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Abstract

Concept of soft equivalence relations (classes, mappings) are in-
troduced using the notion of soft elements. Then we redefine the
notion of soft group and soft ring in a new way by using the idea
of soft elements and it is seen that our definitions of soft group and
soft ring are equivalent to the existing notions of soft group [2] and
soft ring [I]. The notion of soft coset is presented and validated by
suitable examples. We investigate some important properties like
soft divisor of zero, characteristic of a soft ring etc. by considering
examples. Moreover, some necessary and sufficient conditions are
established for a soft ring to be a soft integral domain and soft field.

Key Words : Soft sets, Soft elements, Soft groups, Soft cosets,
Soft rings, Soft integral domains, Soft fields.
2010 Mathematics Subject Classification: 06D72, 97E60, 97H40.

1. Introduction

In classical mathematics, we deal with precise or exact data. But almost all
real life situations are imprecise or inexact, i.e., there are some ambiguity.
As a result different mathematical tools such as probability theory, fuzzy
set theory[15], rough set theory[13], soft set theory[I1] etc. are developed to
handle this imprecise situation. Soft set theory, introduced by D. Molodtsov
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in 1999, is more generalized tool than fuzzy set theory, rough set theory etc.
After introduction of soft set theory, many researchers have contributed
their works to extend this notion. In 2007, Aktas and Cagman[2] initiated
an algebraic structure in a soft set, known as soft group. Extending this
notion of soft group, many authors defined other algebraic structures like
soft (ring, field, ideal) and hybrid structures like fuzzy soft (ring, field,
ideal), intuitionistic fuzzy soft structures, rough soft structures (see [1, [4],
[6]-[9]) etc. In 2013, Wardowski[I4] introduced the notion of soft elements
of a soft set. Also in the same year, Nazmul and Samanta[I2] defined soft
elements in another way to study the neighbourhood properties in a soft
topological spaces.

In this paper, at first we establish the notion of soft elements of a soft set
in a new way and redefine the notion of soft relations, soft classes, soft
partition, soft mapping with the help of soft element. It is seen that soft
equivalence relation on a soft set yields a soft partition of that soft set and
vice-versa. In section 4, the notion soft group is proposed with the help of
binary composition of soft elements and study some of its properties. Then
we prove that this notion is equivalent to the notion of soft group initiated
by Aktas et al. In section 5, the notion of soft cosets are studied elaborately
and it is established that the analogous result of famous Lagrange’s Theorem
holds for a finite soft group. In section 6, we redefine the notion of soft ring
by considering the compositions of soft elements. Then we prove that this
new concept of soft ring is also equivalent to the notion of soft ring given
by Acar et al. [I]. Moreover, we study some properties like soft divisor of
zero and characteristic of a soft ring with examples. In the last Section,
some necessary and sufficient conditions are established for a soft ring to be
a soft integral domain (soft field).

2. Preliminaries

Throughout this paper unless otherwise stated, let U be the universal set,
E the set of all parameters with respect to U and P(U) the power set of
U. In this section, we recall some basic definitions in soft set theory which
will be needed in the sequel.

Definition 2.1. [I1] Let A C E. A pair (F, A) is called a soft set over
U, where F' is a mapping given by F': A — P(U). Sometimes the soft set
(F, A) is simply denoted by F, when no confusion regarding the parameter
set arises. The collection of all soft sets with parameter set A over U will

be denoted by S(A, U).

Definition 2.2. [11] Let F, G € S(A, U). Then F is called a soft subset
of G, denoted by FCG, if F(t) C G(t) for all t € A.
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Definition 2.3. [10] Let F, G € S(A, U). Then F is soft equal to G,
denoted by FF=G, if FCG and GCF.

Definition 2.4. [3][10] Let F and G € S(A, U).
(1) FNG, the intersection of F and G, is defined by the soft set H €
S(A, U), where H(t) = F(t)NG(t) for all t € A.
(2) FUG, the union of F' and G, is defined by the soft set H € S(A, U),
where H(t) = F(t) UG(t) for all ¢t € A.
(3) F°, the complement of F, is defined by F°: A — P(U), where F°(t) =
U\ F(t) forall t € A.
(4) F \ G, the difference of F' and G, is defined by the soft set H €
S(A, U), where H(t) = F(t)\ G(t) for all ¢t € A.

Definition 2.5. For F € S(A, U),
(i) Supp(F)={t e A: F(t) # ¢} is called support of the soft set F
(ii) a soft set F is said to be null soft set, denoted by &, if F(t) = ¢ for
all t € A, otherwise F is called non-null soft set; B
(iii) a soft set F' is said to be absolute soft set, denoted by A, if F(t) =U
for all t € A,
(iv) a soft set F' is said to be full soft set if Supp(F) = A.
The collection of all full soft sets with parameter set A over U will be
denoted by S¢(A, U).

Definition 2.6. [5] The soft cartesian product of F' and G, denoted
by F x G, is defined as the soft set Fx G : Ax A — P(U x U), where
(F ;2 G)(tl,tg) = F(t1> X G(tg) for all (tl,tQ) € A x A

Definition 2.7. [5] A relation from F to G is a soft subset of F x G.
In other words, a relation from F to G is of the form (H;, S) where
S - Ax A and Hl(tl, t2) = F(tl) X G(tg) for all (t17 tg) es.

3. Soft relations and soft functions

In this section, let A C E and F, G € S¢(A, U). We initiate this section
by establishing the notion of soft elements of a soft set.

Definition 3.1. A pair (f, A) is called a soft element of F' if f(t) €
F(t) for all t € A, where f is a mapping given by f: A — U. We simply
write f for the soft element (f, A). The fact that f is a soft element of
F will be denoted by f € F.

Note 3.2. For the existence of a soft element, we must have to take
F(t) # ¢ forall t € A, ie.,, F must be a full soft set.
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Definition 3.3. (1) A soft set F' is said to be a singleton soft set if F'(¢)
is a singleton set for each ¢ € A. In this case, F' is denoted simply by {f},
where f is the only soft element of F.

(2) Two soft elements f, g € F are said to be soft equal, denoted by f=g,
if f(t) =g(t) for all ¢t € A.

Note 3.4. A soft set F' € Sy(A, U) may also be described by charac-
terizing property of its soft elements, which is given by

F={f:f:A— U, where f(t) € F(t),Vt € A}.
Some properties of soft elements are listed in the following proposition.

Proposition 3.5. Let F, G € Sy(A, U). Then

() FEF & {f}CF: :

(i) FCG < feF implies feqG;

(iii) If FNG € Sy(A, U) then fEFNG < fEF and fEG;
(iv) fEF or f;éGéféFOG;
(
(
(

1
i

v) fEF° = f&F; B
vi) féF\NG:>f§F and f¢&G;
vii) F= U {f}.
fer

Example 3.6. Let U = {uy, us, us, us}, E = {p1, p2, p3s} and A =
{p1, p2}. Let FF: A — P(U) is given by F(p1) = {u1, ua}, F(p2) =
{u2, u3}, and G : A — P(U) is given by G(p1) = {w, ua}, G(p2) =
{us, us}. Hence we have (FNG)(p1) = {w}, (FNG)(p2) = {us} and
(FUG)(p1) = {ur, us, us}, (FUG)(p2) = {ua, us, us}).
Also F(p1) = {us, us}, F(p2) = {u1, ua} and (F'\ G)(p1) = {u2},
(F'\ G)(p2) = {u2}
Then the soft elements of F' are f; ={(p1, u1), (p2, u2)};

fo={(p1, w1), (P2, u3)}; fs={(p1, u2), (P2, u2)}; fa={(p1, u2), (P2, us)}.
Also the soft elements of G are g1 ={(p1, u1), (p2, uz)};

g2 ={(p1, w1), (p2, wa)}; g5 ={(p1, ua), (P2, uz)}; g2 ={(p1, ua), (p2, ua)}.
So, the soft elements of FUG are a; ={(p1, u1), (p2, u2)};

GQ;{(Ph Ul), (Pza U3)}; Clzg{(Ph Ul), (Pza u4)};a4£{(p1, Uz), (p27 Uz)}§
as =1{(p1, u2), (P2, us)}; as ={(p1, u2), (P2, us)}; ar ={(p1, wa), (P2, u2)};
a8;{(p17 Uyg), (p2, U3)}§ a9;{(p17 Uyg), (P2, u4)}~

Also the soft element of F'\ G is by ={(p1, u2), (pa2, ua)}.

