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Abstract

Velocity slip boundary condition in parallel-plate micro-channels filled with hyper-porous media is studied using differential transfor-
mation method (DTM) in order to find an analytical approximate solution. The results focus on slip flow regime (i.e., for Knudsen num-
bers in the range 102 < Kn < 107%). The Darcy-Brinkman-Forchheimer model is applied to study the effect of nonlinear drag term further
boundary-friction effects on hydrodynamic of gas flow in micro-channels. The results show that DTM results are in good agreement with
numerical ones. Also, it is observed that decreasing the value of Darcy number flattens the velocity profile while this trend is opposite for
decreasing the Forchheimer number. Also, increasing the value of & causes to increase the velocity slip at the wall.
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1. Introduction

For the first time Nield and Kuznetsov in 2006 brought to the
notice the problem of forced convection with slip-flow in a chan-
nel or duct occupied by a hyper-porous medium saturated by a
rarefied gas. [1] They use the linear Darcy-Brinkman model and
found exact analytical solution for velocity and temperature pro-
files as well as Nusselt number using velocity slip and temperature
jump boundary conditions. However, the problem becomes more
complex when it comes to consider the effect of non-linear drag
form term. In the other word when one applies Brinkman-
Forchheimer model it is impossible to find an exact analytical
solution. Hence, researchers have to solve the equation using nu-
merical methods. For example, in a recent year Haddad et.al. in
2006 and 2007 used the finite difference technique to study lami-
nar forced convection of gaseous slip flow in a parallel-plate and
circular micro-channel filled with Darcy—Brinkman—Forchheimer
porous media. [2], [3] Therefore, inducement of presenting an
analytical solution for the problem of forced convection in a po-
rous-saturated channel with slip flow and temperature jump could
be its importance in easier analysis of micro and nano channel
flow systems with heat transfer applications, because of having a
smooth solution which can be integrated easily for finding tem-
perature distribution and Nusselt number. Differential transfor-
mation method is one of the interesting semi-analytical methods
which yield to an accurate approximate solution in compare with
the exact solution and was first proposed by Zhou in 1986. [4]

Until recently many researchers including Kundu and Barman in
2010, Yaghoobi and Torabi in 2011, Rashidi in 2009, Rashidi and
Keimanesh in 2010, Rashidi and Sadri in 2010 used this method to
find approximate analytical solutions for nonlinear differential
equations in many fields of their study. [5-9] Chamkha in 1996
and 1998 has detailed the influence of a magnetic field on an elec-
trically conducting fluid in the neighborhood of a cone, a wedge or
near a stagnation point. [10], [11] More recently, Desseaux in
1999 analyzed the influence of a magnetic field over a laminar
viscous flow in a semi-porous channel. All these problems and
phenomena are modeled by ordinary or partial differential equa-
tions. [12]

The present work focuses on presenting an analytical approximate
solution based on differential transformation method for the prob-
lem of slip flow in a micro-channel packed with Darcy-Brinkman-
Forchheimer hyper-porous media, in order to consider the effect of
inertia effects on hydrodynamic aspects. The merit of obtaining an
analytical approximate is that we can easily integrate or derivate
the solution easily which is different from numerical one.

2. Mathematical formulation

Figure 1 shows steady laminar gas flow between parallel-plate
micro-channel filled with a porous medium subject to the velocity
slip boundary conditions.

O
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Fig. 1: Definition Sketch.
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The momentum equations are:
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The non-dimensional form of momentum equation is as follows:
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By defining the following dimensionless variables:
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Where y s transverse coordinate, H is the half channel distance,

Meis the effective viscosity, u is the velocity, G is the negative

pressure gradient, pis the fluid density, C is the inertial coeffi-

cient and K is the permeability of porous medium. Da is the Darcy
number; M is the viscosity ratio and T is the Forchheimer number.
The associated boundary conditions for solving Equation (1) are
as follows:

du du
U=-a— aty=1 And — =0 at y =0.
dy dy
2 - o
a=——""Kn (@)
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Where Kn is the Knudsen number which is the ratio of the mean-
free-path to a characteristic macroscopic length scale, and is in the

range 1072 < Kn < 107 for slip flow regime. o, is a quantity that
is called the momentum accommaodation coefficient.

