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Abstract

A multiset is a collection of objects in which they are allowed to repeat. The purpose of this paper is to generalize the notion of Boolean
algebra in the context of multisets. Furthermore, we consider 0 and 1 as multiset depiction and identify their role in Boolean algebra over
lattice ordered multisets(dual), where some sorting exists among the parameters are explored.
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1. Introduction

Multiset theory is an influential mathematical tool to handle unre-
liabilities. The crucial aspect of a multiset is the recurrence of its
objects which we get it from a set and it is a new interesting mathe-
matical notion. By way of illustration, repeated roots of polynomial
equations, repeated elements in the prime factorization of an integer,
repeated observations in statistical samples, repeated hydrogen atoms
in a water molecule, a graph with loops, the various strands of the
homogeneous DNA etc., need to be counted for obtaining adequacy
and accuracy. The concept of multiset ensue repeated elements are
admitted in a set. A categorical approach to multisets together with
partially ordered multisets was explained in [11]. Weierstrass de-
fines real numbers as certain msets of rational numbers in which
finitely many repetitions are allowed. For example, the quantity 7=
3.141..... can be identified with a multiset containing the number 1
with multiplicity 3, the element 11—0 with multiplicity 1, the element
100 Wwith multiplicity 4, etc.(see [15]).

Many other examples from daily life can be used to further illus-
trate these distinctions. Coins of the same denomination and year
of minting but which are physically distinct are essentially indis-
tinguishable so we consider them as same(equal) but not identical.
Electrons, or amino acids, or grains of sand, occur repeatedly in
larger structures where their relative positions may allow us to dis-
tinguish them, although individually they may appear to us as the
same, despite being obviously separate. Multiset theory is a splendid
prospective applications in diverse circumstances; In those situa-
tions, recurrences of objects and its order become mandatory to the
structure. For instance, employee position and their salary, price and
sales of the product, syllabi and the centum scorers, disease speed
and spread percentage. These circumstances give rise to an intention
of lattice ordered multiset and its dual because number of students
may decrease as percentage of obtained marks goes higher and also
we can say the sales of a product will be high if its quality is very
good. So it is peculiar to survey these multisets where some sorting

exists amid the attributes.

Recently the concept of multisets, soft groups and fuzzy soft goups
are applied to lattice theory in [1, 2, 13]. J.Vimala proposed the
notion of fuzzy lattice ordered group in [14] and thereby fuzzy {—
ideal was studied in [3]. Later on J.Vimala et.al.,[12] have formu-
late a decision making method that may be applied to many fields
for solving problems containing uncertainties especially obtaining
shortest route, convenient route among all routes by using fuzzy soft
cardinality.

This paper is arranged in the following manner: In section 2, basic
and necessary definitions concerning multisets and lattices are re-
viewed. In section 3, we discuss the algebraic structures associated
with lattice ordered multisets. In section 4, we present an illustration
that considering 0 and 1 as multiset depiction and identify their role
in Boolean algebra over lattice ordered multisets(dual) while the
order arising amid the attributes.

2. Preliminaries

In this section, we recall the necessary definitions concerning multi-
sets and lattices.

Definition 2.1. [8] Let X be any set. A multiset M drawn from X is
represented by a function count M or Cyy defined as Cyy: X — N
where N represents the set of all non-negative integers.

For each x € X,Cy(x) is the characteristic value of x in M and
indicates the number of occurences of the element x in M . A multiset
Mis a set if Cyr(x) =0 o0r 1 Vx € X.

The word multiset often shortened to ‘mset’ abbreviates the term
‘multiple membership set’.

X is called the ‘root’ set or ‘carrier’ set or ‘support’ set of an mset
M

Definition 2.2. [8] Let M| and My be two multisets drawn from
a set X. My is a sub multiset of May(M; C M>) if Cy, (x) < Ciy, (x)
for all x € X. My is a proper sub multiset of My (M| C M) if
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Cy, (x) < Cpm, (x) for all x € X and there exist at least one x € X
such that Cyy, (x) < Cpy, (x).

Definition 2.3. /8] Twwo multisets My and M, are equal (M
ifMl gMg andM1 ;)Mz.

Definition 2.4. [8] An multiset M is empty if Cp(x) = 0 for all
xeX.