Remark 3.7. Converse parts of (iv)-(vi) in the Proposition 3.5 are not
true in general. Continuing Example[3.6] it is seen that ag = {(p1, us), (P2, ua)}
is a soft element of FUG but ag éF and ag éG.

Again a3 ={(p1, u1), (p2, ug)} is not a soft element of F' and F°. Also
fL={(p1, w1), (p2, uz)} is a soft element of F but f1 €G and fi & F\ G.
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Note 3.8. Since F xG € Sf(A x A, U x U), any soft element a of
F x G is a mapping a : A x A — U x U such that a(t, t;) € F(t;) x
G(ty) for all (t;,t) € Ax A. Let fE€F, g€G. Now consider an ordered
pair (f, g), defined by (f, g) : Ax A — U x U, where (f, g)(t1, t2) =
(f(t1), g(t2)) for all (t1,t2) € A x A. Since f(t;) € F(t1), g(t2) € G(ta)
then (f, g)(t1, t2) € F(t1) x G(t2) for all (t1,t2) € A x A. Hence the
ordered pair (f, g) is a particular type of soft element of F' x G.

Remark 3.9. If a is a soft element of F X G then @ may not be of the
form (f, g) for some f€F, g€G. This fact is justified by the following
example.

Example 3.10. Let F, G be two soft sets as defined in the Example|3.6
Then (F x G)(p1, p1) = F(p1) x G(p1) = {us, ug} x {u1, us} = {(u1, wy),
(u1, ua), (u2, u1), (uz, uq)}t. Similarly,

(£ X G)(p1, p2) = {wr, uapx{us, ua} = {(u1, us), (w1, ua), (u2, us), (u2, ua)};
(Fff G)(p2, p1) = {ug, us}x{u1, us} = {(ug, 1), (u2, ua), (us, u1), (us, ua)};
(F X G)<p2> p2) = {u27 ’u,3}><{’u,3, U4} = {(u27 U3), (u27 U4), (u37 U3>, (U3, U4)}
Now consider a soft element a: A x A — U x U be defined as follows:

a(pr, p1) = (u1, w1); a(p1, p2) = (u1, us);

a(pz, p1) = (u2, w1); a(pz, p2) = (u2, ua).

But there does not exist any f € F, g€ G such that a = (f, ¢g). In fact, each
of the soft sets F, G contains 4 soft elements and therefore, the number
of soft elements of the form (f, g) in F'x G is 16 but the total number of
soft elements in F x G is 4%.

Notation 3.11. The set of all soft elements of F' x G of the form (f, g),
where fE€F, g€G is denoted by (F, G).

Now, we redefine the notion of soft relation by modifying the definition
of soft relation given by Babitha et al.[5] in 2010.

Deﬁnitiorl 3.12. A soft relation R from F to G is a soft subset of
F x G, ie., R(t,ta) C F(t1) x G(tg) for all (t1,t3) € Ax A. In particular,
a soft relation on F is a soft subset of F x F.

Note 3.13. Let R be a soft relation from F to G. A soft element
fEF is related to g€ G by the soft relation R if (f, 9) ER and it is
expressed by fég. If (f,9) §NZ]§ then f € F is not related to g€ G by
the soft relation R, which is denoted by f R’ g.

Definition 3.14. Let R be a soft relation from F' to G. Then the
domain of R is denoted by Dom(R) and defined by the soft set D : A —
P(U) such that for all ¢; € A,

D(t)) ={z € F(t1) : (z, y) € R(ty, t2) for some t, € A and y € G(t5)}.
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The Image of R is denoted by Im(R) and defined by the soft set I : A —
P(U) such that for all ¢; € A,

I(t) ={y € G(t)) : (z, y) € R(ts, t1) for some t5 € A and z € F(t5)}.

Note 3.15. From the Definition m, it is clear that Dom(R)C F and
Im(R) C G.

Example 3.16. Continuing Example , consider a soft relation R
from F to G as: R(py, pr) = {(uz, u1)}; R(ph p2) = {(u2, ua)}; R(ps, p1) =
{(us, u1)}; R(p2, p2) = {(us, ua)}. Then domR(p1) = {us}, domR(ps) =

us} and ranR(p;) = {ur}, ranR(pQ) = {u4}. From Example [3.6/and Note
it follows that f Rgz and f4R g3

Using the notion of soft elements the concepts of reflexive, symmetric,
transitive and equivalence relations on a soft set are presented below:

Deﬁmtlon 3.17. Let R be a soft relatlon on F. Then
(1) R is said to be soft reflexive if (f, f) € R for all fEF.

(2) R is said to be soft symmetric if for any f, g€ F,

(f,9)ER= (g, f)ER.
(3) R is said to be soft transitive if for any f, g, h € F,

(f,9)€R and (g, h)ER = (f, h) €R.
(4) R is said to be a soft equivalence relation if R is soft reflexive, soft
symmetric and soft transitive.

Example 3.18. Consider the soft set F' € S¢(A, U) as in the Example
@ and a soft relation R on F as follows:
E(Pl; p1) = {(u1, wr), (ur, ug), (uz, uz)};
}E(pl, pa) = {(u1, uz), (ur, us), (uz, uz), (u2, us)};
}E(m, p1) = {(u2, ur), (ug, ug), (us, wr), (us, uz)};
R(p2, p2) = {(u2, u2), (u2, us), (us, us)}.
The soft elements of F' are f1 ={(p1, u1), (p2, u2)}; fo={(p1, 1), (p2, us)};
fs={(p1, Ug)a (p2, u2)}; fa=A{(p1, u2), (p2, us)}. _Now (fr, f)(pr, ;1) =
(w1, ur) € R(p1, p1); (fr, f1)(@1, p2) = (w1, u2) € R(p1, po); _
(f1, f1)(p2, p1)~:~(u2, ur) € R(pz, p1); (fi, f1)(p2, p2) = (ua, uz) € R(]?E7NP2)-
Hence (f1, f1) € R. Similarly, it follows that (f2, f2), (f3, f3), (f4, f1) € R.
So, R is a soft reflexive relation on F. Again, it also follows that (fi, f2),
(f1, f3) ~(]ib f1), (~f27 f1), (f3, fa) € R. Tt is seen that (f1, f2) EIE but
(f2, f1) € R. So, R is not a soft symmetric relation on F. Here R is a soft
transitive relation on F.

Example 3.19. Consider the soft set F' € S¢(A, U) as in the Example
B.6l and a soft relation T on F as follows:
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T(p1; p1) = {(u1, wa), (1, uz), (ug, ur) (uz, usz)};
T(p1, pa) = {(u1, u2), (ur, us), (u2, us), (u2, us)};
Z(pm p1) = {(u2, ur), (ua, ug), (us, u1), (us, u2)};
T (p2; p2) = {(u2, u2), (uz, us), (us, us), (us, us)}

Then it can be verified that 7' is a soft reflexive, soft symmetric and soft
transitive relation on F. Therefore T is a soft equivalence relation on F.

Definition 3.20. Let F € Sf(A, U) and R be a soft relation on F.
(1) If R=F X F then R is called the universal soft relation on F. In this
case ng hold for all f, g€ F.

(2) If R=®, where ® : Ax A — P(U x U) is a null soft set, then R is
called the null soft relation on F. In this case f R g forall f, geF.

