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1. Introduction

In this work , we will used the homotopy analysis method in order to solve the following problem

CuDEu(0,8) +c5u(6,6) =9(6,€), 0< 60,6 < 1
u(0,0) = y(0); (1.1
2.1(6,0) =1(6).

where 0 < 0 < 1, the operator gHD5 denote the Caputo fractional generalized derivative of order 8, and y,Y]0,1[— F(R) and
Y(G) 76| — 0.

The concept of intuitionistic fuzzy sets is intoduced by K. Atanassov [2]. The autors in [7] built the concept of intuitionistic fuzzy metric
space and intuionistic fuzzy numbers. In [8] S. Melliani introduce the extension of Hukuhara difference in the intuitionistic fuzzy case. The
autors in [9] introduce the concept of intuitionistic fuzzy Laplace’s transform. Mehdi Dehghan, Jalil Manafian, and Abbas Saadatmandi in
[4] solve the Linear Fractional Partial Differential Equations Using the Homotopy Analysis Method. From this end idea we introduce in this
paper the concept of generalized intuitionistic fuzzy caputo derivative, and we give a solution of an intuitionistic fuzzy fractional equation by
mean the homotompy analysis method.

This article is structured as follows. In Section 2, we review some concepts about intuitionistic fuzzy numbers. The concepts of generalized
intuitionistic fuzzy derivation and generalized intuitionistic fuzzy Caputo derivation appear in Sections 3 and 4. In Section 5, we introduce
the intuitionistic fuzzy Laplace transform. The method of homotopy analysis is presented in Section 6 . Finally, in Section 7, we present the
solution to problem 1.1.

2. preliminaries

Definition 1. [7] The set of intuitionistic fuzzy numbers is defined by:
F=FR)={<u,v>R—1[0,12%,0<u+v<1},

and it checks the following properties:

1- Forall < u,v >€F isnormal, i.e :
There exists xo,x1 € R such that : u(xo) =1and v(x;) = 1.

@ @ Copyright © Author. This is an open access article distributed under the Creative Commons Attribution License, which permits unrestricted use,
5 distribution, and reproduction in any medium, provided the original work is properly cited.
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2- Forall < u,v >€F is intuitionistic convex, that’s to say :

W is fuzzy covex : (Ax+(1—A)y) > min{u(x),u(y)}, Vx,ye R, VA € [0,1].

V is fuzzy concave : V(Ax+ (1 —A)y) > max{v(x),v(y)}, Vx,y e R, VA €[0,1].
3- Forall < u,v >€F, U is lower continuous and v is appear continuous .
4- supp < p,v>={x R, v(x) < 1} is bounded.

o(x) {

Definition 2. [7] For a € [0,1], we define the appear and lower a—cut as following :

And we define zero intuitionistic fuzzy by:
(170) ; x=0,
0,1);x#0

[<p,v>]y={xeR, ux)>o}.
[<p,v>]*={xeR,v(x) <1-a}.

And we can write:

[< u,v >](x = [[< u,v >];L ((X), [< u,v >];L ((X)]

and
[< u,v >](X = [[< u,v >]; (OC), [< u,v >]; ((X)} .

Proposition 1. [7] Let < yy,vy >,< Up, Vo >€ F, we have :

1) <p,vi >=< g, vy >& [< Vi > = [< o, va >y, [< v >% = [< g, va > Vae [0,1].
2) <Up V> D <,V >=< UV VU AVy >,
and according to the extension of Zadeh, we have:

[<HLVE> O < g, V2 > = [< 1, V1 > +[< 2, V2 >y,
[< i, v >® < g, vo > = [< vy >]% 4 [< g, va >]%.

3) A<up,vy>=<Au,Avy >, VAER,
and according to the extension of Zadeh, we have:

A <pp,vi>lg =A<, v >y,
A <up,vi>)*=21[< u,v >]%.
If A =0then: A < uy,v; >=0.
Theorem 1. [7] Let # = {My,M* , o € [0,1]} is the family of subsets of R, verifies the following properties:

1) @< B = Mg CMgand MP C M® forall ., € [0,1].
2) My and M® are two non-empty compact convex subsets in R for all o € [0,1].
3) For all nondecreansing sequence o; — o on [0, 1], we have:

My =NiMy, , M* = ﬂ,‘Mai.

