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Abstract

A new approach in studying the planetary orbits and deflection of light in General Relativity (GR) by means of the Variational iteration
method (VIM) is proposed in this paper. For this purpose, a brief review of the nonlinear geodesic equations in the spherical symmetry
spacetime and the main ideas of VIM are given. The appropriate correct functionals are constructed for the geodesics in the spacetime
of Schwarzschild, Reissner-Nordstrom and Kiselev black holes. In these cases, the Lagrange multiplier is obtained from the stationary
conditions for the correct functionals. Then, VIM leads to the simple problem of computation of the integrals in order to obtain the
approximate solutions of the geodesic equations. On the basis of these approximate solutions, the perihelion shift and the light deflection

have been obtained for the metrics mentioned above.
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1. Introduction

The perihelion precession of Mercury, the deflection of light by the
Sun and the radar echo delay observations are well-known tests for
the Schwarzschild solution of GR [1]. It is well known that the
geodesics equations in RG are nonlinear, and therefore cannot in
general be solved exactly. Only in rare cases, the problem of plane-
tary motion or propagation of the light ray can be solved exactly. For
instance, the geodesic equations resulting from the Schwarzschild
gravitational metric element are solved exactly by the Weierstrafl
Jacobi modular form [2].

Mostly, the perihelion precession of planetary orbits and the light
deflection based on Einstein’s equations had been calculated in differ-
ent approximations for a general spherically symmetric line element.
Most of these approximate methods are based on the existence of a
small parameter of the physical origin. At the same time, there are
methods for approximate solution of nonlinear differential equations,
in which the existence of the small parameter in the equation is not
assumed originally. Some examples of these approximate methods
are represented by the Homotopy Perturbation Method (HPM) and
the Variational Iteration Method, both of which have been proposed
by J.-H. He [3]-[6].

More recently, one of these approximate methods, HPM, has been
successfully applied to various problems of cosmology and astro-
physics [7]-[11]. It could be assumed that the other of the mentioned
approximation methods, VIM, can be also successfully applied in
GR, particularly for the problems of geodesic motion in the gravi-
tational field of astrophysical objects. In this method, a correction
functional is constructed by a general Lagrange multiplier, which
can be identified optimally via the variational theory. Being different
from the other non-linear analytical methods, such as perturbation

methods, this method does not depend on small parameters, such
that it can find wide application in non-linear problems without
linearization or small perturbations.

It should be noted that the interest to the problems of such a kind is
caused not only by the improvement of computational methods, but
also due to the theoretical discovery of new, sometimes very exotic,
compact objects in the universe. Moreover, due to the great rise
of possibilities in observational astronomy for the last few decades,
the classical tests of general relativity attract over and again the
attention of researchers in various aspects (see, e.g., [12]-[15] and
references therein). These studies can concern the gravity effects
associated with the modification of the gravitation theory itself, or
with some new hypothetical sources of gravity, say, dark energy and
dark matter.

A number of astronomical observations strongly confirmed that
the Universe is undergoing an accelerated expansion [16]-[20]. In
order to explain this phenomenon, an unknown energy component,
so called dark energy, has been introduced in the framework of
general relativity. The simplest candidate to the role of dark energy is
the cosmological constant model which is consistent with most of
the current astronomical observations, however it suffers from the
cosmological constant problem. It is thus natural to consider other
complicated cases. A dynamic scalar field can also serve as the dark
energy component such as quintessence, phantom, k-essence, etc..
Quintessence is the simplest scalar field dark energy model without
having theoretical problems like Laplacian instabilities or ghosts.
The energy density and the pressure of quintessence vary with time
depending on the scalar field and the potential, which are respectively
given by:p, = (1/2)¢> +V(¢) and p, = (1/2)§> —V(¢). One
Schwarzschild-like solution related to the quintessence model was
found in [21]. This solution describes a spherically symmetric and

Copyright © 2016 V. K. Shchigolev. This is an open access article distributed under the Creative Commons Attribution License, which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.