Note 3.21. The universal soft relation on a soft set F' is a soft equiva-
lence relation. Since the null soft relation is not soft reflexive, it can not be
a soft equivalence relation.

Definition 3.22. Let R be a soft relation on F. The soft inverse of the
soft relation R, denoted by R™!, is defined by R~!(t,s) = R(s,t) for all
t, s e A.

Proposition 3.23. Let R be a soft relation on F. Then B
(1) R is soft symmetric if and only if (a,b) € R(t,s) = (b,a) € R(s,t) for
all t, s € A.
(2) R is soft symmetric if and only if R~ is soft symmetric.

Proof. (1) Let R be a soft symmetric relation on F and (a,b) € R(t, s)
for some t, s € A. Then there exists at least one ordered pair (f,g) € R
such that (f,g)(t,s) = (a,b). This implies f(t) = a, g(s) = b. Since R
is soft symmetric, by Definition we have (g, f) € R. Hence (b,a) =
(9. )(s5,1) € R(s,t). i o
Conversely, let (a,b) € R(t,s) = (b,a) € R(s,t)Vt, s € A. Then (f,g)€R
= (f.9)(t;s) € R(t,s), Vi, s € A= (f(t),9(s)) GR(t s),Vt,s € A =
), f(1) € (s,t) Vi, s€e A= (g,f) €R. So, R is soft symmetric.

Suppose R is soft symmetric. Then (f, g)ER = (f,9)(t,s) €
(t, )VtseAé(f(t),g(s))ER Lt,s) = R(s,t),Vt, s € A =
$), (1)) € R(t,s),Vt, s € A= (g(s), (1)) € }N%’l(s,t), Vi, s € A =

)€ R~!. Hence R! is soft symmetric. Converse part is similar. O

(g(s
(2)
e
(9(
(9

Theorem 3.24. Let S T be two soft equivalence relation on F. Then
SAT is also a soft equivalence relation on F.

Proof. From Proposition [3.5[(iii) and Definition [3.17, Theorem follows. [J
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Next we confined ourself for the development of the notion of soft equiv-
alence class relative to a soft equivalence relation on a soft set.

Definition 3.25. Let R be a soft equivalence relation on F. For all
f € F, the soft equivalence class of f is defined to be the soft set L : A —

P(U), where L(t)= |J {g(t):g€F} forall t € A, and it can also be

(9, /)ER

written as L= O {g:g€F}.
(9./)ER
The soft equivalence class of f will be denoted by [f]z instead of L.

Note 3.26. Since R is soft reflexive, (f, f) € R. Therefore f & [f5-
Note 3.27. Since g€ F, {g} C F. Therefore [f]5zC F.

In the following theorem, some basic properties of soft equivalence classes
are presented.

Theorem 3.28. Let R be a soft equivalence relation on F. Then
(i) for all fEF, [f]z % P, where @ is a null soft set,
(ii) for all f, g€ F, [f]g% 9z fRy,
(iii) for all f, g€ F, if fR'g then [f]z M [g]7 contains no soft element of F,
(iv) for all f, g€ F, either [f]z=[g]lz or [flzN[g]z contains no soft ele-
ment of F.

v) F= U lflz

fer

Note 3.29. (1) If fR g then [f]zN[g]z may not be soft equal to ®.
It is justified by the Example [3.37]
(2) If two or more soft equivalence classes have no common soft element,
then the soft equivalence classes are said to be distinct.

The definition of soft partition, given by Babitha and Sunil [5] is de-
scribed by:

Definition 3.30. [5] Let F' € S¢(A, U). A family {F, : a« € I}, I being
the index set, of non-null soft subsets of F' is said to form a soft partition
of F if
(i) F,NFz=® forall a, B €1, a# [ and
(ii) F= | F..

aecl

Example 3.31. Consider the soft set F as in the Example B.6] i.e.,
F(p1) = {u1, us}, F(p2) = {ua, us}. Take a family of soft subsets {F7, F»}
of F, where Fl(pl) = {ul}, F1<p2) = {UQ} and Fg(p1> = {UQ}, Fg(pg) =
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{uz}. Then F=F,UF, and F; N F,=®. Then by above Definition {F;, Fy}
form a soft partition of F. It is to be noted that fo={(p1, w1), (p2, us)},
fs={(p1, u2), (p2, uz)} are soft elements of F' (as in the Example but
neither f5, f3 are the soft elements of F; nor the soft elements of F5.

Thus a soft partition over a soft set, in the sense of Babitha and Sunil
[5], is not being able to exhaust the collection of all soft elements of the soft
set. So, we are now in a position to modify the definition of soft partition
over a soft set, which is described in the following.

Definition 3.32. Let F' € S;(A, U). A family {F, : a € I}, I being
the index set, of non-null soft subsets of F' is said to form a soft partition
of F'if
(i) fEF = Ja eI such that f€F,, and
(i) for all £ B € I, F,, N F3 contains no soft element of F.

Example 3.33. According to Definition the family of soft subsets

{Fi, Fo} of F (asin the Example[3.31) is not a soft partition of F. Contin-
uing Example , consider a family of soft subsets {F3, Fy} of F, where
F3(p1) = {wi}, F3(p2) = {u2, uz} and Fi(p1) = {ua}, Fu(pz) = {ug, us}.
Among the soft elements fi; ={(p1, u1), (p2, u2)},
Jo=A(p1; w1), (p2, us)}, f3={(p1, u2), (p2, w2)}, fa={(p1, u2), (p2, us)} of
F, fi, fo€Fy and f3, fy€ Fy. Since (F5NFEy)(p1) = ¢, (F3NFy)(p2) =
{uy, us}, then F3N F, contains no soft element of F. By Definition m
{F3, Fy} form a soft partition of F.

Note 3.34. By condition (i) of Definition[3.32] it follows that F'= [ F,.

acl

Note 3.35. For a soft equivalence relation R on F , if we consider the
family P of all distinct soft equivalence classes, i.e.,
P ={[fi]z: f; € Fand fori # j, [fi]z N [fj]5 contains no soft element of F'}.
Then by Definition [3.32] the family P of distinct soft equivalence classes
constitutes a soft partition of the soft set F. Therefore each soft equivalence
relation on a soft set F' yields a soft partition of F. In the next Theorem,
the converse of this fact is proved.

Theorem 3.36. Let P = {F, : o € I}, I being the index set, be a
soft partition of F. Then there exists a soft equivalence relation R on
F' corresponding to the soft partition P such that every members of P
become a soft equivalence class relative to the soft relation R.

Proof. Forany f, g € F, define a soft relation Ron F by fﬁg & f, gEF,
for exactly one F, € P. Then it is similar task as crisp concept to prove
that R is a soft equivalence relation on F.
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Now consider the soft equivalence class [f];z for f€F. Since f€F, by
definition of soft partition there exist « € I such that f € F,. We claim
that [f]z=F,. Since g€[f]lz & gRf < g€F,, therefore [f]z=F,.
Conversely, if F, € P, F,=|f]z forall f€EF,. O

Example 3.37. Let U = {uy, ug, us, us} and A = {t;, to}. Consider
a soft set F, defined by F(t1) = {uy, ug, us} and F(t3) = {us, us}. Then
the soft elements of F' are f1 = {(tl, Ul), (tg, Ug)}, f2; {(t17 u1>, (tg, U4)},
fs=A{(t1, u2), (t2, us)}, fa={(t1, ua), (t2, us)}, fs={(t1, us), (t2, us)},

fo={(t1, u3), (t2, ug)}. Now consider a soft relation R on F as follows:

R(ty, t) = {Eul, 1), (uz, ug), (ur, ug), (uz, ur), (us, us)};
R(ty, ta) = {(u1, us), (wr, us), (uz, ug), (ua, ua), (us, us), (us, ua)};
R(ty, t1) = {(us, w1), (ws, ua), (us, ua), (ua, up), (us, us), (us, us)};

R(ta, t2) = {(us, us), (ws, ua), (us, ua), (us, us)}.