3. Analytical solution based on DTM

Now we apply the differential transformation method into Equa-
tion (4). Taking the differential transform of Equation (4) with
respectto Y gives: (5)

(k+2)(k +2)u (k +2)-cu (k)
o 20 () (1)) eeg =0
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Where

1 r 1
M Da M M .
From boundary condition in Equation (4) that we have it in point
y =0 and exerting transformation:
Uu@=0 (6)
The other boundary conditions are considered as follow:
U@ =a )
Where a is constant and we will calculate it with considering

another boundary condition in Equation (2) in pointy =1.
Accordingly, from a process of inverse differential transformation,

in this problem we calculated U (k +2) from Equation (5) as

following:
1 1 5 1
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2 2 2
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The above process may be continued further. Substituting Eqg. (8)
into the main equation based on DTM, the closed form of the solu-
tions is obtained as:

“(y):U(l)y +U(2)y2+U(3)y3+U(4)y4+|_ ©)

We substitute the boundary condition from Equation (4) into
Equation (9) and use Newton-Raphson iterative technique for
determination of unknown value of a . Substituting for @ into Eq.

(9) so we determineu (y ) .

The calculations reported in this paper use n =10 which was
found to be sufficient to give an accurate solution.
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4. Results and discussion

First of all, the analytical results obtained by DTM are validated
with numerical results of the software MAPLE 12, and then the
parametric study on velocity profile demonstrates how changing a
key dimensionless parameter affect the velocity profile. The re-

sults are presented at M=1 which is more common and o, =0.7.

As can be seen in Figure 2 there is an excellent agreement be-
tween the DTM and those of numerical (Finite difference method)
results at different values of key parameters which confirms the
robustness of DTM solution.

Figure 3 indicates the effect of Darcy number on the dimension-
less velocity profile. As expected decreasing the value of Da
makes a more uniform velocity distribution. This is due to the fact
that lower Da associates lower permeability of the porous medium
and lower fluid penetration.
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Fig. 2: Validation of DTM Solution with Numerical Results.

14 ~
\\ ’ a =01
\ T =01
S A M =1
A
\
0.6 .
| N,
y | A
|
0.4
|
| Y
| v
0.2+ | '
: Da=0.1
o [
0.05 000 015 020 025 030 035

u
Fig. 3: Effect of Da on Velocity Profile.

Figure 4 indicate the effect of & which is a proportion of Knud-
son number on velocity profile at Da=0.1 and T =0.1. It is clear
from the figure that, increasing the value of & leads to increasing
the velocity slip at the wall. The reason is that, increasing in Kn
can be due to an increase in the mean free path of the molecules
which yields larger flow rates through the channel due to decrease
of the retarding effect at the wall. Effect of forchheimer number
on velocity is shown in figure 5.

According to the figure with increasing the value of T fluid ve-
locity decreases and its profile becomes flatter. This is due to the
fact that higher forchheimer number means increasing the inertia
effects and leads to increasing the resistance to the flow and tends
the flow pattern to a more slug-like flow.
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Fig. 5: Effect of T on Velocity Profile.
5. Conclusion

Slip flow in parallel plates micro-channels filled with a hyper po-
rous media is studied analytically by use of differential transfor-
mation method for solving modified extended Darcy—Brinkman—
Forchheimer model. Analytical results were compared with nu-
merical solution and effects of different dimensionless parameters
were studied on velocity profile. The results show that decreasing
the value of Da makes a more uniform velocity distribution.

The reason is the lower Da associates lower permeability of the
porous medium. With increasing the value of ' velocity of fluid
decreases and its profile becomes flatter. This is due to the fact
that higher forchheimer number leads to increase the inertia ef-
fects and increase the resistance to the flow. Also, increasing the
value of « leads to increasing the velocity slip at the wall. The
reason is that, increasing in Kn can be due to an increase in the
mean free path of the molecules which causes larger flow rates
through the channel.
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