International Journal of Physical Research

53

static exterior spacetime surrounded by a quintessence field. The
gravitational lensing due to this Schwarzschild-like black hole was
investigated in [22]. The consideration of accretion of matter onto
Kiselev black hole and some other aspects of problem concerning
this kind black hole can be found in [23]-[25].

It is the purpose of the present work to explore He’s Variational
Iteration Method in studying the orbital motion and the light de-
flection in the spherically symmetric gravitational field in GR. To
this end, we consider the geodesic equations in the spacetime of
Schwarzschild, Reissner-Nordstrom and Kiselev black holes. We
demonstrate that VIM leads to the simple problem of computation
of the integrals in order to obtain the approximate solutions of the
geodesic equations in these cases. Then, by using these approximate
solutions, the perihelion shift and the light deflection are obtained
for the aforementioned metrics.

2. Preliminaries

In this section, we give some basis equations of the geodesics in
the spherical symmetry gravitational fields and the method for their
solving.

2.1. Geodesic equations

Here, we mostly follow Ref. [12] in representing the main equations
of geodesic motion in a spherical symmetry spacetime. According
to Genaral Relativity [1, 12], in the case of 4-dimensional general
spherically symmetric spacetime, its stationary line element can be
represented by

2
ds* = —f(r)di* + % +72(d6? +5in’0d g?). (1)
Since the perihelion precession and deflection of light are usually
treated as the time-like and null geodesics in spacetime, respectively,
let us consider the geodesics () in the above spherically symmetric
spacetime. We set the geodesic y(7) expressed in the spherical
coordinates x* = (r,1,0, @) as x* (1), which satisfy

d2 it
dt?

e de
VO dt dr

The geodesic y(7) can be obtained by solving the above equation.
However, taking into account the symmetry of spacetime (1), one
could use the following simple way to obtain the geodesic (7).
First, we can find that one component of the geodesic y(7) can
always be chosen as 6(7) = /2, which means that the geodesic can
always be chosen to lay in the equatorial plane of the spherically
symmetric spacetime. Thus, r =¢(7), r=r(7), 0 =1/2, @ = ¢(7).
Let us denote the tangent vector of geodesic y(7) as U* = dx* /d.
For the time-like geodesic, we chose 7 to be the proper time . Hence,
from (1) we can obtain

2 2 2
() o (L) A =
where we have used 8 = /2, and k = 1 corresponds to the time-like
geodesic, while k = 0 is the null geodesic.
Second, it could be noted that £ = (d/dt)* and y* = (d/d¢)*
are two Killing vectors in the spherically symmetric spacetime (1).
Therefore, there are two conserved quantities along the geodesic
¥(7), the total energy and the angular momentum per unit mass, as
follows

dt 2de

E=—ga§ U’ =f(r) . L=gay'U"=r’—. 3)
After inserting (3) into (2), one could obtain

drN2  h(r) 5 I?
(dr) 7 E 0 (k+ r2) @

This equation contains only one function r(7), and it could be solved
in principle. Then, after inserting the solved r(7) into (3), the rest
components #(7) and @(7) of geodesic could be finally obtained.
However, it should be noted that the perihelion precession as well
as the deflection of light are usually related to the geodesics orbits,
i.e. r(@). Therefore, it is convenient to rewrite equation (4) with the
help of (3) as

(;L;)z(rg)z - %Ez—h(r) (k+’r;22). )

It has been found that the coordinate u = 1/r is more convenient
than r to derive the perihelion precession. Thus, the main equation
investigated in our paper could be simply obtained from equation (5)
by converting r into u

duN?2  h(u) (EN2 k 2

GUAT _ U (20T, (7 ) 6
(d(p) f(u)(L) (w2 +u ©
Finally, differentiating the equation (6) with respect to ¢, we get the
second-order geodesic equation in the following form

d*u  E* d [h(u) Lrk 5\ dh(u)
o= ] = )
de? ~ 202 du [ f(u)} Wu=3 ") "