Then, we define L. and v by:

[ 0, x¢ My,
IJ(X) B { Supae[O’I]Ma , X € MO
1, x¢ MO,
vix) = { 1 —supgep, ) M, x eM®

Therefore, < u,v >€F, My = [< 1,V >], and M* = [< u,v >]%.

Remark 1. i- The family {[< 1,V >]4,[< 1, v >]* | a € [0,1]} satisfies the previous properties of theorem 1.
ii- For all oo € [0,1] we have:
[<uv>lg Cl<pv>]"

Definition 3. [7] Let < u,v >, < x,y >€ F, we define the following two distances on F:

sup | [< v >] (@) = [<xy > (@) |
ae(0,1]

A=

doo (< W, V>, <X,y >) =
1
+g sup [y >l (@) —[<xy > (@)
ac(0,1]

1 _ _
+Z sup | [< ‘LL7V>L, (a)_[<x7y >}r (a)l
ac(0,1]

1 _ _
+Z sup | [<u,v>] (@)= [<xy>] (o) ],
ac(0,1]
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and,
dpl<ptv < uy=) = ([ <y ST (@ - [<ny =) (@) da
1
g [ l<mvsl @-[<xy > (@) P da
1
by [ lmvsl @ l<xy ) (@) P da

1/l _ _ 1
g [ TSy ST (@) =<y I (o) 7 deo),
then, (F,d,) is a complete metric space.

3. The generalized Hukuhara derivative of an intuitionistic fuzzy-valued function

The concept of intuitionistic fuzzy Hukuhra difference is introduced by the autors in [8], in this paper we will give the definition of generalized
Hukuhara difference betwen two intuitionistic fuzzy number.

Definition 4. The generalized Hukuhara difference of two intuitionistic fuzzy number < [1,v >, < x,y >€ I is defined as follows

<HU, V> <X,y >=<Z,W> = < U, VE5=<xy>0<,w>.
Note that the (o, B)-level representation of fuzzy-valued function 4 : [0,T] — F expressed by [h]q = [hg. 1, ha,r] and [A]* = [hﬁ‘rl WP ]
Definition 5. The generalized Hukuhara derivative of a intuitionistic fuzzy-valued function h : [0,T] — F1 at ty is defined as

, _ i PE) =g h(&o)
g 10) = 51—>§o &—&

if h;H(éo) € F, we say that h is generalized Hukuhara differentiable at &,

Also we say that h is [(i) — gH|-differentiable at &) if

(Mr) = [(has)'s (har']
() = [P0y, Y]

And that h is [(ii) — gH|-differentiable at & if

(), =00
(= [o021.0801

Remark 2. We can defined the generalized derivative of higher order by

h
(o)., nenw G

Theorem 2. Let h(E) and W' (&) are two differentiable intuitionistic fuzzy-valued functions. We set [h(&)]q = [hg(E) ha(E)] and
WENP = 1P (£),7 (&)], where 0< a+ B < 1

e Let h(E) and I (&) be (i)-differentiable, o, let h(§) and W' (&) be (ii)-differentiable; then: hy(&E),hq(E),
WP (&) and WP (&) have first-order and second-order derivatives and

{[h”(é)]a = [ (&), W o (&)]
[ (E)]F = 1P (&), W7 (&)]

* Let h(§) be (i)-differentiable and I (§) be (ii)-differentiable, or, let h(§) be (ii)-differentiable and h'(§) be (ii)-differentiable; then:
ho(&)ha(S),
WP (&) and WP (&) have first-order and second-order derivatives and

{W@]a = (W7 (&), (£)]
W(E))B = W7 (&), WP (&)]

Proof. Just use the proof of theorem 3.1 in [1] for [i(&)]q and [h(&)]B. O

Definition 6. Ler h: (0,T) — F. We say that h of classe €™, m € N, if h;rz) exists and continuous, by respect to metric deo.
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Now if the (e, B)-levels of h: (0,T] — F, are given by [h]q = [hg . ha.,r| and [h]B = {hﬁ{hﬁ,r] and g, har, WP, WP are Riemann
integrable on [0, T]. Since the family
{[ha.hha.,r]a {hﬁ,l7hﬁ,ri| }

built an intuitionistic element and the integrale preserve the monotony then by the Theorem 1 the family

