [64]. Such observations support using the models with memory.

7. Fractional variable-order model of multi-strain tuberculosis (TB)

TB is an infectious disease is one of the most dangerous diseases [42], [66]. It is often affect the lungs. According to reports of World
Health Organization (WHO) in 2014, 9.6 million people have been infected with TB and 1.5 million died from the disease [69]. TB is one
of the major Killers of HIV-positive people. In 2015, 1 in 3 HIV deaths was due to TB [67]. Ending the TB epidemic by 2030 is among the
World Health Organization (WHO) future plans [69]. Mathematical models help the decision makers to put their plans to control TB
diseases and to achieve public health and economic benefits [27]. Anti (TB) drug resistance is one of the most dangerous problems that
delayed progress made in TB care [13]. In [52], multi-strain TB model of variable-order fractional derivatives is presented as follows

SIg Sk Sl

Da(t)(s) =b—dS—p; N = Bm N — Bx N’

Sl RI; Lls Lslm Lely
Dp*® (Ls) = AsPBs T + 05A5Ps N + ¥sls — agsPs N AsmBm N s P N (d+ & + ty5)Ls,
Sl Lslm Linkx _

Lk
+ (1= PtysLs + (1 — Pty _ammﬁmT = QP N

Rl
Dp*® (Lm) = AmbBm N + O—mlmﬁmT + Vinlm + XsmBmAm
(d+en)lm

N
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Lslx Linlx Lalx

DO (L) = DB 25+ OB = + Vil + Qs Bl 2 + iAo Bre ™% + (1= P3) gy — @B =% — (d + &) L,

DEO (1) = agefs 25+ (1= A (55 + 0, 58) + &sLg — (d + 6, + Lo + ¥,

DYO (1) = o B " + (1 = A B (2 + O 2 g ) e L, — (d + Sy + o + Vi),

DAO (L) = B 2 (1= D) (SE+ 0 S+ e 25+ e 25) + Ly — (A + 8+ o + Vs

DEO(R) = PytysLs + Patysls + Patombn + toxly = 0oBs 2 = OB 2 — 0By 5 — dR (12)

Where 0 < a(t) < 1 is the fractional variable order,

S(t) is the susceptible individuals,

L (t) is the latently infected individuals with the drug-sensitive TB strain,

L., (t) is the latently infected population with MDR-TB,

L, (t) is the latently infected population with XDR-TB,

I;(t) is the infected individuals with the drug-sensitive TB strain who are infectious to others,
L, (t) presents the infectious individuals with the MDR-TB strain,

L, (t) presents the individuals who infectious with the XDR-TB strain,

R(t) is the populations for who have been treated successfully,

N(t) = S(t) + Lg(t) + L (t) +L(t) + I, () + I, (t) + L.(t) + R(t) is the total population

b is the rate of birth/recruitment,

d is per capita natural death rate,

B, is transmission coefficient for strain r,

A, is the proportion of newly infected individuals developing LTBI with strain

1 — A, is the proportion of newly infected individuals progressing to active TB with strain r due to fast infection,

&, 1S per capita rate of endogenous reactivation of L,,

a1, Ay, are the proportion of exogenous reinfection of L,., due to contact with I,.,,

¥, is per capita rate of natural recovery to the latent stage L,

&, is per capita rate of death due to TB of strainr,

t,s IS per capita rate of treatment for L,

t,, is per capita rate of treatment for I,.,

1 — o, is the efficiency of treatment,

P;, P,, and P; are the probabilities of treatment success for Ly, I, and I,,, respectively,

The notation ry, 1, 75 € {s,m, x} is used. This model presents three strains: drug-sensitive, emerging multi-drug resistant (MDR) and ex-
tensively drug-resistant (XDR), as an extension for multi-strain TB integer order model which was developed in [13]. From the numerical
results obtained in [52], the integer order model can be used to describe the short memory of the model, and the variable-order fractional
model can be used to present the variable memory of TB model. The basic reproduction number has been derived in [ ] for (12) to be:

Bs(es+(1-As)(d+tss))

ROS = (es+d+ty5) (L2585 +d)+ys(Ers+d)
R Bm(em+(1-Am)d)
0m ™ (e @) (trm+Em+d) +Ymd
Brx(ext(1-2)d)
Rox =

T (x4 d) (tax+ 65+ d) +yxd
8. Fractional order models of infectious diseases with time delay

Many researchers introduce the fractional order derivative into the infectious diseases models for its memory property. Time delay in these
models plays a significant role in the process of spreading infectious diseases [34,35,59] as it introduces the dependence of the present
state of the model on the past history. This time delay takes into account certain hidden processes like the viral life cycle and duration of
immunity to diseases. Time delays increases the risk of epidemics and the difficulty of epidemic control. Fractional order derivative and
time delays in infectious diseases models give a better understanding of the dynamics of infectious diseases. Several works have been
proposed to study the fractional order models with

time delay of infectious diseases. In this section, three examples of such models will be illustrated.