In the simplest case of the metric (1), namely the Schwarzschild

metric describing the gravitational field of an uncharged non-rotating
star, one gets f(r) = h(r) =1—-2M/r, or

12

(O]

f(u) =h(u) =1-2Mu. ®)

where M is a mass of the star. Therefore, Eq. (8) for the geodesic
can be reduced to

d2M M 2

di(p2+u:kﬁ+3u M. (9)
Compared with the case of orbital motion in Newton’s gravity

d*u M

the term 3u”M comes from the correction of general relativity.

In the case of the Reissner-Nordstrom spacetime of a charged star,
we have [12]

f(u) =h(u) =1—2Mu+ Q*u?, an

where Q is the charge. According to (11), the geodesic equation (8)
now is replaced by the following one

Q2
2

d?u

M 2 2 3
W+<1+k )u:kﬁ—b—Su M—20%4. (12)
On the other hand, the geometry of the static spherically symmetric
black hole surrounded by a quintessence (or Kiselev spacetime) is

given by equation (1) with [21]

f(u) =h(u) =1—2Mu— cu’et!, (13)

where M is the mass of the black hole and ¢ is the quintessence
equation of state parameter, wy = pq/py, that is related to the energy
density as follows p, = —30wu3(1+%0) /2,

Substituting (13) into equation (7), one can obtain the following
geodesic equations in the gravitational field of Kiselev black hole

d? M
J—i—u:kﬁ +3urM+k

o(3wy+1) 3w, 30(wg+1) Wvat?
do? ’

a2 M 2
(14)

which of course coincides with equation (9) in the absence of
quintessence, i.e. when ¢ = 0.
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2.2. Description of VIM

The VIM was developed by He [4]-[6] for solving linear, nonlinear,
initial and boundary value problems. To give a general idea of the
VIM, we consider the following general non-linear equation:

Llu(x)] + N{u(x)] = g(x), (15)

where L and N are linear and nonlinear operators respectively, and
g(x) is a known function. The correct functional for the equation
(15) can be written as

Up11(x) = up(x) +/7L(s) {L[un(s)] + Nlin(s)] — g(s) } ds, (16)
0

where A is a Lagrange multiplier, that can be identified optimally
via variational iteration method. Here, ii,, is considered to be a6
restricted variation which means that §i,, = 0. Making the correct
functional (16) stationary, yields

X

S (x) = Suy(x) + 5/1(5){L[u,,(s)] + Nliin(s)] — g(s) }ds
0

— Sun(x) + / S{A(s)Llun(s)] }ds. (17)
0

Its stationary conditions, du, 1 (x) = 0, can be obtained using in-
tegration by parts in Eq. (17) and noticing that 8u,(0) = 0. The
Lagrange multipliers can be easily and precisely obtained for lin-
ear problems. However, for nonlinear problems, it is not as trivial.
The nonlinear terms are treated as restricted variations such that the
Lagrange multiplier can be determined as a simpler form.

The importance and the very utility of method is endowed with
the choice of assumption of considering even highly nonlinear and
complicated dependent variables as restricted variables thereby syn-
chronizing the error occurring due to process of finding solution
to equation (15) to its minimum magnitude. Eventually, after A
is determined as desired, a proper selective function, may it be a
linear or otherwise with respect to equation (15) is assumed as an
initial approximation for finding next successive iterative function
by equation (16) recursively.

The successive approximations iy, | (x) of the solution will be readily
obtained upon using the obtained Lagrange multiplier and by using
any appropriate function for ug(x). The zeroth approximation ug(x)
may be selected by any function that just meets, at least, the initial
and boundary conditions. Therefore by starting from ug(x), the exact
solution may be obtained as

u(x) = lim uy,(x). (18)

n—oo
Thus, in applications of VIM to differential equations, one should
undertake the following three steps: (i) establishing the correction
functional; (ii) identifying the Lagrange multipliers; (iii) determining
the initial iteration. For the convergence criteria and error estimates
of the VIM, one can refer the reader to [26]-[28].