=M)

Definition 2.5. [8] The union of two multisets My and M, drawn
from a set X is an multiset M denoted by M = M UM, such that
Vx € X,Cy(x) = max

{Ca, (%), Caty () }-

Definition 2.6. [8] The intersection of two multisets My and M»
drawn from a set X is an multiset M denoted by M = M| N\ M, such
that ¥x € X, Cp(x) = min

{CM] (x)chz (x)}

Definition 2.7. [8] Addition of two msets My and M» drawn from a
set X results in a new mset M = My & My such thatVx € X,Cp(x) =
Cuy (X) +Cu, ()C)

Definition 2.8. /8] Subtraction of two msets M| and M, drawn
from a set X results in a new mset M = My © My such that Cyy(x) =
max{Cyy, (x) — Cpy, (x),0}

Definition 2.9. [8] Multiplication of two msets My and M, drawn
from a set X results in a new mset M = M| @ My such that Vx €
X,Cu (x) =Cp, (x)'CMz (x)

Notation 2.10. [6] Let M be an mset from X and let x appear n times
in M. We denote it by x €" M.M = {ky /x1,ky/x2,...... kn/xn} also
means that M is an mset with x| appearing k| times, x appearing
ko times and so on. [M]y denotes the element x belonging to the mset
M and |[M)y| denotes the cardinality of an element x in M.

Definition 2.11. [10] Let p = {A1,As, ...... } be a family of msets.
The maximum mset Z is defined by Cz(x) = max Cy(x) for all objects
i€p

x. Then the complen/zent of a mset A, denoted by A is defined as
A =Z— A such that C5(x) = Cz(x) — C(x) for all objects x.

Hereinafter, max{a,b} and min{a,b} known as a Vb, a \ b respec-
tively; X refers a root set of a mset that signifies to the lattice

Definition 2.12. [1] A multiset M is called lattice(anti-lattice) or-
dered multiset whenever for the function Cpy: X — N, x <y implies
Cu(x) <Cu(y) [Cu(x) = Cu(y)] forall x,y € X.

The word ° lattice ordered multiset’ often shortened to © ¢-mset’
that abbreviates the term partially ordered multiple membership
set in which each two-element submultiset has an infimum and a
supremum.

Let us denote the elements of /-mset M as p/x < ¢/y which means
x<yand p < gwhere Cy(x) =p, Cy(y) =¢q, p,geN

Example 2.13. Let M={m/c, m+i/a, m+i+j/b, m+i/d, m+i+k/e}
withi < j <k <mandi,j,k,m € N be a multiset of gems annexed
within a necklace. Here a,b,c,d,e depict platinum, diamond, coral,
emerald, supphire respectively. Necklace is highly designed by
supphire. Sorting of those elements is as delineated in figure 1 and
whose tabular form is as given in below table

e

c

Figure 1

Table
Cy | m | m+i | m+i+j | m+i+k
a 0 1 0 0
b 0 0 1 0
c 1 0 0 0
d 0 1 0 0
e 0 0 0 1

3. Algebraic structures associated with lattice
ordered multisets

In what follows, Cz(x) = XlaXCA,- (x), Vx where p = {A1,Ap, -+ }
i€p

be a family of msets and X be the root set of an mset that refers a
lattice, unless otherwise stated.
LM (X)- The collection of all {—msets defined over X

Proposition 3.1. Let M| and M, be two lattice ordered multisets
over X. Then

(i) Cm, (x) N [Cy,
(i) Car, () V [Cin,

(x) V Cp, (x)] = Cuy, (x) for all x
(x) ACu, (x)] = Cp, (x) for all x

Proof. 1t is straight forward from the respective definitions O
Proposition 3.2. (LM(X),Z,0,U,N,") is a De Morgan algebra
Proof. Since the De Morgan’s laws

() [Cu(x)VCy(@x)] = ' (X) ACyy (x) for all x
(i) [Cy(x) ACy(x)] = ' (X)V Cy (x) for all x
hold good for each lattice ordered multisets M and N over X, then it

is a De Morgan algebra
O

Proposition 3.3. Let (LM(X),Z,0,U,N,") be a De Morgan algebra
and A, B be {-msets. Then

(i) CA((x)) Cp(x) if and only if C;(x) > Cy (x) and Cyy(x) =
C@ X

(ii) Ca(x) # Cp(x),Ca(x) < Cp(x) = either Ca(x) # Cy (x) or
Ca(x) # Cy (3)

Proof. (i) Suppose Cy(x) < Cp(x), then /

Ca(x) = [Ca(x) ACp(x)] and Cy (x) = [Ca(x) ACp(x)] = [Cy (x) V

Cy (x)] = Cy (x) = Cp ().

Conversely, suppose C; (y) # Cp(y) and E is an anyother £{—mset.

