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Abstract

Motivation: Thinning is an extremely active area of research because of its primary role in reducing the amount of information that must
be processed by algorithms for pattern recognition. Most thinning algorithms are supposed to be topology-preserving, although an accurate
statement of what this means is usually left unanswered.

Results: The objective of this article is the presentation of a general topology via the concepts of homotopy theory to preserve the thinning.
The proposed method can be applied to any decomposition of non-structural cells of the object, given that the cells have a fixed structure.
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1. Introduction

A skeleton is a combinatory representation of an object that preserves many of the topological and geometric properties of the original
object. The process of obtaining the skeleton is usually called skeletonization or thinning. Thinning has a wide range of applications. For
example it is fundamental in computer vision [1], medical imaging [2], metal molding [3], and especially digital image analysis and pro-
cessing [4].

In this case, skeletons represent a simpler picture that retains the significant information of the original one. Specific applications include
optical character recognition, fingerprint recognition, visual inspection, pattern recognition and matching, binary image compression and
protein folding [5].

Considering the importance of reducing the amount of information to be processed by pattern recognition algorithm, in this paper, a novel
approach will be examined in this regards. With a mathematical look, a geometric approach is presented to illustrate the structures and
features of pattern recognition algorithms. The exposed model will be based on geometric and algebraic topology such as homotopy theory,
fundamental groups and the related concepts for skeletonization or thinning [6-8].

2. Geometric Modeling

The reader is assumed to be familiar with the basic concepts of algebraic topology found in relevant books, including [6-8].

Theorem. A general topology-preserving method for the thinning can be obtained for any unstructured cell decomposition of the object.
The proposed method is in agreement with the structure of the original objects used to image processing and the other pattern recognition
algorithms.

Proof. The skeleton can be defined informally as a thinned subset of the object that retains the same topological characteristics of the
original object. For the thinning usually one also requires to preserve the shape of the object, which is the main object of the successive
steps below.

Step 1. Introducing Basic Concepts:

A CW complex is a space C constructed in the following way:

1)  Start with a discrete set C° , the 0-cells of C.

2) Inductively, form the n-skeleton C™ from €™~ by attaching n -cells ¢} via maps @,:S™** - ¢** from the n — 1-dimen-
sional sphere to C™~1. This means that C™ is the quotient space of C"~1,D# under the identifications x ~ ¢, (x) for x € dDZ,
the boundary of the n-dimensional disc.

3) SetC = U, C™ with the weak topology.

Step 2. Introducing Basic Statement:
Suppose a space C is decomposed as the union of a collection of path-connected open subsets C,, each of which contains the basepoint
Xo € C. The homomorphisms j, : m; (C,) = m1(C) induced by the inclusions C, < C extend to a homomorphism ®: %, ;(C,) =
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1 (C). The van Kampen theorem will say that @ is very often surjective, but it can be expected @ to have a nontrivial kernel in general.
A full description of @ is gained by Van Kampen’s theorem:

Van Kampen Theorem [7]. If C is the union of path-connected open sets C, each containing the basepoint x, € C and if each intersection
Cq N Cg is path-connected, then the homomorphism ®: *, 71 (Cg) — 71 (C) is surjective. If in addition each intersection C, N Cg N C,, is
path-connected, then the kernel of @ is the normal subgroup N generated by all elements of the form ia[;(co)iﬁa(a))_l, where w €
71(Co N Cg) and igp: 1 (Co N Cg) = 11 (C,) is the homomorphism induced by the inclusion C, N Cg © C,, and hence @ induces an iso-
morphism 7z, (C) = *, 71(C,)/N.

Step 3. Main result of the concepts and the theorem:

It is shown that the fundamental group is affected by attaching 2-cells:

Suppose a collection of 2-cells c2 has been attached to a path-connected space C via maps ¢,:S* — C, producing a space E. If sy is a
basepoint of S* then ¢, determines a loop at ¢, (s,) that will be called ¢,, even though technically loops are maps I — C rather than
St > C. For different a’s the basepoints ¢, (s,) of these loops ¢, may not all coincide.

To remedy this, choose a basepoint x, € € and a path y, in C from x, to ¢, (s,) for each a. Then y, ¢,V is a loop at x,. This loop may
not be nullhomotopic in C, but it will certainly be nullhomotopic after the cell ¢2 is attached. Thus the normal subgroup N c m,(C, xo)
generated by all the loops y, .V, for varying « lies in the kernel of the map m, (C, x4) — 71 (E, xo) induced by the inclusion C < E.

If E is obtained from C by attaching 2-cells as described above, then the inclusion € < E induces a surjectionwhose kernel is N. Thus
my(E) = my(C)/N.

If E is obtained from C by attaching n-cells for a fixed n > 2, then the inclusion C < E induces an isomorphism 1, (C, xy) = 71 (E, xg).
For a path-connected cell complex C the inclusion of the 2-skeleton €2 < C induces an isomorphism m; (C?, %) = 7, (C, xg).

3. Conclusion

In this paper a general topology-preserving method for the thinning was introduced. The presented topology can be used for any unstruc-
tured cell decomposition of the object. Since, it is in agreement with the structure of thinning, it can be propose a universal law for the
reduction of the amount of information to be processed by pattern recognition algorithms.
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