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Abstract

We study the squeezing properties of the light generated by nondegenerate three-level laser in which the three-level atoms are in cascade
configuration with degenerate parametric oscillator. We obtain the c-number Langevin equations associated with the normal ordering
using the pertinent master equation. Making use of the solutions of the c-number Langevin equations, we calculate the quadrature vari-
ances. The results show that the two-mode light produced by the system under consideration is in squeezed state and the squeezing oc-
curs in the minus quadrature. The degree of squeezing increase with the linear gain coefficient and almost perfect squeezing can be ob-
tained for large values of the linear gain coefficient and the atoms initially prepared in lower level slightly greater than in the upper level.
Moreover, the presence of nonlinear crystal increases the degree of squeezing for single mode and two-mode lights.
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1. Introduction

Three-level laser is a quantum optical system in which three-level atoms in a cascade configuration, initially prepared in coherent super-
position of the top and bottom levels are injected into the cavity coupled to a vacuum reservoir via a single-port mirror. When a three-
level atom makes a transition from the top to bottom level via the intermediate level, two photons are generated. If the generated light
modes have the same frequencies, it is called degenerate three level laser; otherwise, it is called non-degenerate three-level laser. The two
generated photons are highly correlated, and this correlation is responsible for the squeezing of the light produced by the three-level laser
[1] - [3]. Squeezed states are non-classical states characterized by reduction of quantum fluctuations (noise) in one quadrature below that
of the quantum standard limit (QSL) or below that achievable in coherent state at the expense increased fluctuations in another compo-
nent such that the product of these fluctuations still obeys the uncertainty relation. This means that when we turn on the squeezed light,
we see less noise than no light at all. This is apparently paradoxical feature which is a direct consequence of quantum nature of light and
which cannot be explained with in the classical frame work [4] [5].

An optical parametric oscillator (OPO) is a quantum optical system most widely used to generate squeezed coherent state and entangled
state of light. This quantum optical system consists of a non-linear crystal pumped by coherent light and the cavity modes are coupled to
a vacuum reservoir via a single-port mirror. In parametric oscillator a pump photon of frequency 2w is down-converted into a pair of
correlated photons. If the produced paired of photons are with the same frequency, the system is called degenerate parametric oscillator;
otherwise it is called non-degenerate parametric oscillator [6].

Berihu Tekle has studied the squeezing properties of light produced by degenerate parametric oscillator coupled to squeezed vacuum
reservoir and the cavity mode is driven by coherent light. The study has shown that the driving coherent light has no effect on the squeez-
ing properties of the cavity mode. However, both the squeezed vacuum reservoir and the driving coherent light increase the mean photon
number of the cavity mode [7]. Fesseha. K has studied the squeezing properties of the light produced by a degenerate three-level laser
with the atoms in a closed cavity and pumped by electron bombardment. He has shown that the maximum quadrature squeezing of the
light generated by the laser, operating far below threshold, is 50% below the coherent-state level. [8] - [ 9].

Sintayehu Tesfa studied the squeezing and entanglement properties of light produced by degenerate parametric oscillator coupled to a
two-mode vacuum reservoir. The investigation indicates that there is a quadrature entanglement between the harmonically related fun-
damental and residual pump modes where the super imposed radiation exhibits a higher degree of two-mode squeezing. It turned out that
the two-mode squeezing can exist when there is no entanglement, since the correlations leading to these phenomena are essentially dif-
ferent. He has also shown that the more the external pumping radiation is down-converted by the nonlinear crystal, the stronger the en-
tanglement and intensity of the two-mode radiation would be; this condition is not generally true for squeezing [10].
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2. Objectives

2.1. General objective

e To study the squeezing properties of the radiation produced by non-degenerate three level laser whose cavity contains degenerate
parametric amplifiers.