8.1. Fractional order model of HIV with time delay
The authors in [59] have introduced the following system to model HIV infection of CD4* T-cells with time delay:
DA(T) = s — urT(8) +rT(t) (1 = &) — kT (0)V ()

DE(I) = K'T(t — DV (¢t — 1) — wI(t) (13)

D(V) = Nupl (t) = kT (£)V (£) — upV (2)
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Where
T(6) =Ty, 1(0) =0,V(0) =V,, 0 € [-1,0],
The authors in [34] presents a new fractional order time-delay model which is as an extension of the work in [59]. This model includes full

logistic growth terms of both healthy and infected CD4* T-cells, and cure rate items. The new model is described by the following frac-
tional order differential time-delay model:

DT =5 =y T(®) +1T() (1 = T25L) — kT (0)V (0) + pI(2)
D) = k'T(t =DV (t — 1) +71() (1= ") = (, + p)1(®) (14)

D*(V) = Nupl(t) — u,V (t)

Where T(6) =Ty, 1(0) =0,V(0) =V,,0 € [-7,0],0 < a < 1,and t = 0 is the length of the delay in days, T(t), I(t), and V(t) represent
the concentration of healthy CD4*T cells, infected CD4*T-cells, and density of HIV RNA in the blood, respectively. The parameters are
defined in [1], [2] as follows:

s is the source term for uninfected CD4*T cells,

ur is the natural death rate of CD4* T cells,

u; is the blanket death rate of the infected cells,

Uy, is the death rate of free virus,

Uy is the rate of lytic death of infected cells,

k is the rate of infectious of CD4*T- cells,

k' is the rate of activation of infected cells,

p is the rate of reverting from infected cells to the uninfected state,

7 is the growth rate of CD4™T - cells,

N is the number of virions produced by infected CD4*T- cells,

Tmax is the maximal population level of CD4+T- cells,

T, is the CD4*T - cells population for HIV-negative persons,

The numerical solutions in [34] indicate that, when o increases, the trajectory of the model is close to the integer-order model and when 1
increases, the fluctuation of the trajectory of the model is smaller during the previous period of the time. Also numerical solutions in [34]
show that if the cure rate gets large, the HIV infection efficiently can be controlled.

8.2. Fractional order TB model with time delay

In [53], fractional order TB model with time delay is proposed. This model is based on Griinwald-Letnikov fractional order derivative. In
this work, the fractional order system which has been presented in [53] as follows:
which has been presented in [53] as follows:

D(S) = b* —d*S — pE22 — B 2m — B2,

515 RIg LSIS lem LSIx
Da(Ls) = A? ﬁs + Aa .Ba + ysals - ass .Bs - Usm Bm — Osx Bx (da + gg + t{xs)Ls:
Slm LsIm LinIm LIy
D% (L) = AP = + A0, mﬁmT"'VmI + adn B + (1 = P{) tfsLs + (1 — PSS — a?nmﬁ%T_a%xﬁg N
(d* + &)L,
a — ja Slx a ja a Rlx a aja lex a ja Lmlx ay+a Lxlx a a
D (Lx) - Axﬁx + Ox A + Vx Ix + asx .Bac)L + amxl .Bx + (1 - P3 )thI axx ﬁx - (d + gx)Lx

D(l) = afBE e+ (1= AD)BE (24 08 5) + 8L — (A% + 8¢+t + ¥,

Lsn

D (Iyy) = o B 2 + (1 = 5B (32 + 0 52 b 1y 22) 4 €Ly — (A% + 655 + Vi) — thon I (£ — D),

D*(I,) = ag,fy == LXIx + (1 =297 (SIX oy Rlx + ad L;le + affx Lmlx) + efLy — (A% + 8% + ¥ — t5 L (t — 1),

DY(R) = P{tiLg + PSt&ls + PStdly + t&le(t — ) — 0,BE 2 — oA B S — o FBE =% — dR (15)

The basic reproduction number has been derived in [53] for (15) to be:

BS'(eg+(1-25) (A" +115))
(ef+d+tT) (T +6F+d ) +yd (t+d%)

ROs

B (em+(1-AR)d")
(em+d M) (tgm+om+dD+d%yy

Ropm =
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R = BEEE+1-29a%)
0X ™ (ef+d®) (g +5F+d D) +yEd®

8.3. Fractional order model for malaria transmission with time delay under impact of vaccination control
Malaria disease is caused by the bites of infected Anopheles mosquitoes. It is the one of most fatal vector borne diseases. About 216 million
people have been infected with malaria in 2016 [71]. 91% of such cases were in Africa. 445 000 people died in 2016 because of malaria

infection [71]. Fractional order models can be used to study the impact of vaccination strategies against malaria transmission. A delayed
fractional order model of Malaria transmission is proposed in [43]. The effect of impact of vaccination control is implemented in this model.

