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Abstract

We consider the case of electromagnetic field inside a rectangular cavity with conducting walls as a form of a system described by clas-
sical mechanics equations. We pass these equations through the Lagrangian formalism to obtain the Hamiltonian formulation. Finally we
apply canonical quantization to end up with a quantum theory of the electromagnetic field. Since classical electrodynamics can be inter-
preted as the quantum theory of a one photon system, then the above quantization is taken as the “quantization of the quantum theory of
the electromagnetic field” or simply second quantization.
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1. Introduction

In a double slit experiment a beam of monochromatic light of monochromatic light of frequency V falls on a screen with two slits. Be-
hind the screen a photographic plate registers the light. The wave nature of light determines the interaction pattern that appears on the
photographic plate [1].When the light is dimmed to an extent that the particle nature of light becomes apparent, that is the absorption of
light occurs at scarcely spaced but well defined positions on the photographic plate. If one waits long enough for a very large number of
such absorption to have taken place, then the pattern appearing on the photographic plate is still the same interference pattern as observed
for an intense beam [2].Then, when the light is dimmed, we may assume that there is only a single photon at an instance of time. The
absorption of the photon is considered as a measurement. However, no definite prediction about the position of absorption on the screen
can be made, but the probability density for the absorption at a given by the intensity of the electromagnetic field of the free photon at
that given position at time of absorption [3].In this way, we see that the Maxwell’s equations of the classical electrodynamics can be
interpreted as the Schrodinger equation governing the time evolution of the electromagnetic field considered as a wave function for a

— —

one-photon system [4]. The six component wave function V' is an assemble of the electric field E andthe magnetic field B

E
w=| = (.1)
cB
where C is the speed of light in vacuum. The two Maxwell equations in vacuum are
V-E=0, V-B=0 1.2)

impose constraints on the possible wave function ¥ : only wave functions whose components E and B fields satisfy equation (1.2) are
physically allowed. The remaining two Maxwell’s equations in vacuum,

OE

—=c’VxB, B e (1.3)
ot ot
can then be considered as a first order time evolution equation for ¥/
oY
—=DV¥ (1.4)
ot

where D is the linear operator [5]. Equation (1.4) can be interpreted as Schrédinger equation governing the time evolution of the wave

function ' . We note that equation (1.4) preserves the constraint equation (1.2): for the electric field E and for the magnetic field B.

This implies that, if ¥ solves equation (1.4) and satisfies the constraint equation (1.2) at timet = 0, if then it satisfies equation (1.2) at
all timest . We note, unlike the Schrodinger equation for massive particles, equation (1.4) is first order not only in time but also in space.
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Then, the Maxwell’s equations are relativistic equations for a photon the same way as the Dirac equation for the electron, are first order
both in time and space [6].

In section 2 we solve the time evolution equations of the electromagnetic field inside a rectangular cavity with conducting wall, and then
express the corresponding Lagrangian and Hamiltonian formulation. In section 3, we apply the canonical quantization for the system in
section 2 to end up with the quantum theory of the electromagnetic field or simply “quantization of classical electrodynamics”.

2. Electromagnetic Field in the cavity

We consider a rectangular cavity C of length |, width W and height h represented in a Cartesian coordinate system as follows

C={(xy,z), 0<x<l, 0<y<w, 0<z<h} (2.1)

We assume that the cavity has ideally conducting walls, which translates into the following boundary condition for Eand B:

E| =0 B,|_ =0 (2.2)

where E, denotes the component of the E -field parallel to the boundary OC of C, while §L denotes the component of B -field

ocC

perpendicular to OC . We consider the initial value problem: given the fields Eo (T’) and Bo (I_") subject to the constraint equation
(1.2) and the boundary conditions (2.2) and which satisfies the initial conditions

E(F,0)=Ey(T) B(7,0)=B,(r) (2.3)

We note that Maxwell’s equation (1.3) can be decoupled by applying the curl on equations (1.3) separately and then using the constraint

equation (1.2) to find separate wave equations for E and B, defined as [7]