2.2. Specific objective
e  To drive master equation of the system under consideration

e To obtain normally ordering c-number langevin and the solution of these equations
e  To calculate the quadrature variance of the cavity modes

3. Methods

We first obtain c-number langevin equations associated with the normal ordering for the cavity mode variables using the pertinent Master
equation. With the aid of the resulting equations and correlation properties of the noise forces, we calculate the quadrature variances of
the cavity modes.
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Fig. 1: Schematic Representation of Nondegenerate Three-Level Laser with Degenerate Parametric Oscillator.
3.1. Nondegenerate three-level laser
The interaction of the three-level atom with the cavity modes can be described by the Hamiltonian in the interaction picture by

c)(b

H =ig(|a)(b|a—4’[b)(a| + [b){c[b-b"

) &)
Where g is the coupling constant and aandb are annihilation operators for the cavity modes. We take initially the state of the atom to be

[v.()=C.[a)+C.

c). @

The density operator corresponding to this state for a single atom is

£, =P |a){al+ 2 |a) (el + 57 [c) al+ A7 [e) e, ®)
Where

p.=CC, , p=CC, 4)
Avre the probability of finding the atom in the upper level and in the lower level, respectively,and

pr=CCor o] =plpt (5)

Suppose p,.(t,t,) is the density operator for a single atom injected at time t, such that extended from (t—z) to t and the cavity modes at
timet. Then the density operator for all atoms in the cavity modes at time t can be written as

Pe®= 1 TA LA, ©
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Where r, represents the rate at which the atoms are injected into the cavity. Now converting the summation into integration in the limit
At, —0, we have

P®= 1. Attt -
And on differentiating with respect to t, we see that

e p0= LD p( =)+ 1L S p ®

We observe that g, (t,t) is the density operator for the cavity mode with an atom being injected into the cavity at time t and p,.(t, t-7)

represents the density operator for an atom and the cavity mode at time t with the atom being removed from the cavity at this time.
Hence these operators can be put in the form

Pet)= (5,01, p.(t t-7) = p,(t—7)p(1), )
With p(t) being the density operator for the cavity modes alone. On account of Egs. (9), we see that

e p0= L(LO-AL- DO+ LI S p U (10)

In the absence of damping for the cavity modes by a vacuum reservoir, the density operator p, (t, t") involves in time is

Lh ) =-i[R ) ] (1

Using this relation along with Eq. (7), Eq. (10) can be written as

y .
pd%m: L (2,(0)- p,t-2)A) —i[ H, 5,0 ] .

Upon tracing over atomic variables and taking into account the fact that Tr,p,(t) =Tr,0,(t—7) =1, we have

%:—iﬂ,{l—] ,,3M(t)]. (13)

Employing Eq. (1), we can write in the form

%: g(éﬁba _é+:ban + b’\ﬁch _5+ﬁnc _ﬁba é+[7ab a’ _:bcn5+ ﬁnc 6+' (14)

In which the matrix element 5, = («

5. (0] 8). ab,c with &, g = ab,c.

We next proceed to determine the matrix elements involved in Eq. (14). Multiplying Eq. (12) on the left by («| and on the right by |5),
we see that

44,0

A (

pot=2) A)A0 i {a

p.0)|)~(a [H.5,.0]8)-7, (15)

In which the last term is included to account for the decay of the atoms due to spontaneous emission, and, y considered to be the same, is
the atomic decay rate. We assume that the atoms are removed from the cavity after they have decayed to the level other than middle and
bottom level. We then see that

(al,t-2)8) =0, (16)

With the aid of Egs. (1), (3), and (15), we easily find that

% = 9(88-p.a+p.0) -7, 17
% = g (bp.— ALD a5, )1 (18)
dp, _ | ~ors 45 5 h A

== tplp+9(ah- b ) 7. (19)
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cﬁ“ = tp0p+9(8p.+ p.4 )~ 1P, (20)
APy (n  an m A A\

dt _g(bpcn_apan _pnaa+pncb )_7pnn. (21)
dp. s NV

e LA0h - g (0 p+ puB ) 7. (22)

We confine ourselves to linear analysis and this can be achieved by dropping the g terms in Egs. (19) - (22). Dropping the g terms in
Egs. (19) - (22) and then applying the large time approximation scheme, we get

A(0) A

R Lowp
po= (23)
Y
R rowp
Pu= : (24)
¥
Pu=0, (25)
. Lowp
cc = " (26)
e

Substituting the above results into Egs. (17) and (18), and pplying once more the large time approximation, we get