Then by Definition , R is a soft equivalence relation on F. Hence the
distinct soft equivalence classes are [f1]z={fi}U{fo}U{fs}U{fs} and
[fslz={fs}U{fs}. Therefore {[fi], [fs]z} forms a soft partition of F.
Again [fi]z(t1) = {uy, us}; [fi] 5(t2) = {us, ua} and [fs]5(t1) = {us};
[f5]a(t2) = {us, ua}. Then ([filgN[fs]z)(t1) = ¢ and ([fi]g N [f5]z)(t2) =
{us, us}. So [fi]gN[fs]z is not a null soft set. On the other hand, we
now consider a soft partition P = {F, Fy} of the above soft set F, where
Fi(th) = {ur, ua}, Fi(t2) = {us, ua} and Fy(t1) = {us}, Fo(t2) = {us, ua}.
For any f, g€ F, define a soft relation R on F' by fRg <& f, g€ F; for
exactly one F; € P. Then R is a soft equivalence relation on F' and

B =[filg=flg=fl5=fig Fa=fsl= fslz

In the conclusion of this section, we now define soft function which will
be needed in the subsequent section.

Definition 3.38. A soft relation R from F' to G is said to be a soft
function (or, soft mapping), denoted by R : F — G, if the following condi-
tions are satisfied:

(1) domR=F and
(2) for each soft element f & F there exist a unique soft element g € G
such that f ﬁg.

In this case f Eg will be written as ﬁ(f) =g.

_ Note 3.39. The set~}N%(F) = {R(f) jéF} is called the image set of
R or the range set of R. The image set R(F') is a soft subset of G.

Example 3.40. The soft relation R from F to G, as defined in the
Example [3.16] is not a soft function because domR={f,} % F.
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Example 3.41. Let F, G be two soft sets as described in the Example
3.6, Now define a soft relation T from F' to G as follows:
T(p1, p1) = {(ur, w), (w2, w1)}; T(p1, p2) = {(u1, ua), (u2, ua)}
T(p2, p1) = {(U2, uy), (us, w1)}; TN(pz, pa) = {(u2, ua), (us, U4)}
Then domT (p;) = {u1, us}, domT'(ps) = {u2, us}. Hence domT = F. Now
it is easy to check that T(f1) =g =T (f2) =T(f3) =T(fs). Therefore T is
a soft mapping from F to G and T(F) ={g2} CG.

Definition 3.42. (1) A soft mapping R:F — G is said to be injective
(one-one) if for any fi, fo EF, fi£fr= R(fl) #R(fg)
(2) A soft mapping R:F — G is said to be surjective (onto) if
R(F)=G.
(3) A soft mapping R:F — G is said to be bijective if R is both
injective and surjective.

Example 3.43. The soft mapping given in the Example [3.41] is neither
injective nor surjective. Now let F, G be two soft sets and fi, fo, f3, fa
are the soft elements of F and g1, 92, 93, g4 are the soft elements of G,
as defined in the Example Define a soft relation Q from F to G as
follows:

Q(pr. p1) = {(ur, w),
Q(pl, p2) = {(u1, ua),

Uy, U4) (UQ, Ul) (Ug, U4)}

ug, us)}, Q(pm p1) = {(uz, ws), (us, u1)},
Q(p2, p2) = {(u2, u3), Uza ug), (us, us), (us, us)}.

Then by Definition domQ(pl) {u1, us}, domQ(pg) = {ug, us}.
Hence dOHlQ F and Q(fl) 94, Q(fz) 92, Q(fsl g3, Q(f4);91- There-
fore Q is a soft mapping from F' to G and also @) is bijective.

(
(

4. Soft groups

Throughout this section, let (U, o) be a group and F, G € S¢(A, U). At
first we confined ourself to introduce the notion of binary composition on
a soft set. In crisp concept, a binary composition on a set U is a mapping
f:UxU — U, ie., f assigns to each ordered pair of elements of U to a
definite element of U. Since all soft elements of F X F' may not be of the
form (f, g) for some f, g€ F, to define a binary composition on a soft set
F, we restrict the domain of binary composition F' X F to (F, F), the set
of all soft elements of F'x I of the form (f, g) for some f, g€ F.

Definition 4.1. A binary composition on F' is a soft mapping R :
(F, F)) — F. Then a binary composition on F' assigns to each ordered
pair of soft elements of F' to a definite soft element of F. The binary
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composition R will be denoted by the symbols like o, *. The image of the
soft element (f, g) is denoted by the symbols like fog, f*xg.

Definition 4.2. Let F' € S¢(A, U). Consider a binary composition *
on F as (f¥g)(t) = f(t)og(t) forall t € A and f, g€ F. If fxg€eF for
all f, g€ F then the algebraic system (F, %) is said to be a soft groupoid.

Note 4.3. If F(t) forms a groupoid with respect to ‘o’ for all t € A,
then (f*g)(t) = f(t)og(t) € F(t) for all t € A and for f, g€ F. Hence
f¥g€F forall f, g€F. Then (F, %) forms a soft groupoid.

Definition 4.4. A soft groupoid (F, %) is said to be a commutative soft
groupoid (soft semigroup) if * is commutative (associative) on F respec-
tively.

Definition 4.5. (1) A soft element e € F is said to be a soft identity
element in a soft groupoid (F, %) if ex f=f¥e=f forall fEF.
(2) In a soft groupoid (F, %) with soft identity element e, a soft element
f €F is said to be invertible if there exist a soft element f € F' such that
f¥f=f%f =e. Then f is called a soft inverse of f.

In 2007, Aktas and Cagman [2] defined the notion of soft group as a pa-
rameterized family of subgroups of the universal group, which is as follows:

Definition 4.6. [2] F is said to be a soft group over U if F(t) is a
subgroup of U for all t € A.

Definition 4.7. [2] Let F CG and G be a soft group over U. Then F
is said to be a soft subgroup of G, written as F'< @, if F(t) is a subgroup
of G(t) for all t € A.

We now redefine the notion of soft group as a binary composition of soft
elements as follows:

Definition 4.8. A soft groupoid (F, *) is said to be a soft group, where
% is defined in the Definition [4.2] if
(i) * is associative,
(ii) 3 a soft element e € F such that ex f=f¥e=f forall fEF,
(iii) for each soft element f € F, there exist a soft element f € F' such that
FRIZIRS Ze

Note 4.9. (1) The soft element e€ F is said to be a soft identity ele-
ment in the soft group (F, *). By condition (iii) of Definition [4.8] it follows
that e(t) = ey (the identity element of U ) for all t € A. Therefore the
soft identity element e in a soft group is unique.
(2) The soft element f € F is said to be a soft inverse of f€ F. By con-
dition (iv) of Definition , it follows that f'(t) = [f(t)]"" for all t € A.
Therefore each soft element f € F' has unique soft inverse. The soft inverse
of a soft element f will be denoted by f~1.
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Definition 4.10. Let FCG and (G, %) be a soft group. Then (F, %)
is said to be a soft subgroup of (G, %) if (F, *) forms a soft group.

Theorem 4.11. (F, %) is a soft group if and only if F(¢) is a subgroup
of U forall t € A.

Proof. Suppose (F, %) forms a soft group. Let ¢t € A be fixed but arbitrary.
Let a, b € F(t). Then there exist f, g€ F such that f(t) = a, g(t) = b.
Since (F, %) is a soft group, f¥g€F = aob= f(t)og(t) = (f*g)(t) €
F(t). o isassociative on U, since ¥ is associative on F. By Note[d.9] e(t) is
the identity element of F'(t), where e is the soft identity element of F. Now
JEF = [1EF. Hence ao [~}(t) = f(t)o f1(t) = (5 f)(t) = e(t),
the identity element of F(t). Similarly, f~'(¢) o a = e(t). Therefore each
a € F(t) has an inverse in F(f). Since t € A is arbitrary, F(f) is a
subgroup of U for all t € A.