1 0°E _ 1 0°B

VE-——=0; VB-—-—=0 2.4
C2 atZ C2 atZ ( )
Equation (2.4) can be solved using separation of variables, for instance the first component El of E is expressed as

E (F,t)=U, (x)V, (Y)W, (2)T,(t) (2.5)

substituting in the wave equation (2.4) and diving by El , We obtain
2 2
Lo 10, L0 1100 29
U, dx= V,dy" W, dz° ¢ T, dt
If (2.5) is to hold for arbitrary values of X, ¥, Z and t, then each of the summands is constant and the constants add up to zero. These
constants can be positive, zero or negative, but for conservation of boundary conditions one can conclude that

) 2
id U, K2 ld_z\/l_ K2- idzwl — K2 ld Tl(t)z—koz (2_7)

u dx> Y vpdy? P W, dZ2? T, dt?

where ko, kl, k2 and k3 are positive constants subject to

kozc\ﬂ:cﬂ/kfﬁuk;w; (2.8)

where we have considered K , as components k2 and k3 of a wave vector K [6].The boundary condition from (2.2) for El becomes

El‘y:O - El‘y:w - El z=0 - El z=h - O (29)
which is equivalent to requiring that
V, (0) =V, (w) =W, (0) =W, (h) =0 (2.10)
Using (2.7) combined with the condition (2.10), the constants k2 and k3 can be expressed as
K = M7, k = 2.11
2= " y 3T ( )

Then for some positive integers M, and [J; , we have

Vl(y):sin[% j Wl(z):sin(%zj (212)

Proceeding in the same way for E,and E,, we obtain
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P j (213)
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T, (t)sin [n:;—” x}sin(m3

We impose the constraint equation ? E on (2.13), to obtain
T (U3 (sin( ™ y Jin( 22 4, ()sin] " vz (y)sin| B2 |
W h | h
Tg(t)sin(n"i—ﬁxjsin(mﬁ ng’(z) (2.14)
\'

Keeping two of the three variables in (2.14) fixed and letting the third to run, it is easy to show that these equations can be satisfied only

if, for instance N, =N; =N and U '(X) is proportional toSin (nl—” X) , and similarly for Y and Z . Absorbing the proportionality
constant in the time dependent factors, we can therefore assume that
Ul(x):cos(nl—”xj, Vz(y):cos(% yj, Wg(z):cos(%z) (2.15)
Then equation (2.14) reduces to
(nl—”Tl (t)+m—v\7/[T2 (t)+% . (t)jsin(rll—” xjsin [m—v\f yjsin [% z] =0 (2.16)

Equation (2.16) is satisfied for all X, Y and Z , if and only if
Nz m7r pz

k-T(t)=0 k = (K, ky, k. ,— 2.17
) (kR )= o7, 1 (217)
for all t. We introduce a the vector K that denotes the set of possible vectors IZ

K::{(nlﬂ, n\:;[ phﬂj n, m, peN} (2.18)

We consider the variables o, 'BR' for every k eKK as the generalized coordinates of the system and introduce two units vectors

a ( IZ) and \7(|Z) with the property [U (k ) ) V(k ) m k J that forms a positively oriented, orthonormal basis.Then the most gen-

eral solution of equation (2.17) can be written as
T (1) =a, (t)u(K)+ B, (k) (2.19)
We substitute equations (2.13) and (2.19) in (2.13) to obtain the general expression for the E -field as
E(Ft)=c ()&, (F)+ A4 ()&, (7) (2.20)
where we have introduced the vector-valued functions ek r and e ( defined by
u(E)lcos(klx)sin( k,y)sin(k,z)
&, (r)= u(IZ) sin(kx)cos(k,Y)sin(k,z) |,
u(k) sin(kx)sin(k,y)cos(k,z) v

)
v(IZ cos (kx)sin(k,y)sin (k,z )
& ,(F)= v( sin(k,x)cos(k,y)sin(k,z) |(2.21)
( sin(k,x)sin (k,y)cos(k,z)