~ r A(0) ARE A0 AA
Py = 3 (2 pb" =50 pa), 27)
R Fo(notn A as A
P = % (piﬁbp -pla p)- (28)

Finally, on account of these results, Eq. (16) can be put in the form

dp(t) _ AL oaina aain aaay L APD (nan s an
e (28 pa-aa p-paa’) + > (prb - pb’b-b bp) (29)
AL w2

77(25,56‘76'5'@%5'@') - T(zﬁﬁé—éﬁﬁ—ﬁéﬁ) ,

In which
A 29:r (30)
b4

Is referred to as the atomic linear gain coefficient. Eq. (30) represents the evolution of the density operator for nondegenerate three-level
laser.

3.2. Degenerate parametric oscillator
With the pump and driving residue modes which is emerged from nonlinear crystal without down converted treated classically, the sub-

harmonic degenerate parametric oscillator and the interaction of the driving light with the cavity mode can be described by the interac-
tion Hamiltonian,

Hpu:%i/l(é’z—éz)+ig(B’—B), 31)

In which 4 and ¢ are the amplitudes proportional to the pump and driving residue modes, respectively, Hence the
equation of evolution of the density operator corresponding to this Hamiltonian is

p —pat +pal)re (b'p—bp —pb +9b). (32)

Eqg. (32) represents the equation of evolution of the density operator for the degenerate parametric oscillator.
3.3. Nondegenerate three-level laser with degenerate parametric oscillator coupled to vacuum reservoir

With the aid of Egs. (29), and (32), the master equation for nondegenerate three-level laser with degenerate parametric oscillator coupled
to vacuum reservoir can be expressed as
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A0 1, e s rn i L v
ra EAp;a’(Za pa—ad'p-paa’) + E(’(‘*'APC(C)) (prb —-pbb-b bp)
—%Ap;? (2a'pb —B‘Q‘ﬁ—[)ﬁé‘)—%Ap:i)(25ﬁé—él§[)—ﬁét§)+1§l<(23ﬁé‘ —aap-paca) (33)

+1§ﬁ(é”,b —&’p —pa’ +,3é2)+g(6*,3 —bp —pb' +,36).

3.4. C-number langevien equation

We next proceed to obtain the c-number Langevin equations for the cavity mode variables. To this end, employing Eg. (33) and the rela-
ood o (d s

tion: <A>—Tr(dtp )

Along with the cyclic property of the trace operation, we easily find the c-number equations corresponding to the normal ordering as the
following

Say= -3 mla)-Zv(p) +4(a), (34)
S8 = -2 wip)r via)+ e, (35)
Sar) = —ula)-v(pa)+ 2laa)+a, (36)
S(p) =~ (g ) via )+ 2:(p), (37)
%(a'a) = - (d'a)- %v((a'ﬁ') + (@) +A((a?)+(a* )+ ApY (38)
Slp) =~ B B)yv(@s )+ (@p)+e(p) (), (39)
%(aﬂ) = —%(yﬂ+yc)<a,6>+ %v((a'a) —(BB)+A{a’ B)+e{a)+ %v, (40)
d, . 1 e L g s . 41
(@B = —Sluru)a Bl Jv ((a7)=(87))+ 2{ap)+ea). (41)
Where
H=Kk=Ap0 1 = K+ AP v = Aol (42)

On the base of Eqgs. (34) and (35), we can write as

d 1 1 . .

aa =3 ,uaa—E v +da+ f (1), (43)
d 1 1 .

aﬁ:_§y°'g+iva +e+1,(1), (44)

Where f (t) and f,(t) are the noise forces corresponding to the normal order and the properties of them to be determine. The formal
solutions of Egs. (43) and (44) can be put in the form

a(t)=ae %+ [der [—% VB () + e (t)+ T, (t ')) , (45)

pO=pO)e %+ e (_% va(t)+e + 1, (t ')] . (46)

We next proceed to determine the properties of the noise forces. We note that Eq. (34) and the expectation value of Eq. (45) as well as
Eqg. (35) and the expectation value of (46) will have the same form provided that

(t.0) = (f,0) =0. 47)
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Employing the relation %<a2> = 2<a%a>, along with Eq. (45), we see that

d

a(a’) = —u, <a2>— V<,8’a> + 24 <a'a>+2<a(t) f(1)). (48)