Conversely, let F'(t) is a subgroup of U for all t € A. Then by Note
(F, *) forms a soft groupoid. Clearly, * is associative on F. The soft
element e € F, where e(t) = ey (identity element of U) for all ¢t € A, is
the soft identity element of F. Let f&F. Then f~1(t) = [f(t)]! € F(t)
for all t € A= f~1€F. Therefore (F, %) forms a soft group. O

Remark 4.12. From the Theorem [4.11], it is seen that the notion of soft
group given by Aktas et al. is equivalent to that of the notion given in the
Definition 4.8 But this alternative definition of soft group gives us freedom
to think a soft group like an ordinary group. Hence all the elementary group
properties may hold for a soft group, which is a matter of investigation.

In the following theorems, some properties of a soft group (soft sub-
group) are stated and the proofs are being omitted as these are straightfor-
ward.

Theorem 4.13. Let F' be a soft group over U. Then
(i) left and right cancellation law holds in F,

(ii) for all f, g€F, (f¥g) t=g 15 f L

Theorem 4.14. Let F C G and G be a soft group over U. Then F <G
if and only if for all f, g€F, f¥g ' €F.

Example 4.15. Let U = S3 = {po, p1, p2, p3, P, p5}, where py =
the identity permutation, p; = (1, 2,3), p2 = (1, 3,2), p3 = (2, 3),
ps=(1,3), ps = (1, 2). Then (U, o) is a group, where ‘o’ is the usual com-
position of mappings. Consider the parameter set A = {t1, to} and define a
soft set F': A — P(U) as F(t1) = {po, p1, p2} and F(t2) = {po, ps}. Since
F(t1), F(ty) are subgroups of U, by Definition , F' is a soft group over
U. Now the soft elements of F' are f;={(t1, po), (t2, po)}, fo={(t1, po), (t2, p3)},
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f3;{<t1a pl)a (t27 po)}? f4;{(t17 p1)7 (tQa p3)}a f5;{(t17 p2)7 (tQ’ po)}’
fo ={(t1, p2), (t2, p3)}. Define a binary composition * on F as in the Def-
inition [4.2] i.e., (fi% f;)(t) = fi(t) o f;(t) for all fi, f;€F and t € A.

Then the composition table of * is given by:

* | fil fa| fa| fa| fs| fs
Sil il el fs|fa| fs | fs
Jol Lol ol fal 3| fe | [5
sl sl falfs|Je| J1] [o
JolJa| 3| fe | Js| 2| [
Is| sl Je| il fo] 3| fu
Jo | fo | Js | fo| Ju| Ja| f3

Hence (F, x) forms a soft commutative group. The soft identity element
is fi and f;' = fo, f5'=f5, fi' = fs. Then the soft subgroups of F are

given by FO;{fl}S Flg{fl}o{fQ}Q F2;{f1}0{f3}0{f5} and F.

Definition 4.16. A soft group F' over U is said to be a finite soft group
if ' contains a finite number of soft elements. The order of a finite soft
group F, denoted by |F|, is the number of soft elements of F.

Definition 4.17. Let (F, *) be a soft group. For all positive integer n,
define the integral power of a soft element f € F by
fr=[fxfxx f (ntimes) ie., f*(t) = f(t)o f(t)o...o f(t), Vt € A.
Similarly, f™=f1%f1%..%¥f ! (ntimes) and f°=e, where e is the
soft identity element of F.

Definition 4.18. Let (F, %) be a soft group. The order of a soft element
f €F, denoted by o(f), is the least positive integer n such that f"=e,
where e is the soft identity element of F. If such positive integer exist then
f is said to be of finite order otherwise f is said to be of infinite order.

Example 4.19. As a continuation of Example 4.15 we see that |F| =6
and o(f1> =1, O(fQ) =2, o<f3) = 3,o(f4) = 6,O(f5) = 37O(f6) = 0.

5. Soft cosets

Throughout this section, (U, o) is a group and H, G € Sy(A, U).

Definition 5.1. Let G be a soft group over U and H <. For any
a € G, the soft set a¥ H : A — P(U), defined by (a* H)(t) = a(t) o H(t)
for all t € A, is called a soft left coset of H in G determined by a.
Similarly, the soft set H*a: A — P(U), defined by (H*a)(t) = H(t)oa(t)
for all t € A, is called a soft right coset of H in G determined by a.
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Remark 5.2. Let a€G. Then f€axH = f(t) € (axH)(t) = a(t) o
H(t) for all t € A. In particular, if A = {t1, t2}, f(t1) = a(t1) o u, where
u € H(t) and f(t2) = a(ts)ov, where v € H(t). From the Definition [3.1]
there must exist a soft element h € H such that h(t;) = u, h(ty) = v. Hence
f(t1) = a(ty) o h(t1) = (axh)(t1) and f(t2) = al(tz) o h(t2) = (axh)(t2).
Therefore f=axh for some h € H. So, the soft left coset a* H may also
be described as a* H={a%h : h€ H}. Similarly, the soft right coset H % a
may be described as H¥a={h%a:h€ H}.

Note 5.3. If G is a soft group and H <G, then G(t) is a subgroup of
U and also H(t) is a subgroup of G(t) for all t € A. Again, a € G implies
a(t) € G(t) for all t € A. Therefore (a* H)(t) = a(t)o H(t) C G(t) for all
te A So, a¥* HCG for all a€@G. Similarly, H¥aC G for all a€G.

Note 5.4. If H <@, then the soft identity element e € H. For a € G,
a(t) = a(t)oe(t) € a(t)o H(t) for all t € A. Therefore a € a* H. Similarly,
a€ H¥a.

Example 5.5. As a continuation of Example [4.15] consider the soft
group (F, ¥) and the soft subgroup (Fy, ¥), where Fy={f}U{f}.
Then soft left cosets of Fy in F are fi ¥ Fy ={fi}U{fo} = F1; fox [} = FY;
[s¥ L ={fs}U{fu} = fu¥ Fr; fs¥ FL={f5} O{f6} = fe* F1. Hence Fy(t;) =
{po}, Fi(t2) = {po, ps}; (fsxF1)(t1) = {p}, (fs*F1)(t2) = {po, ps} and

(fs* F1)(t1) = {p2}, (fs* F1)(t2) = {po, ps}-

Theorem 5.6. Let G be a soft group over U and H <G. Then h€ H
if and only if hx H=H.

Proof. To prove hx H= H, we have to prove (h* H)(t) = H(t) for all ¢t €
A. Let t € A be fixed. Since G be a soft group over U and H <G, then
(G(t), o) is a group and H(t) is a subgroup of G(t). Moreover, h€ H =
h(t) € H(t). Since h(t)o H(t) is a left coset of H(t) in G(t), h(t)o H(t) =
H(t). This implies (hx H)(t) = H(t). Since t € A is arbitrary, hx H = H.
Conversely, let h% H= H. By Note heéh%H = hEH. O

Theorem 5.7. Let G be a soft group over U and H <G. Then
a€G\ H if and only if (a¥ H)NH = .

Proof. From the given condition, we have (G(t), o) is a group and H(t) is
a subgroup of G(t) forall t € A. Now a € G\ H < a(t) € G(t)\ H(t), Vt €
Asalt)o HE)|NH({)=9¢,Vte As (ax H)NH=d. O

Theorem 5.8. Let G' be a soft group over U and H < G. Then
a€G,a¢ H << (ax H)NH contains no soft element of G.
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Proof. At first let a € G, a;H. Suppose (a* H)N H contains a soft ele-
ment f. Then f€(a* H)NH = f€a*H and fEH = Ih€H such
that f=a%h = a=fxh ' €H (since H<G). This is a contradiction.
Therefore (a% H)N H contains no soft element of G.

Conversely, let (a% H) N H contains no soft element of G. By Note
a€axH. If a€ H, then a€ (a* H)NH. It contradicts our assumption.