The same chain of arguments can be applied to the B -field to obtain

B =27 (0T, (N+25 O, (r) (222)

where
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u(E)lsin(klx)cos(kzy)cos(ksz) v(IZ)l i
(F)= u(IZ)Zcos(klx)sin(kzy)cos(ksz) , f(F)= v(IZ
u(l?)acos(klx)cos(kzy)sin(k3

N
N—"

V(IZ)3 cos (k,x)cos(k,y)sin(k,z)

and the factor — in (2.22) is introduced so that the functions Vi and 5|Z are of the same dimension as the functions ¢ and ﬂ
C

i Q - It is
easy to verify that
Uxg, =, xg =,
,u C ,V f C ,u
) y (2.24)
Vx :_Foeﬁ,v Vx flz,v:?oelz,u
We substitute equations (2.21) and (2.22) for in (1.3) and use (2.24), we obtain
(085, (1) A (0%, (1) =Ko, (08, (1)K 08, (7) 2
7o (1) oy (F)+ 0 (1) o (1) =kaB (O F, (F) —koo O F, (F)
where K and K’ are taken as the wave vectors for the E and E respectively. If IZ = IZ' forall X ¥, Z and t, equation (2.25) is
satisfied if and only if the following equations hold
g (1) = ko (1) B (1) = ko7 (1) (226)
7}g(t):koﬁg(t) g( ) ka (t)
this satisfies the Maxwell’s equations in the cavity if and only if )
. (t)=—kja (t), B (t)=—k3B.(t) (2.27)

for every K € K .Substituting(2.20) and (2.22) in (1.3) and apply (2.24), the electromagnetic field can be expanded in terms of the gen-
eralized coordinates and their velocities dE , ﬂ ke K ,as

e o (08, (1) + 4, (V€ (7)
wiry< ECO sl o (2.28)
B(r,t)) = PG (t) fR,v(r)_k_ﬂR (t) f, (F)
0 0
Then the pro_blem has bee.n reduced to an infinite system of decoupled harmonic oscillators

We proceed into Lagrangian formalism by using the Euler—Lagrange equations to write the Lagrangian of the dynamical system as [8]

L= "c. (6 —kja? )+d (B -k B7)

- — Ky B (2.29)
keK

where CE’ dE are non-zero constants. We calculate the momenta Ty @ conjugate to Ay ﬂ as

oL . oL

oa, 5,3
and the corresponding Hamiltonian becomes

1 5 2 2 1 2 2 2
H=Y| —xi+ckia +—a +d K[ (2.31)
kKeK CR 4dg

The total energy of the system is easily obtained using equations (2.20), (2.22), (2.26) and (2.30)and using the orthonomality of the func-
tions €. . €, fo, f

Iwhs, (/= = - lwhe, o; ;
E==""2((E[E)_+c*(B|B) ) R T S (2.32)
16 R R ~ 4d2k?  4c’k’
o . . . 1 .
Since the Hamiltonian (2.31) is associated with the total energy of the system (2.32), we chose CR = dR = W and rewrite (2.31) as
(8l

0

35
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k¢ 1
H= I;[—O(ﬁ§+a)§)+§(as+ﬂs)} (2.33)
then (2.32) becomes
Iwhe,
16

The electric and magnetic field can be expressed in terms of canonical coordinates Ay ﬂlz and momenta Ty O then (2.28) be-

E=—0H (2.34)

comes

_ [E(nt))_ o (V)& (7)+ A (1), (7)
¥(rt)= cB(r, t) _REZK ko(”k‘(t)fﬁ,v(r)_”‘Fﬁ,u(r))

(2.35)

These completes the Hamiltonian formalism of the problem, we proceed to its quantization. In the light of the interpretation of classical
electrodynamics as the quantum theory of a one photon system, we consider the above quantization as the the first quantized theory.