Comparison of Eq. (48) with Eq. (36) shows that

(alt) £() = % (49)

In view of Eq. (45), we see
(a(0)f, (t))e Y [dter [5 v{B ), ©)-A(a ), ©)-(f, ), (t))] = % (50)
Taking into account the fact that the noise forces at a certain instant do not affect the cavity mode variables at earlier time, Eq. (50) re-

duces to

paver " (1 )1 0) = Y. (51)

Or this equation can be rewritten in the form

Ly L
2 2

fdter” (£ @) = [dter ASE-t). (52)
It then follows that

(f,@)f, (1) = A5t-t). (53)
Similarly, we can find

(fOF. 1) = ApYSE-t). (54)
(£, O, @) = %v&(t—t‘). (55)
(f,)f,@®) =(f, )f, ) =(f ), @) =0, (56)

Egs. (47) , (53) - (56) are the correlation properties of the noise forces, f (t) and f,(t), associated with the normal ordering.
We next proceed to obtain the solutions of Egs. (43) and (44) which are coupled differential equations. To this end, introducing new var-
iables defined by

a =a ta, (57)

B.=p+pB (58)

And using Egs. (43) and (44), we can write in matrix as

d 1
aﬁ(t) =-3 M. Y, (1) + £, (1), (59)
In which
a,(t)

- | &N 60
ro- (50 ] (60)
Mt(t):[”ﬂ_¢ 2 iv], (61)

Voou
f.0

f.@t) = [ i (t)+8t]' (62)
With
M= f:@O 5@ f.0=F0%f@)ades stz (63)

Introducing a unitary matrix defined by
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o), -

u, = ( e ]uu = ( E ] Being the eigenvectors of the matrix Mz in Eq. (59), we see that

SO = -JUUIMUUT O+ 10 (65)

Multiplying both sides on the left by U*, we have

SUI0) - ~IRUT.O+U L0, (66)

Where

R=U‘MU, = [ A, O]. (67)
0 Z’z:

Here 4, are the eigenvalues of the matrix M, . We notel that Eq. (66) will have well defined solution if and only if both 4, have a
value greater than zero. Hence the solution of Eq. (66) can be put in the form

Y.®)=U e’ UY.(0) +[dUe’ U F@) (68)

We next proceed to find out the eigenvalues and eigenvectors of the matrix M, . With the aid of Eq. (61) and the eigenvalue equation, we
easily find the characteristics equation

=+ F20)A + (1, F22) 40" =0, (69)

Taking into account Eq. (42) and o +p® =1, the roots of this quadratic equation can be

A :%{2K+A77$22.+g:}, (70)
A :%{2K+An¢zz-gi}, (71)
Where

e=\A7 +A 4N, n=pl - Pl (72)

We next proceed to find the elements of eigenvectors for the matrix M_ . With the help of the eigenvalue equation along with Egs. (61)

and (70), we get

"

Aliulii + Zvuzu = O' (73)
Where
A=At 21+¢,. (74)

Taking into account the normalization condition: u’, +u’, =1 we get

11+

uv:iizv U+=L. (75)

Following a similar procedure, we also easily find the elements of the eigenvector corresponding
to the eigenvalue 4, as

ut:$ ut:L (76)
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A, = A+ 21-¢,. (77)

Substituting Egs. (75) and (76) into (64), we see that

+2v +2v
U - J‘\;;“Vz 4“51\:4“ | (78)

a7 JR-a

With that aid of Eq. (67) which is a diagonal matrix Eqg. (78) and its inverse, we find