Then

Ce(y) = [CE() N Cy(y)] = CE () = [CEG)ACu )] = [Cr () V
()} # [Cx (¥) VCp(y)] = Cr (y) that is a contradiction. So,

Cor (x) = Co(x)

(if) Suppose C4(x) = C, (x) and CB( ) =

Cp(x) implies Cy (x) = C, (x) =

Cy (x). By (i),Calx) <
Cy (x) = Cp(x), a contradiction
O

Proposition 3.4. Let (LM(X),Z,0,U,N,) be a De Morgan alge-

bra and A,B be {-msets. Then [C4(z) ACy (z)] =Cp(z) Vv [Cy ()N
Cy (2)] if and only if Cp(2) NCp (z) <Calz) forallze X

Proof. Assume for any z € X, [Ca(z) A Cy (z)]/ =Cp(z) vV [CA/ () A
Cy (2)]

= C,(2) VCp(z) = Cp(2) V[Cy (2) NCy (2)]

Smce Cy(z) <Cy(z) VCp(z), we have Cy (z) < Cp(2) V[Cyr (z) A
Cy (2)]

Then {Cp(2) V [Cy (2) A Cy (2)]} = Cy(2) A[Calz) V Cp(2)] <
Ca(2).

A?so Cp(z) A Cy(z) < [Ca(z) V CB(2)] A Cy(z) as Cp(z) <
Ca(z) VCp(2).
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Hence Cp(z) ACy (z) < Ca(z)

The second claim, assume Cp(z) ACy (z) < C4(2).

It is equivalent to Cy(z) < [Cy(2) V Cp(z)].

Cr(2)V C(2) < Cyy () VCa(2)

Absorption Commutativity, Distributivity imply
2)VCa(z <{C (2) VCr(2)} AN{Cr(2) VCy (2)}

S N AR

[{Ch(2) /\CB }V{CB )ACp (2)}]

={ [{Cp() N CB(2) VCy (2 )}}V{C ( /\CB H V{Cy ()

~{[Co(@) V{Cy ) ACBH V {Cy () A Cy ()}

~{CoV Gy (0) A Cy ()1}

{CB(2) V{Cy (2) NCy (2)}} (1

Thus

Cy(2)VCp(z)

Moreover Cs (z) ACy (2) < Cy (z) implies

Cp(2) V[Cy (2) ANCp (2)] < Cy(2) VC(2) )

By (1) and (2) Cp(z) V [CA/,(Z) NCy (2)] =Cy (2) VCa(z)
Therefore [Ca(z) ACy (z)] =Cr(z) V{Cy (2) ANCy (2)}
O

Proposition 3.5. Let (LM(X),Z,0,U,N,") be a De Morgan algebra
and [Cx(x) ACy (x)] = Cp(x) V[Cy (x) ACy (x)], VA, B € LM(X).
Then LM(X) is a Boolean algebra

Proof. For any A,B € LM(X), [Ca(x)ACy (x)}/ = Cp(x) V
[C, (x) ACp (x)] can be written as Cp(x) ACp (x) < C4(x) by above

theorem. In particular, if C4(x) = Cy(x),Vx € X, then Cp(x) A
Cy (x) = Cg(x) for every B € LM(X) and hence Cp(x) V Cp (x) =
Cz(x)

O

Proposition 3.6. The only De Morgan algebras in which
[Ca(x) ANCy (x)] = Cp(x) V[Cy (x) ACy (x)] holds are those that

are Boolean algebras.

Proof. It follows from the above propositions
O

Example 3.7. Let (LM(X),Z,0,U,N,") be a De Morgan algebra
and let Z = {4/x,10/y,15/2,30/w}, A = {0/x,10/y,15/2,30/w},

= {0/x,0/y,15/z,30/w}, C = {0/x,0/y,0/z,30/w}, D =
{0/x,0/y,0/2,0/w}, E = {4/x,10/y,15/2,30/w}. Since for every
P,Q € LM(X) satisfy {Cp(a) N\Cy (a)} = Co(a)V[Cp (a)NCy (a)]

and it follows Cp(a)V Cp (a) = Cz(a) and Cp(a) ACp (a) = Cy(a)
foreveryP e LM(X),ac X
Example 38. Let 2 = (LM(X),Z,0,U,n)) be a De

Morgan algebra and let Z {4/x,10/y,15/2,30/w},
Ay = {2/x,5/y,8/z,12/w}, Ay = {3/x,6/y,7/z,10/w},
Az = {2/x,7/y,8/2,8/w}, As = {1/x,4/y,5/2,15/w} . Then
9 is not a boolean algebra because Ay U (A/1 ﬂA;) # (A ﬂA;)/

Proposition 3.9. (LM(X),Z,0,U,N,") is a Kleene algebra

Proof. Let M|,M, € LM(X). Then Cy, (a) /\CM{ (a) < Cy,(a) vV
CM; (a), for any a € X. This shows that (LM (X),Z,0,U,n,) is a

Kleene algebra
O

4. Application

Like most of decision making problems, lattice ordered multisets
based decision making involves the evaluation of all the objects
which are decision alternatives.