3. Studying perihelion precession and deflec-
tion of light by VIM

Now we are going to apply VIM for studying the orbital motion and
propagation of the light ray in the metrics mentioned above.

3.1. Schwarzschild solution

Comparing equation (15) with the geodesic equation (9) for the
Schwarzschild metric, we can write down the correct functional (16)

as follows

19)

where ii, (@) is considered to be a restricted variation. By using the
stationary condition for the correct functional (17) , we get

¢

St 1(9) = 5un(<p)+b/5 {z¢(¢) {dzu”("’) +un(9) - kﬂ] }d¢.

d¢?

From stationary conditions, 8u,1(¢) = 0, and using integration
by parts in Eq. (20), on can obtain the following equations for the
Lagrange multiplier

2p(@)g=p~1=0,
Ao (9)1p=p =0,

Ag(9)+2g(9) =0.

These equations can be readily solved that yields the following
Lagrange multiplier

Ao(9) =sin(¢ — ).

Then, according to (19) and (22), the successive approximations
un (@) of the solution can be readily obtained upon using the obtained
Lagrange multiplier (22) and by using any appropriate function for
uo(9).
First, we consider the orbital motion, k=1, starting with the Kepler’s
orbits

€2y

(22)

uo () M(lJrecos(p) (23)

-5
which is the analytical elliptical solution of (10), already found in
Newton’s gravity. Here, e is the orbital eccentricity. Inserting uo(@)
from (23) and A from (22) in equation (19), we obtain the following
first order approximation

¢

M 3M? [

up(@) = ﬁ(l +ecosQ) — N7 /sm((p —)(1+ecos9)?dg,
0

which gives us the approximate solution u ~ u; of equation (9) as

M M3 ) )
“(‘P):ﬁ(l“'eCOS(P)-I-F[?)—FZe +3e@sing
—e*cos? 9 — (3+¢*)cos|. (24)

It is interesting that this solution exactly coincides with the similar
one obtained in Ref. [8] by the Homotopy Perturbation Method.
Comparing our result (24) with the corresponding approximate for-
mula in Ref. [12], one can conclude that this solution is different
in the term —(M?/L*)(3 + ¢*)cos . The magnitude of the shift
angle can be obtained from the condition #’(¢) = 0 in the perihelion,
and @ = 27 + A@, assuming that A¢ < 1 [8]. As applied to the
approximate solution (26), this method gives the following value of
the perihelion shift

2

21—1
A(p:6e7r% {e73(1+e)2%} , (25)

which is differ from the classical Agp = 6xM? /L? but results in the
same expression for M? /L% < 1.
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Let us consider the light propagation near the Schwarzschild black
hole according to Eq. (16) with k = 0. Now, the null approximation
is a straight line expressed in polar coordinates

1.
uo(@) = 75, (26)

where [ is a constant. Substitution of (26) and Ay (¢) (see equation
(22)) along with k£ = 0 into (19) yields the first approximation as
follows

4

ur (@) = %SIH(P 3IM /sm((f) @) sin® 9do.
0

This immediately leads to the approximate solution u ~ u; for the
light path given by

u(p) = ! sm(p + M(l —cos )2, (27)

which is exactly the same as obtained in [12]. Therefore, the de-
flection angle of light 8, which can be obtained from the equation

u(+ B) = 0 and the following approximations

sin(m+pB)~—B, cos(r+f)~— (28)
is as follows

B= 47M7 (29)

that is just the well-known deflection angle of light in Schwarzschild
spacetime.