Uei'U = [ Pt a.() j (79)
q.0 p.@®

U ety [ ph(t—t") q&(t—t’l) ) (80)
th(t_t) pZt(t_t)
Where
Can i 71/::0“) 7L Elmr )
p.(t—t) = % e " e , (81)
Cn i %l/mm _L %l/u\—n
pzi (t t) - 26'; e 28l e (82)
q.(t-t) = iz—vefm T 2—Ve71 v (83)
2¢e, 2¢
N _27‘/ F1/w—v! 27‘/ ?1 (t-t)
q,(t-t) = +28t e + o e (84)
with t’= 0 and t’. With the help of Egs. (68), (79), and (80), we finally obtain
o, (t) = p.(t) . (0) +0. (t) B.(0)+W, (t) + v..(1), (85)
B =p..0 5.(0) + 0,. () &, Q) +W,. (t) + v,,.(1), (86)
Where
W, (1) = [i{p,(t—t") f_(t)+q. (t—t)f, (t)}dt, (87)
W, (0) = [1{p. () £, () + Q. (t—t) F, ()}t (88)
v.(t) = ii—:(lfe““/z) x%(lfe“““), (89)
v, (@) = i%(lfeﬂ:'/z) - %(Le'“"”). (90)

3.5. Quadrature variances

In this section we seek to study the quadrature variances of the cavity modes produced by nondegenerate three-level laser with degener-
ate subharmonic parametric oscillate employing the solutions of the c-number Langevein equations and the correlation properties of the
noise forces.

3.6. Quadrature variances of a single-mode light

The variances of the quadrature for a single-mode light defined by operators:

a=a+a e

a-i@ -a, (92)
Can be written as
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Aat =(a.(1).4,() , (93)
It can be easily verified that

[

AaAa >1. (95)
Eq. (59) can be expressed in term of c-number variables associated to the normal order as

>

L, a]=2i, (94)

Al =1+ (a,(t), a.(t)). (96)
Taking into account initially the cavity in vacuum state along with Eqgs. (47) (85), and (87), we easily show that
(a.() = v.. (97)

With the aid of Egs. (85), and (87) along with the assumption that initially the cavity is in vacuum state and the fact that the noise forces
don’t affect the cavity mode variables at earlier time, we have

Pt —t)p (t—t")(f (), (") + p.t-t)a. -t (F.t)F,. ")
(a.a) = L4+ a.-t)p -t (f, (). ") dt'dt” + v (). (98)
+0, (t-t)q. -t (f,.A)f,.")

Applying Egs. (53) - (57) and carrying out the integration, we find at steady state

_ QAN FU'A,  (A£A0DI A, FUCA,

<at s at> 5 2
. 2% 2, 2.4, (99)
_AGEAODAA FAA A

265 (A, + 4,.)

Applying Egs. (96) and (99) in Eq. (93), we finally at steady state find

(0) 2 - 2 (0) 2 - 2
par _ 1e RO FUA | (LAOL) A, F2A,

* 2614, 2614, 100
L AAEAIDA A FA(A + AV (oo

28 (A, + 4.)

Eq. (100) represents the quadrature variances for mode a. Following the same procedure, the quadrature variances for mode b is found to
be

W (AL Ap)F2U A, . W (AL AP F2UA,
28 A, - 26 A,
LI ASD)V FAA, + AV
26 (&, + 1) '

AbF = 1%

(101)

3.7. Quadrature variances of two-mode light

Here we wish to calculate the quadrature variances for a two-mode light produced by the system under consideration. The quadrature
operators for a two-mode light are defined by

6= JH € +0) (102)
Where
é:%(éwﬁ). (103)

AC =(¢., ¢) (104)

Avre expressible in terms of c-number variables associated with the normal ordering as
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AC = %Aaj +%Abj +(a., B), (105)

In which Aa’> and Ab’ are quadrature variances of mode a and mode b, respectively. Employing Egs. (53) - (57), (85), (86) , (87) and

(88) and taking into account the assumption that the cavity modes are initially in vacuum state and the fact that the noise forces at a cer-
tain instant do not affect the cavity mode variables at earlier time, we have

(a,®), B.0) = [P, t—1) p, (t-1)+ G (t—1)q,, (1)) +2(2 £ Ap?)p, (t—1)a,, (-t )} dt’ (106)
Performing the integration applying Egs. (81) - (84), this equation becomes a steady state

d(AEAPR) A FV(ALA. +4v°)
4e? 2,

W(AEAR)A. FrY(ALA +4V) (107)
46l A4,

- 8 (A APD) (A + A)F2v(AL+ AL +8V°)

4t (A, + A,,) '

(a,, By, =+

Using Egs. (100), (101), and (107) in Eq. (104), we have

st 218 CLEAPD(A, + 207 Fu(A +2)(A, +20)
’ 4el A,
L GEAR)(A+ 20) Fu(A, +20)(A, +29) (108)
4e’ 4.,
- A4A ALY (AL+ 2v) (A, + 2v)F2v(A, + 2v)' F2v(A, + 2v)°
4el (A, + 4,.) '

Eq. (108) represents the quadrature variances for two-mode light produced by nondegenerate three-level laser with degenerate parametric
oscillator.