DE(N()) = Ap = En(In(®) + (1 = 62)Y (&) + (1 = )Ty () — ppNp (L),

D% (Sp(t)) = (1 = p)Ap = fu(OSp () + 17, (1 (&) + 61 Y, (¢) + 8Ty (1)) + oV (£) — pn S (£)
D% Vp(8) = pAn — fu(© @ = YIVp(6) = (0 + un)Vi ()

D (I () = fu(t — tp)Sp(t —TR)e™#r™h — (k + 1y, + & + pp)Ip(t)

D% (Yn () = fu(t — 1) (1 — YIVp(t — tp)e™#r%h — (k + 011 + (1 — 05)&p + up) Vi ()
D%(Tp () = k(U () + Yn(£)) — (61 + (1 = v)§p + pp)Th ()

D% (N (£)) = A = &I (6) — tim N ()

D“s(sm(t)) = Am - fm(t)sm(t) - ,umSm(t)

D U (£)) = fon (= T)Sa (& = Tan)e ™77 = oy + €l (0) + Ay (16)
Given that
fu) = Bue(1 = b2) 25,

_ _ Ih(®)+A-aYp ) +A-mTh()
fn(6) = Be(1 = b2) rulo

Where

a; €[0,1]fori=1,23,..,9

Ny, (t) is the total human population,

Sy, (t) is the number of susceptible human individuals,
V, (t) is the number of vaccinated human individuals,
I,(t) is the number of infectious human individuals,
Y, (t) is the number of infectious vaccinated human individuals,
Ty (t) is the number of treated human individuals,
N,,,(t) is the total number of mosquito population,

S (t) is the number of susceptible mosquitos,

I, (t) is the number of infectious mosquitos,

Ay, is the rate of recruitment of human population,

p is the proportion of vaccinated individuals,

o is the rate of loss of immunity due to vaccination,
,,is the rate of recovery,

C is the biting rate,

Bris the probability of transmission,

b is the personal protection efficacy,

z is the compliance of personal protection,

&, is the death rate due to the disease,

Up, 1s the human's natural death rate,

y is the pre-erythrocytic vaccine efficacy,

€ is the efficacy of transmission blocking vaccine,

Ty, is the latent period of humans,

k is the Treatment rate,

7 is the drug efficacy,

Ay, is the rate of recruitment of human population,
B is the probability of infection transmission to mosquitoes,
Im is the natural death rate of mosquitoes,

T, IS the latent period for mosquitoes,

& is the rate of death due to presence of parasites,
Infectious vaccinated humans recover at the rate of 6,73, or die at the rate (1 — 6,)&, while treated humans recover at the rate of 67, or
die at the rate of (1 — v)¢&,,.
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9. Fractional order SIR model based on stochastic process

In [5], a new sophisticated approach has been proposed to derive fractional order SIR model. Instead of replacing first order derivatives in
the classical SIR model by a Caputo fractional order derivatives, the authors in [5] developed a new Fractional order SIR recovery model
based on physical stochastic process. They follow an interesting technique in their approach by replacing the constant parameters in the
classical SIR model with time dependent parameters. In addition, they use a Mittag-Leffler waiting time distribution, to derive the following
generalized master SIR model with fractional recovery:

S0 _ 3(6) - w(OSOIE) -y DS,

%(tt) = w(OSOI) - Y(t)l(t) - 6(t.0) (‘thl_a (9(:,0) - G(Ito,o)) N % (H(Ito,o))>' an

dR(t - I I d I

% =6(t,0) <”Df1 ¢ (G(t,o) - 9(:,0)) Tat (9(20))) —v(OR(Q.
Where

S is the susceptible population

I is the infected populations

R is the recovered population

6(t, t") is the death surviving probability of from t’ to time t

0(t,0) = 0(t,tH6(t',0), for 0 < t' < t.

w(t) is the rate of becoming infected
If the probability of death happens in the interval t to ¢t + 6t is y(t)6t + o(8t), then:

ot t") = o Jhv®as

10. Conclusion

As the fractional-order dynamical models possess memory, it offers a deep insight into the mathematical modeling of infectious diseases.
In this paper, we have provided some fractional order models of infectious diseases to show how memory effect changes the dynamics of
diseases. Fractional order models exhibit much more realistic dynamics than integer order models because such models carry information
about the memory of living systems and its associative learning mechanisms. The fractional order derivative is the parameter of memory.
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