Let us obtain a more accurate approximation for the solution of
equation (9). For this purpose, we substitute u; from (27) into
equation (19) along with n = 1 and k = 0. As a result, we have

1 . M
(@) = 7s1n(p+l7(l —cos @)?

, ¢
,%/sin(q)f(p) Pmd’(l*°°S¢)2+¥(lfcos¢)4]d¢_

0

After integration, we arrive at the following approximation u ~ uy:

1. M 2
u(p) = 731n(p+l—2<1 fcos(p>
2

2/; {Zsm(p [(300s<p—16>sinq)+15(p]cosq>}
+1Agls4 [166 2cos? (P+1500S ¢ — 68 cos? 10)

—111cos<p—105<psin<p]. (30)

Neglecting for simplicity the last term in equation (30), that is pro-
portional to M> / I*, one can obtain the deflection angle as

<1+ﬂ%) 2
g T ) M 1seM N
] M? ] 8 I 2
(1-8%)

which gives the extra terms of the higher order to the deflection angle
compared to (29).

3.2. Reissner-Nordstrom spacetime

In this case, we prefer to write down the correct functional (16) for
equation (12) as follows

d“uy kM
U +1(@) = un(@ /A(p I:d¢2 un(¢)7L72

2
+k%ﬁn(¢) —3Ma%(9) +20%%(9)| do. (32)

Comparing this equation with (19), we can conclude that the sta-
tionary condition for the correct functional (17) has the same form
(20) as it is in previous subsection. Therefore, once again we ob-
tain the same Lagrange multiplier, Ay (¢) = sin(¢ — ¢). Using this
multiplier and the null approximation (23), one can obtain the first
approximation for the orbits (that is, k=1) from (32) as follows

ui (@) = M(1+ecos(p +/sm o —0) {MQ (1+ecos¢)
3m3

Nz

2 3
(14ecosd)®+ QL (1+eCOS¢)}d¢7 (33)

which can be integrated, using the Maple package for example,
resulting in the approximate solution, u ~ uy, for equation (12) given
by

} 2 N
7{3+2e 21424

M
—2(1+ecos(p)+ 2

u(p) =

2
QLo p0

1 +6M2 4L2)3e(psm(p

2 2

_ 2 P gtog L &
<3+e + (e’ —8e )4L2 M2>coqu

2 2

— (1—2Q—>e cos (p—i—Q—e cos (p}

Q2+( * 0

(34)

The shift angle can be obtained from the same conditions u'(¢) = 0
and and ¢ = 27w + A@, applied to the approximate solution (34).
Thus, we get the following value of the perihelion shift

Q2 Q2 M2 -1
Ag ~ 6e7r (H—W—(M—e )4L2) { —3(1+e)? L2] )
(35)

Then, we consider the light deflection near Reissner-Nordstrom black
hole according to Eq. (32) with k = 0. Again, the null approximation
is a straight line expressed in polar coordinates by (26).
Substituting (26) along with (22) and k = 0 into (32), one can get
the first approximation as

¢
M
7 /sm(¢ @) sin® pdo

0

1.
(9) = 7 sing -

) ¢
[ sin(6~ @)sin’0do. (36)

0

20
+IT

from which we have the approximate solution u ~ u; for the light
path given by
1 sin +M<1 cos >2
i (1=
RS ¢
02
4B
From the latter, the deflection angle of light 8 can be obtained with
the help of approximations (28) as follows

u(p) =

[(cos ©+2)sing —3@cosp|. (37)

(38)
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It should be noted that the deflection angle (38) was obtained only
by the simple approximation (36), while a similar expression in Ref.
[12] was obtained by a further simplification of the corresponding
formula.