Therefore a é H. O]

Theorem 5.9. Let G be a soft group over U and H <G. For any
a, b€G, either a¥ H=b% H or (a¥ H)N(b¥ H) contains no soft element
of G.

(bx H) contains a soft element, say f. Then
fE (¥ H)A(bF H) = f(1) € [alt) o H(1)] N [b(t) o H(1)] # 6.Vt € A,
Since for all t € A, a(t), b(t) € G(t), H(t) < G(t) and a(t) o H(t), b(t) o
H(t) are left cosets of H(t) in G(t), then by crisp concept for ¢t € A,
[a(t) o H®)] N [b(t) o H(t)] # ¢ = alt) o H(t) = b(t) o H(t). This implies
axH=0bxH. [

Proof. Suppose (a¥H)N (b
)

Example 5.10. In this example, we will show that there exist a, b€ G
such that ax H * b¥H and (a* H)N(b¥ H) % ©. FromExamplem
see that (f3* F1) N (fs* F1) ={(t1, ¢), (2, {ro, ps})} # @. Also fy* I3 ?g
fFF

Theorem 5.11. Let G be a soft group over U and H < @. The soft
relation R on G defined by ng(:)f Y%g€ H,V [, g€ G is asoft equiv-

alence relation on G and each equivalence class is a soft left coset of H in
G, ie., forall fEG, [f]z=[*H.

Note 5.12. Since each equivalence class is a soft left coset of H in G,
then by Note[3.35] G is partitioned into distinct soft left cosets.

Theorem 5.13. Let G be a soft group over U and H <G. Then the
soft elements of H are in one-one correspondence with the soft elements of
any soft left coset of H in G.

Proof. Let aéGNand a* H be a soft left coset of H in G. Let us define
a soft mapping R : H — a*H by R(h)=a*h for all h€ H. Suppose
hi, ho € H. Then R(h)= R (hs) < a¥hi=a%hy < hy = hy (by left can-
cellation law). Therefore R is well deﬁned and injective. To show R
is onto, let g€a* H. Then L by Remark [5.2) there exist h € H such that

g=axh. This implies g= R(h). Hence R is surjective. Therefore R is
bijective. O]

Corollary 5.14. Let G be a soft group over U and H < G. Then for
all a€G, |H| = |a% H].
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Definition 5.15. Let G be a soft group over U and H < G. Then the
number of distinct soft left (right) cosets of H in G is called the index of
H in G. The index of H in G is denoted by [G : H].

In group theory, Lagrange’s Theorem states that the order of every sub-
groups of a finite group divides the order of that finite group. The analogous
result for a soft group is given in the following theorem.

Theorem 5.16. Let G be a finite soft group over U and H < G. Then
order of H divides the order of G. Moreover, |G| =[G : H||H]|.

Proof. By the Note and the Corollary the proof follows. O]

Example 5.17. From Example [4.15] we have |Fy| =1, |Fi| = 2, |Fy| =
3 and |F| = 6.

6. Soft rings

Throughout this section, let (U,+,.) be a ring and F € S¢(A4,U). We
initiate this section by rewriting the notion of soft ring as a parameterized
family of subrings of the universal ring, which was introduced by Acar et
al.[T] in 2010.

Definition 6.1. [I] F' is called a soft ring over U if F(t) is a subring
of U for all t € A.

Definition 6.2. [I] Let F CG and G be a soft ring over U. Then F
is called a soft subring of G if F(t) is a subring of G(t) for all t € A.

Now we redefine the notion of a soft ring by using the binary composi-
tions of its soft elements as follows:

Definition 6.3. F' is said to form a soft ring with respect to two binary
compositions + and 7 defined on F for all f, g€ F as

(F T 9)(t) = £(t) + g(t) and (FTg)(t) = f(t).g(t) forallt € A (1)

if the following conditions are satisfied:

(i) (F, +) is a commutative soft group;

(ii) (F,~) is a soft semigroup and

(iii) for any three soft elements f, g, h € F,

the left distributive law f~(g+h)= fTg+ f~h and

the right distributive law (g +h)~ f =g~ f + h~ f both hold.

The soft ring is denoted by ( F, +,7) or simply by F when no confusion
regarding the underlying binary compositions arises.
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Theorem 6.4. (F, +,7) is a soft ring if and only if F(t) is a subring
of (U,+,.) for all t € A.

Proof. Suppose (F, +,7) is a soft ring. Then (F, +) is a commutative
soft group, (F,~) is a soft semigroup and both distributive laws hold in
F. Then by Theorem [1.11} F(t) is a subgroup of (U,+) for all ¢t € A
and (F(t),.) is a semigroup for all t € A. Let t € A be fixed but arbi-
trary. Let a, b, ¢ € F(t). Then there exist f, g, h€ F such that f(t) =
0, g(t) = b, h(t) = c. Hence a+b= f(t) +g(t) = (f T-9)(t) = (g F )(t) =
g(t) + f(t) = b+ a. So, F(t) is a commutative subgroup of (U,+).
Again, a.(b+c) = f(t).lg(t) + h(t)] = F().(gF h)(®) = [ ~ (g T h](t) =
[f g+ 7)) = (F-g)@) + (fh)(@) = f(t).g(t) + f()-h(t) = a.b+a.c.
So, the left distribution law holds in F(¢). Similarly, the right distribution
law holds in F'(t). Since t € A is arbitrary, F(t) is a subring of (U,+,.)
for all t € A.

Conversely, suppose F(t) is a subring of (U,+,.) for all ¢ € A. Then by
Theorem m, (F, ¥) is a soft group and (F,7 ) is a soft semigroup.
Again F is commutative on F' as + is commutative on U. Also both the
distribution laws hold in ( F, +,7) as the distributions of . over + hold
in F(t) for all t € A. Therefore (F, +,7) forms a soft ring. O

Remark 6.5. In the Theorem [6.4] it is established that the two notions
of a soft ring given by Acar et al. and in the Definition [6.3] are equivalent.
But this alternative definition of a soft ring allow us to think a soft ring as an
ordinary ring. So, almost all the basic properties of an ordinary ring might
be true for a soft ring. Hence we shall concentrate our aim to investigate
such properties of a soft ring and note the differences from an ordinary ring.

Note 6.6. (1) The soft identity element in F with respect to + is

called the zero soft element in F. The zero soft element is unique and it is
denoted by 0p. Here 0p(t) =0 for all ¢t € A, where 0 is the zero element
of the ring (U, +,.). All other soft element in F' except O are called non-
zero soft element in F.
(2) The soft inverse of a soft element f € F with respect to + is called the
additive soft inverse of f and it is denoted by —f. Here (—f)(t) = —f(t)
for all ¢ € A, where —f(t) is the additive inverse of f(¢) in the ground
ring (U, +,.).

Definition 6.7. (1) A soft element e € F is said to be a multiplicative
soft identity (or, soft unity) in F if e f = fTe=f forall f€F.
(2) In a soft ring (F, +,~ ) with soft unity e, a soft element f € F is said to
be a soft unit if there exists a soft element g € F suchthat f7g =g~ f = e.
The soft element g € F is said to be a multiplicative soft inverse of f.
(3) Asoft ring (F, +,7) is said to be a commutative soft ring if f~g = g7 f
for all f, g€ F.
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Note 6.8. (1) By the Definition[6.7] the soft unity element in F is unique
and is denoted by e. Then it follows that e(t).f(t) = f(t).e(t) = f(t) for
all t € A, fE€F. Hence for a fixed t € A, e(t).f(t) = f(t).e(t) = f(t) for
all f€F. So, e(t) is the unity element of the subring F(t) for each t € A.
Since the subring F(t) and the ground ring (U,+,.) may have different
unity elements, e(f) may not be 1, where 1 is the unity element of the
ring (U, +,.).