Example 4.1. This is an example for score evaluation. Consider
a problem for analysing the performance of students in a class-
room and to increasing their knowledge. Thus making them ease
fgr job seeking and as well as to excel them in irrespective of all
the fields. Suppose that there are few kinds of scores: centum (ms),
high score(my), below average score(my), average score(my), good
score(my) with the order my < my < m3 < my < ms are under eval-
uation according to following alternatives: repeated syllabi(sy), old
syllabus with a few changes(sy), old syllabus with latest trends(s3),
new syllabus(sy), new syllabus with global connects(ss), syllabus
with real world applications(sg), advanced syllabus(s7). The lat-
tice structure of syllabi from the root set X is shown in fig 2 :
51 < 8q <55 <87 and 51 < 5o < 53K 5¢ <87

57
S5
S6
S3
$2 54
S1
Figure 2

Suppose there are T number of students in the classroom
Step Formulate a new k € N such that k = W ,(i=1,2,3,4,5) and

write 1 in particular m; if k number of students obtained the same m;
score; otherwise 0.

Table 1

Ca
S1
S4
S5
57
Table 2

ms3

~>—oo§
oo ~ol3
_— = =
'—‘>—"—‘O_§
oo~ 3

Cp
51
52
53
6
57

[y

- — o o ol3
oo~ r—o3
- — oo —|3
e olE

OO'—*'—"—‘§

If s Gkl Sjkoh stand for the lowest and highest score which
are obtained by at least k number of students for the syllabi
sj,(j = 1,2,3,4,5,6,7) respectively, then s;4; = m3,,524; =
MRS3 k1 = M, S84k = M2,S541 = M1,S6 k1 = M1,57k; = My and
St kh = M5,,52 k. h = M583 k h = M5,54 k p = M5,585 g p = M4, 86 kh =
My, 87 kb = M4.

In this manner, we arrange Ca(s7) < Ca(s5) < Ca(s4) < Ca(sy) and
Cg(s7) < Cp(s6) < Cp(s3) < Cp(s2) < Cp(s1).

These relations would combine to imply that A and B are anti-lattice
ordered multisets.



88 International Journal of Engineering & Technology
CyNCyp | my | mp | m3 | my | ms
Table 3 s A S 1 1 0 1 0
NWAY Y 1 0 0 0 0
Cy | m | my | my | my | ms S1AS3 1 0 0 0 0
1 1 1 0 1 0 AR 0 1 0 0 0
S4 1 0 0 0 0 NWARY; 0 1 0 0 0
85 0 1 0 0 1 s4 A S| 1 0 0 0| o0
57 0 1 0 0 1 sS4 N\ $2 1 0 0 0 0
Table 4 sS4 A §3 1 0 0 0 0
sS4\ S¢ 0 0 0 0 0
Cy | mi | my | my | my | ms s4 Ns7 0 0 0 0 0
s 11 To 10 ssAst | 0| 10|00
5 1 0 1 0] o0 55N\ 82 0|0 ] 0] 0] 0
53 1 0 1 0 0 55 A S3 0 0 0 0 0
56 o 10|01 55 A\S6 O | 1 0|01
57 0 1 0| o0 1 55N\ 87 0 1 0] 0 1
, , s7/N\ 82 0 0 0 0 0
Step Construct table and find AAB = {mAn:me€AneB} 57 A3 0 0 0 0 0
57\ S¢ 0 1 0 0 1
Table 5 57A87 ol 1]lo] o] 1
CaNCy | m1 | my | m3 | my | ms StepSimplify the constructed values of Cp(x) V [Cyr (x) A Cpr (x)]
s1A S 0 0 0 0 0 and find the maximum value of Y s; V [s; A s;]
s1AS olo|1]0]o0 Table 8 by
S1/\S3 0 0 1 0 0 Score my | my | my | my | ms
SiAse | 0 0 00 YsiVisiAs] | 6 | 8 [ 19 1 |19
s1ASs7 0 0 0 0 1 i ’
sS4 A\ S 0 1 0 1 0 Y 5oV [si Asjl 6 19 0 19 | 19
54 A8 0|0 ] 1]o0]oO i
54 A 83 0 0 1 0 0 553\/[.?1‘/\5]‘] 6 19 0 19 19
541\ S6 N R YsgVIsiAs;] | 19| 8 | 19 [ 19 | 4
sS4\ §7 0 1 0 0 1 i.J
s5 A s 1 0 0 1 0 Ys7Visins] | 19 8 19 | 19 4
i
N 2;2 i 8 i 8 8 Total 56 | 62 | 57 | 77| 65
55 ASe 0 0 0 0 0 Rank S5th | 3rd | 4th | 1Ist | 2nd
55N 87 0| 0] 0] 0O From this, m; < m3 < my < ms < my and [C,(x) ACy (x)]' =
N ARY) 1 0 1 0 0 CB(X)\/[CAr (x)/\CBr (x)]
57N\ 83 1 0 1 0 0 Thus the systems are in Boolean algebraic structure and the most
57\ S¢ 0 0 0 0 0 obtained score is ‘m4(high score)
s7N\ 87 0 0 0 0 0