3.3. Spacetime of Kiselev black hole

In this case, we can write down the correct functional (16) for Eq.
(12) as follows

¢
: d?uy, kM
nia(9) = n(9) [ 26(0) | S5 +unl0) - Ty
0
73Mﬁ’21(¢)7k6(3wq+1)ﬁ3w{,73G(Wq+1)ﬁ3wq+2 6. (39)

212 2

Unfortunately, this method has a difficult computational problem
in the case of arbitrary quintessence EOs parameter w,. Therefore,
we are going to proceed with more detail considering Kiselev black
hole with quintessential parameters w, = —1/3 when the resulting
formulae can be given in a relatively simple form. Substituting this
EoS along with £ = 1 into equation (39) and comparing the latter with
(19), we again obtain the Lagrange multiplier Ay (¢) = sin(¢ — @).
By means of this multiplier and the null approximation (23), one can
obtain the first approximation for the orbits followed from (39) as

3

ui (@) = %(1 +ecos) — 3% sin(¢ — @) [(1 +ecos)?

S —=

o I?
+77

30 (1 —O—ecosq))} de,

which can be easily integrated resulting in the approximate solution,
u =~ uy, for equation (14) given by

M M3 L2
(@) = 5 (1+ecos@)+ 5 [3+2€2+0'W —é*cos’ @

cL? , ,  L?
+3e(1+gm> (psm(p—(3+e +GW)COS([):|. (40)

The approximate magnitude of the shift angle is followed from the
condition «’(¢) = 0 in the perihelion, and @ = 27 + A@. As applied
to the approximate solution (40), this method gives the following
value of the perihelion shift

M [ o I? M2
which coincides with (25) at 6 = 0. Provided that ¢ < 1 and
(M?/L?) < 1, this equation is substantially simplified up to

M2
Ap = 6nﬁ +mo.

Hence, the presence of quintessence gives the extra angle 7o to the
perihelion shift.

Finally, let us consider the light deflection by Kiselev black hole
according to Eq. (39) with k = 0 and wy = —1/3. We again take the
straight line (26) as the initial approximation.

Substituting (26) and (22) into (39), we can obtain the first approxi-
mation,

¢
1 1 M
ui (@) = 7 sing — 7 /sin(q) —0) (T sin® ¢ + Gsinq)) d¢
0
from which we have the approximate solution u ~ u; given by
(42)

1 . M 2 o,
u((P)ZYSIH(Pﬁ‘l*z(l*COS(P) +E(S1n(pf(pcos(p).

From this equation, the deflection angle of light  can be obtained
with the help of approximations (28) as follows

aM  mo
p="r+2.

] > (43)

From this equation, one could conclude that an additional angle to
the deflection due to quintessence can be up to /2 at ¢ — 1. Of
course, it is not true since the approximate equation (28) for the
deflection angle 3 is not valid in this case. Nevertheless, equation
(43) yields the general trend in the dependence of the deflection
angle regarding ©.

4. Conclusion

Thus, in this work we have considered a simple analytical computa-
tion of the perihelion precession and the deflection of light in General
Relativity with the help of Variational Iteration Method developed
by Dr. He [3]. First of all, we have studied the examples of geodesic
motion in the Schwarzschild and Reissner-Nordstrom metrics, in
order to approbate VIM in the problems of planetary motion and de-
flection of light, and present the main steps in solving by this method.
Then, we have applied VIM for solving the geodesic equations in
the spacetime of Kiselev black hole. As a result, we have obtained
the perihelion shift (41) and the light deflection angle (43) due to the
gravity of Kiselev black hole subject to the EoS w, = —1/3.

It is interesting that the results obtained by using VIM in most cases
coincide with the corresponding results obtained by the perturbation
theory or HPM. However, here we have avoided discussion of the
smallness of the physical parameters, the need for which may arise
only in solving the problem of convergence of the approximate
solutions. An important advantage of this method is the simplicity
of obtaining approximate solutions to the problems considered, and
also the possibility of simple obtaining the next approximation by
repeated applications of the iterative equations. We would like to
express the hope that VIM is able to find even more applications in
the field of astrophysics and cosmology than have been used here.
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