4. Result and discussion

n
Fig. 4.1: Plots of Represents the Minus Quadrature Variances [Eq. (100)] Versus 7 for k¥ =0.8, A = 0.3 for Different Values of Linear Gain Coefficient
A

Fig (4.1) represents the minus quadrature variances of mode a [Eq. (108)] versus r for x = 0.8, 2 =0. and for A =10 (solid), A =25
(dashed), A = 50 (dotted) and A = 100 (dash-dotted). The figure shows that the quadrature variance increases as the linear gain coeffi-
cient increases. Moreover, the minimum quadrature variance for A = 10, « = 0.8, 2= 0.3 is 0.5 at  =1. It implies that 50% of maxi-

mum squeezing can be obtained for the given values.
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Fig. 4.2: Plots of the Minus Quadrature Variances [Eq. (100)] Versus 7 for x = 0.8, A =100 and for Different Values of A .
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In Fig. (4.2) we plot the minus quadrature variances [Eq.(100)] versus and for 2 = 0.0 (dash-dot), 2 = 0.1 (dotted), 1 = 0.2 (dashed)
and 2 = 0.3 (solid). The plots indicate that the degree of squeezing increase with the amplitude proportional to the pump mode.
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Fig. 4 3: Plots of the Minus Quadrature Variances [Eq. (108)] Versus 1 for « = 0.8, 2 =0 and Different VValues of Linear Gain Coefficients A.

Fig (4.3) is the plots of the minus quadrature variances for two-mode light [Eq.(108)] versus n for x =0.8, 2 =0 and for A = 10 (dash-

dotted), A = 25 (dotted), A = 50 (dashed), and = 100 (solid). The figure shows that the degree of squeezing increases with the linear gain
coefficient. Moreover, the minimum value of the quadrature variance described by Eq. (108) for A =100, « =0.8and 4 =0 s found to

be Ac’ = 0.16 and occurs at 7 = 0.1.This result implies that the maximum squeezing for the above values is 84% below the coherent
state level.

n
Fig. 4.4: Plots of the Minus Quadrature Variances [Eq. (108)] Versus 1 for A =100, ¥ = 0.8, and Different Values of 1 .

We Plot in Fig (4.4) the variances of the minus quadrature [Eq.(108)] versus n for A =100, « = 0.8, and for 1 = 0.0 ( dash-dot), 4 =
0.1 (dot), 2 =0.2 (dash), and 2 = 0.3 (solid). The figure indicates that the degree of squeezing increases with the amplitude proportion-
al to pump mode. Moreover, the minimum value of the quadrature variance described by Eq. (108) for A =100, x =0.8,and 2 =0.3is
found to be Ac’ = 0.14 and occurs at 7 = 0.1. This result implies that the maximum squeezing for the above values is 86% below the
coherent state level.

5. Conclusion

In this work we have studied the squeezing, properties of the cavity modes produced by nondegenerate three-level lasers with degenerate
parametric oscillator. We have obtained, the c-number Langevin equations associated with the normal ordering using the master equa-
tion. Applying the solutions of the resulting Langevin equations, and the correlation properties noise forces, we have calculated the quad-
rature variances and the sum of the variances of EPR-like variables. The result shows that the two-mode light produced by the system
under consideration is in squeezed state and the squeezing occurs in the minus quadrature. It is also found that the degree of squeezing
increase with the linear gain coefficient. Moreover, the result shows that the minimum value of the quadrature variance for A =100, x =
0.8 and 2 =0 is found to be Ac’ = 0.16 and occurs at »= 0.1. This result implies that the maximum squeezing for the above values is

84% below the coherent state level.
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