(2) By the definition of multiplicative soft inverse, it follows that if g € F
is a multiplicative soft inverse of f € F then g(t) = [f(t)]"! for all ¢t € A,
where [f(t)]7! is the multiplicative inverse of f(¢) in the subring F(t)
for each t € A. However, if a soft element f € F has a multiplicative soft
inverse in F' then the multiplicative soft inverse is unique and it is denoted

by L.

Note 6.9. In soft set theory, by trivial soft ring F' we mean F(t) =
{0} V¥t € A, ie., F contains only zero soft element and it is denoted by
({0r}, +,7). A non-trivial soft ring F' contains at least two soft elements.

Example 6.10. Let U = (Zg,+,.) and A = {t1, to} be the parameter
set. Consider a soft set F': A — P(U), defined as F (t1) = {0, 3} and
F(ts) = {0, 2, 4}. Then by the Theoremi F, + is a soft ring, where
+, 7 are defined on F as in the Equation (1 8 Here 3, 4 are the unities
of the subrings F'(t1), F'(t2) respectively. Then the soft unity element e is
given by e={(t1, 3), (t2, 4)}. The soft elements f={(t1, 3), (t2, 2)}, g=
{(t1, 3), (t2, 4)} are the soft units in F and both are multiplicative soft
inverses of themselves. Here the soft ring F' is commutative.

Theorem 6.11. In a non-trivial soft ring with unity e, Op ;é e.

Definition 6.12. In a soft ring F, a non-zero soft element f is said to
be a soft divisor of zero if there exists a non-zero soft element g € F such
that either f~g=0F or g. f = 0p.

Example 6.13. Let U = (Z,+,.) be the ring of all integers. Let
A = {t1, ta} be the parameter set. Consider a soft set F': A — P(U),
defined as F(t;) = (2Z,+,.) and F(t3) = (3Z,+,.). Then by the The-
orem (F, +,7) is a soft ring, where +, 7 are defined on F as
in the Equation in Definition . Now consider two non-zero soft el-
ements f;{(tlu 0)7 (tz, 3)}7 g;{(th 2)7 (t27 O)}éF Then (f~g>(t1) =
f(t1).g(t1) = 0 and (f ~ g)(t2) = 0. Hence f~ g=0p. So, f, g are soft

divisors of zero in F.

Theorem 6.14. A soft ring (F, +,7 ) contains soft divisors of zero if
and only if one of the following conditions hold:
(1) If A contains only one parameter, F'(t) contains divisors of zero;
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(2) If A contains more than one parameter, at least one subring, say F(t;),
contains divisors of zero or, at least two subrings, say F'(t;), F'(t;), are non-
trivial, where t;, t; € A.

Proof. Suppose the soft ring ( F, +,7) contains soft divisors of zero. Then
there exist non-zero soft elements f, g€ F such that f 7 g=0p. Now
f, g%OF = Htl, tj € A such that f(tz) 7é 0 and g(t]) 7é 0. If ¢, = tj
then f 7 g=0r = f(t;).9(t;) = 0 = F(t;) contains divisors of zero. If
t; # t; then the soft rings F'(t;), F'(t;) are non-trivial. Hence the required
conditions hold.

Conversely, since ( F, +,7) is a soft ring then F(t) is a subring of (U, +,.)
for all t € A. Then 0 € F(t) for all t € A, where 0 is the zero element
of (U,+,.). Let the parameter set A contains only one element, say t.
Also suppose the subring F(t) contains a divisor of zero, say wu(# 0).
Then there exists another v(s# 0) € F(t) such that either uw.v = 0 or
v.u = 0. Now we can find f, g€ F such that f(t) = u, g(t) = v. Therefore
(f Tg)t) = f(t).9(t) =0 or (¢~ f)(t) = 0. So, either f~ g=0p or
g - f=0p. Therefore f, g are soft divisors of zero in F.

Next, let the parameter set A contains more than one element. If at least
one subring, say F'(t;) contains divisors of zero then there exist u(# 0), v(#
0) € F(t;) such that u.v = 0 or v.u = 0. Consider two soft element
f, g€ F such that f(t;) = u, f(t) = 0 for all t(#t;) € A and g(t;) =
v, g(t) = 0 for all t(# t;) € A. Then either f~g=0p or g~ f =0p, where
fs g;OF. Therefore f, g are soft divisors of zero in F.

If at least two subrings, say F\(t;), F(t;), are non-trivial, we can find two
soft elements f, g € F such that f(t;,) =u #0, f(t) =0 forall t(#£t;) € A
and g(t;) =v #0, g(t) =0 forall t(#t;) € A. Then f, g are non-zero soft
elements of F' and (f~ ¢)(t) =0 for all t € A. This implies f~ g = Op,
the zero soft element of F. Therefore f, g are soft divisors of zeroin F. [

Corollary 6.15. Let (U,+,.) be a ring contains no divisor of zero and
F € S;(A,U). A soft ring (F, +,7) contains soft divisors of zero if and
only if A contains more than one parameter and at least two subrings, say
F(t;), F(t;), are non-trivial.

Theorem 6.16. A non-trivial soft ring (F, +,7) contains no soft di-
visor of zero if and only if for exactly one parameter t; € A, F(t;) is a
non-trivial subring containing no divisor of zero and all other subring F(t)
becomes trivial, where #(# t;) € A.

Proof. Proof follows from the Theorem [6.14} ]

Note 6.17. In the Example we have seen that the ring (U, +,.)
contains no divisor of zero, whereas the soft ring ( F, +,7 ) contains soft
divisors of zero.
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Theorem 6.18. If f be a soft unit in a soft ring (F, +,7) with soft
unity, then f is not a soft divisor of zero.

Note 6.19. By Theorem [6.18] if f is a soft divisor of zero in a soft ring
F' then f is not a soft unit in F. For a soft ring F, where at least two
subrings among the subrings F(t), t € A, are non-trivial, all the non-zero
soft elements f € F, satisfying the condition f(¢;) = 0 for at least one
parameter ¢; € A corresponding to the non-trivial subrings F(t), are soft
divisors of zero. Hence this type of soft elements are not soft unit in the
above soft ring F. Suppose A contains more than one parameter, say n
and (F,A) is a non-trivial soft ring over U such that F(t1), F(t2) are
non-trivial subring, where ¢, to € A. Then the soft elements of the form
{(t1,0), (ta,u), (t3,0), ..., (t,,0)} and {(t1,v), (t2,0), (t3,0), ..., (tn,0)},
where u,v(# 0) € U, are not soft units in F.

Definition 6.20. The characteristic of a soft ring ( F, +,7 ), denoted by
charF, is the least positive integer n such that nf =0, where nf=f+ f
+...F f (n times). If no such positive integer n exists, F is said to be of
characteristic zero.

Note 6.21. By a finite soft ring F, we mean F' contains finite number
of soft elements. Hence for a finite soft ring F, the corresponding parameter
set A and all the subrings F\(t), where t € A, are finite.

Theorem 6.22. Characteristic of a finite soft ring ( F, +,7) is the L.c.m
of the characteristics of the subrings F(¢) for all ¢t € A.

Proof. 1f the parameter set A contains only one parameter then the the-
orem follows. Next, let the parameter set A contains two elements, say
A = {t1, ta}. Since F is a finite soft ring then F\(t1), F(t2) are finite
subrings and hence the characteristics of F'(t1), F(ty) are finite, say m,n
respectively. Let lem(m,n) = r. This implies rf =0 for all f& F. Sup-
pose s be the positive integer less than r such that sf =0p for all f € F.
Then sf(t) =0 for all t € A, f€F. Since m,n are the characteristics of
the subrings F'(t;) and F'(t3) respectively, then both m, n divides s. This
implies r divides s, which is a contradiction. So, r is the least positive in-
teger such that rf=0p for all f€ F. Therefore charF = lem(m,n). This
theorem can be proved by considering another parameter set with more
than two elements. O

Note 6.23. Let (F, +,7) be a soft ring. Then charF =1 if and only
if I is the trivial soft ring.