3. Quantization of the Electromagnetic field

To quantize the Hamiltonian (2.33), we assume that for a Hilbert state S of the system and for every dynamical variable A of the

classical field, there is a self adjoint operator A actingon S . In particular, we have operators OA(E, B 7%12, c?)Iz forall K € K , and
these operators are assumed to obey the canonical commutation relation [9]

(6. 7 =] B i | = i itk=K (3.1)

0 if k =k’
By factorization of equations (2.33), we define lowering and raising operators
1 . ~ 1 P
a =——(a. +ik,7.), b. = ~+ik, o
= ) = o V) (32)
1 . ~ 1 . '
al = ——(a. +ik, 7, b. = — ik,
K \/%( K 0 k) K tho ('Bk 0 k)
where the constants in front of the brackets have been chosen such that (Wysin, 2011)
1T o in if k=K'
[éﬁ’ éu{bﬁ' bH= e o (3-3)
0 if k =k’

Solving (3.2) for the operators corresponding to the canonical coordinates, we find

k . n k .
dE:@(akAak’-), B = hzo(bk.+bki)

A= 2’; (a,-a) % =i 2 (b, -b})

The straight forward way to write the Hamiltonian operator for the system is simply to put hats on the classical equation (2.33) and apply
(3.2), to obtain

~ ot nn
H= " nk, (3, +b/b, +1) (3.52)
keK
However, this cannot work, for instance

Hio)=( Tk, o (350)

keK

which imply H is not defined on the vacuum state. Also, it is straight forward to verify that the same problem occurs for all states
fik

|n; m>. This problem may stem from the ground state energies = ¢ ) of all the infinitely many oscillators, which add up to an infi-

nite vacuum energy [9]. In quantum mechanics, two Hamiltonians defined only up to the addition of a constant, generate the same dy-
namics [3]. Then, what is relevant is only the energy difference between the two states, and any constant added to the Hamiltonian can-
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cels out in the calculation of such differences. This suggest that we can redefine the vacuum energy in (3.5b) to be equal to zero and re-
write (3.5a) as a well defined Hamiltonian operator

= A SHA
H=Y nk,(a/a, +b/b, ) (3.6)
keK
Since the states |n; m> are eigenstates of the Hamiltonian H , then

H|n;m>s(§hkc(n(l?)+m(l2))j|n;m> (3.7)

and we can express all the time dependent operators in the Heisenberg picture. For instance, we have

a (t)|n;m)= eEHtaRe_EHt [n;m) =e *'a|n;m) (3.8)
and applying the same argument for b< , it follows that
—ikot ¥ _ aikotqt
N R (29)
b, (t)=e b;z b (t) =e™"'b]

for all states | n, m> [6]. Substitute (3.9) in (3.4), the time evolution operators for the canonical coordinates become

Q. (t) _ }‘;ko (e—ikota Lelig )’ B‘ (t) =@(eikotbIZ +eikotb;)

2

(3.10)
7%12 (t) - % (efikotaIZ _ e‘k‘]tag) C?)E (t) —j % (efikotbIZ _ eik‘)tbg)
0 0

We substitute (3.10) in (2.35), the explicit expression for the field operators in Heisenberg picture (or in Schrodinger picture by putting

(t-=0)
try) J[* “ (e, <r>ak< e, (F)b)+e% (&, ()aj +€, (1)1}

=1 - SR A ¥
( ) Cé(l’, t) keK 'kot( f (F)ag)_ieik()t(fg’u(r)bg_fg’v(r)ag) ( )

which is the short hand for the six equations, each defining the operator corresponding to a component of the electromagnetic field.

4. Conclusion

With these explicit expressions for all the operators in the Heisenberg picture, we have obtained the second quantization of the electro-
magnetic field. We could work out expressions for commutators or vacuum expectation values of products at various points and times. In

most instances, we would find that the corresponding sums over the k € K do not converge as functions, at best they can be interpreted
as Fourier series of the distributions. Even the field operators are therefore rather singular objects, sometimes referred to as operator-
valued distributions. As for ordinary distributions, a good way of making sense of such operator-valued distributions is to smear them
with suitable test functions. Such smeared operators will naturally arise in the next article under preparation. The well defined operators
corresponding to the canonical variable are examples of such smeared field operators.
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