StepAfter constructing a table for [C,(x) A Cy(x)] and pick

the maximum value of }" s; As; (column sum)
ij
Table 6

Score mj my ms3 mgy ms
Total 14 16 11 17 | 15
Rank | 4th | 2nd | 5th | 1st | 3rd

The utmost priority goes to ‘my’

6.1 To find the most obtained score
Another side for Boolean algebra over {-mset
Table 7

6.2 To find the favourite syllabi
Step Construct the decision matrix
mp mp m3 my Ms

s /0 0 1 0 1

10 1 0 1 1

s3] 0 1 0 1 1

ss ] O 1 1 1 1

S5 1 0 1 1 o0

ss{ I 0O 1 1 O

57 1 0 1 1 o0

Step Obtained the below matrix by a;; = Zaizj,,
my mp m3 my ms

st 0 0 + 0

afo § oo 1]

ss{o § o ¢ 1

swfo by b

s|3 0 5 5 0

s| 3 0 3 5 0

ss\: 0o + L o0

Step Compute relative weight w, for each alternatives s; by

7
L dij 7
WZZFT,(Z.ZI,2737475) where ZW;ZI
=1
So, wp = 0.17 wy = 0.15, w3 = 0.145, W4 = 0.195, ws =
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0.14, wg = 0.13, w7 = 0.14
Step a;; = il

max (a;;)

is shown in following matrix

mp mp m3 my ms

s /0 0 08 0 1
s 0 1 0 05 075
ss| 0 1 0 05 075
sa| 0 1 06 05 075
ss| 1 0 06 05 0
ss| 10 06 05 0

57 1 0 06 05 O

Step Next compute @;; = w,al*fj

my my m3 my ms
51 0 0 0.02 0 0.025
52 0 0.15 0 0.075 0.113
53 0 0.145 0 0.073  0.108
S4 0 0195 0.117 0.098 0.146
ss | 0.14 0 0.08  0.07 0
s¢ | 0.13 0 0.08  0.065 0
s7 \0.14 0 0.08 0.07 0

Step Pick out the maximum value in the row sum

Score s1 k) 53 S4 S5 S6 57

Total | 0.045 | 0.34 | 0.33 | 0.556 | 0.29 | 0.275 | 0.29
Rank 7th 2nd | 3rd Ist 4th 6th 4th

6.3 To find the syllabi which takes minimum time

L sij
Step Calculate A {Qéj} for s; i = 1,2,3,4,5 since s; and s7 are

i
the least upper bound and greatest lower bound of both the chains
51 <54 <ss<s7and sp <sp <53 <56 <57

A );Sff — A\(034 033 0556 0.29 0275
Vs |~ /MOI50 01450 0.195 0.147 0.13

BY
N(2.266,2.275,2.851,2.071,2.115)
2.071

S5
Thus the syllabi ‘s5’ is most likely hold minimum time

5. Conclusion

In this paper, we introduced some algebraic structures De Morgan
algebra, Boolean algebra, Kleene algebra associated with /—msets.
To extend this work, one can survey the other algebraic structures
of /-msets such as Heyting algebra and Stone algebras. Moreover
we have formulate a decision making method that may be applied
to many fields for solving problems containing uncertainties and
this attitude could be alternative comprehensive to solve pertinent
problems in the future.
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