Example 6.24. In the Example [6.10], the characteristics of the subrings
F(t1), F(ty) are 2, 3 respectively. It is easy to verify that the characteristic
of the soft ring F' is 6.
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7. Soft integral domains and Soft fields

Throughout this section unless otherwise stated, let (U, +,.) be a ring and
FeSs f(A, U )

Definition 7.1. A non-trivial soft ring (F, +,7 ) with soft unity is
said to be a soft integral domain if F' is commutative and contains no soft
divisor of zero.

Theorem 7.2. A non-trivial commutative soft ring ( F, +,7) with soft
unity is a soft integral domain if and only if for exactly one parameter
t; € A, F(t;) becomes a non-trivial subring having no divisor of zero and
all other F(t) becomes a trivial subring, where t(# t;) € A.

Proof. The proof follows from the Theorem [6.16] m

Note 7.3. (1) For a trivial ring, 0 is zero element as well as the unity el-
ement. Hence from the Note[6.8] it follows that if e is the soft unity element
of a soft integral domain F' then e(¢;) is the unity element of the non-trivial
subring F'(t;) and e(t) =0 for all ¢(#t;) € A, where 0 is the zero element
of the ground ring U, i.e., soft unity element of a soft integral domain F' is
of the form {(t1, 0), (t2, 0), ..., (ti—1, 0), (t;, w), (tix1, 0)..., (tn, 0)}, where
i,n € N and wu is the unity element of the non-trivial subring F(¢;).

(2) If f be a non-zero soft element of a soft integral domain F, then f(¢;)
is a non-zero element of the non-trivial subring F(¢;) and f(t) =0 for all
t(# t;) € A, i.e., each non-zero soft element of a soft integral domain F' is
of the form {(¢1, 0), (t3, 0), ..., (t;i_1, 0), (¢;, a), (ti+1, 0)..., (s, 0)}, where
i,n € N and a(#0) € F(t;).

(3) In a soft integral domain F, if there exist a multiplicative soft inverse of a
non-zero soft element {(¢1, 0), (t2, 0), ..., (t;—1, 0), (t;, a), (tix1, 0)..., (tn, 0)},
where 7,n € N and a # 0, then multiplicative soft inverse is of the form
{(t1, 0), (2, 0), ..., (ti_1, 0), (t;, a™1), (tiz1, 0)..., (tn, 0)}, where i,n € N
and a~! is the multiplicative inverse of a in the non-trivial subring F(t;).

Example 7.4. 1. Let U = (Zg,+,.) and A = {t1, t2} be the parameter
set. Consider a soft set F: A — P(U), defined as F(t;) = {0, 2, 4} and
F(ty) = {0}. Then by the Theorem [6.4, (F, T,7) is a soft ring. Here
F is commutative and it contains the soft unity {(¢;, 4), (t2, 0)}. Also F
contains no soft divisor of zero. So, F' is a soft integral domain.

2. The soft ring, as in the Example is not a soft integral domain be-
cause it contains the soft divisors of zero a = {(t1, 3), (t2, 0)}, b={(t1, 0),

(t2, 2)}, ¢ ={(t1, 0), (2, 4)}.

Corollary 7.5. A soft ring (F, +,7) is a soft integral domain if and
only if for exactly one parameter t; € A, F(t;) is an integral domain and
all other F(t) is a trivial subring, where t(# t;) € A.
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Corollary 7.6. Let (U, +,.) be an integral domain. Then a soft ring
(F, +,7) over U is a soft integral domain if and only if for exactly one
parameter ¢; € A, F(t;) is a nontrivial subring containing unity element
and all other F(t) is a trivial subring, where ¢(# t;) € A.

Theorem 7.7. The characteristic of a finite soft integral domain is a
prime number.

Proof. Suppose ( F, T, 7)) is a finite soft integral domain. If the parameter
set A contains only one parameter ¢, then by the Corollary , F(t) is
a finite integral domain, whose characteristic is a prime number. Then by
Definition [6.20] the characteristic of the soft integral domain F' is a prime
number. If A contain more than one parameter then by Corollary
there exists only one parameter t; € A such that F(t;) is a finite integral
domain and all other F(t) is a trivial subring, where ¢(# t;) € A. The
characteristic of F(¢;) is a prime number and the characteristic of F'(¢) is
1 for all ¢(#t;) € A. Then by the Theorem [6.22] the characteristic of F is
a prime number. O

Definition 7.8. A non-trivial soft ring (F, +,7) with soft unity is said
to be a soft field if F' is commutative and each non-zero soft element of F
is a soft unit.

Example 7.9. In the Example[7.4] F is a soft field, where the non-zero
soft elements {(t1, 2), (t2, 0)}, {(t1, 4), (t2, 0)} are soft units.

Theorem 7.10. A soft field is a soft integral domain.

Proof. Suppose (F, +,7) be a soft field. Then each non-zero soft element
of F' is a soft unit. By the Theorem each non-zero soft element of F
is not a soft divisor of zero. Hence F' contains no soft divisor of zero and
proving that (F, +,7) is a soft integral domain. ]

Note 7.11. Converse of the Theorem [7.10|is not true, i.e., a soft integral
domain is not necessarily a soft field. It is justified by the following example.

Example 7.12. Let U = (Q,+,.) be the ring of all rational num-
bers. Let A = {t1, t2} be the parameter set. Consider a soft set F' :
A — P(U), defined as F(t;) = (Z,+,.) and F(t2) = {0}. Then by the
Corollary [7.5, (F, +,7 ) is a soft integral domain. Each non-zero soft
element {(t1, u), (t2, 0)} of F' has no multiplicative soft inverse, because
u(# 0) € F(t1) having no multiplicative inverse in F'(¢;). Therefore F' is
not a soft field.

Theorem 7.13. A non-trivial commutative soft ring ( F, +,7) with soft
unity is a soft field if and only if for exactly one parameter ¢; € A, F(t;)
is a non-trivial subring such that each non-zero element of F(t;) is a unit
and all other F(t) is a trivial subring, where #(# t;) € A.
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Proof. Suppose (F, +,7) be a soft field. Then F is a soft integral do-
main. So, by the Theorem [7.2] there is exactly one parameter t; € A such
that F(t;) is a non-trivial subring having no divisor of zero and all other
F(t) is a trivial subring, where t(# t;) € A. Suppose a(# 0) € F(t;).
Then by Note [7.3, we can find a non-zero soft element in F of the form
{(tl, O), (tg, O), ceey (t’i—ly O), (tl, CL), (ti+17 O), (tn; O)}, where i,?’L € N and
a(# 0) € F(t;) and the corresponding multiplicative soft inverse is of
the form {(t1, 0), (t2, 0), ..., (t;_1, 0), (t;, ™), (tiy1, 0)..., (tn, 0)}, where
i,n € N and a~! is the multiplicative inverse of @ in the non-trivial sub-
ring F'(t;). Therefore each non-zero element of F'(t;) is a unit.

Conversely, let F(t;) is a non-trivial subring such that each non-zero el-
ement of F(t;) is a unit and all other F(t) is a trivial subring. Since a
non-zero soft element f € F is of the form f(¢;) = a # 0 and f(t) = 0
for all ¢(# t;) € A. Then by Note the non-zero soft element g of the
form g(¢;) = a! and g(¢t) =0 for all t(#¢;) € A is the multiplicative soft
inverse of f. Therefore F' is a soft field. O

Corollary 7.14. A soft ring (F, +,7) is a soft field if and only if for
exactly one parameter t; € A, F(t;) is a field and all other F(t) is a trivial
subring, where t(# t;) € A.

Theorem 7.15. A finite soft integral domain is a soft field.

Proof. Suppose ( F, +,7) be a finite soft integral domain. By the Corollary
[7.5] for exactly one parameter ¢; € A, F(t;) is a finite integral domain and
all other F(t) is a trivial subring, where ¢(# t;) € A. So, F(t;) is a field.
Hence by the Corollary F is a soft field. O
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