{ ['/[O‘T] ha’h/[()‘T] ha.r] ; { o1 hﬁﬂ]’/[O’T] hB"] }

define an intuitionistic fuzzy element, which is the integral of 4 on [0,7], we denote [ 7|/

Definition 7. Let h: [0,T] — [ be a intuitionistic fuzzy-valued function, we say that f is integrable on [0,T] if ho j, ho,r, WAL 1B defined
in the previous are integrable on [0,T)|

4. Intuitionistic fuzzy generalized caputo-derivative

Let h:[0,T] — F be a intuitionistic fuzzy-valued integrable function on [0,7], and § € (m — 1,m] and m € N*
it’s (a,B)-levels are defined by [h]q = [hq.ha,,] and []B = [hﬁ*’ ,hﬁv’]
where fg 1, hor, WP, WP € €7([0,T)).

We set
Ma = €= (haa) ™0 g [ €7 () ")

e R G Ay A G )

Proposition 2. The the family {Ma,Mﬁ , o, Belo, 1}} defined an intuitionistic fuzzy element

and

Proof. Just use the Theorem 1 O

Definition 8. The intuitionistic fuzzy preceding item is called the generalized caputo derivative of h, we denote gHD‘xh.
we say that h is °f[(i) — gH|-differentiable at & if

{gHDSh] = [Daha_],D‘sha,,]

{ gHD‘Sh]ﬁ = [DPrP DO ]

and that h is °f[(ii) — gH|-differentiable at &y if
[ gCHD‘*h] = [Déha,,,D%a.,}
[€u00n]” = [DoBr po1p |

As in the previuos definition we will give the difinition of intuitionistic fuzyy fractional Riemann-Liouville integral. If the (a, B)-levels of
h:(0,T] — T, are given by [h]q = [hmhha_,] and [h}ﬁ = [hﬁ*ﬂhﬁ*’} and havl,ha_hhﬁ*’,hﬁ" are Riemann integrable on (0, 7. Since the

family
{lnashar], [P 0]}

built an intuitionistic element and the integrale preserve the monotony then by Theorem 1 the family
{%,M L a+pe [071}}

where
_ | _ )81 s R _ )01 s
=57 fo g €= s gy [ €9 sl

= L _ ) 1yBl L _ ) -1pBr(s
[F(S),/(O,@(é ) 'h (),F(S)_/(ng)(é )3 1h ()}

define an intuitionistic fuzzy element, which is the Riemann-liouville fractional integral of /2 on (0,T'), we denote % Jo.g) (€ - 5)9 " n(s)ds

and
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5. The intuitionistic fuzzy laplace transform

In this section / : [a,o0) — I is an intuitionistic fuzzy-valued function where a > 0. We set [A(&)]o = [hg (&), ha(E)] and [A(E)]P =

(B (é)ﬁﬁ (€)], where 0 < ot + 8 < 1. assume that these four function are Riemann-integrable on [a, b], and assume there are four positive
function .Z ), #>(ax), A1(B) and A2(B) such that

[ (@it < 1)

b
/a 1P (£)dE < A (B)
[ Hatra < 1@
'b,ﬁ
| 7 @) <p)

For every b > a.
We define

Au = Lg(8) = [ ¢ Pho(E)a
BP = 2(tP(8)) = [ e rnP (6)ag

0

Definition 9. The intiutionistic fuzzy Laplace’s transform is defined as follows
Sh(E) = [ hE)oeriag
— {0 a7 B]}
Theorem 3. [9] Let h,g : [a,b] — F are continuous intuitionistic fuzzy valued function and Ay, A, are constants. Then
L o) B08(8) =4 o0L(A(E))ohoL(g(s))
Theorem 4. [9] Let h is continuous intutionistic fuzzy valued function on [0,1) and
A €R. Then LAOK(E)] = A © LIh(E))
Theorem 5. [9] Let h is continuous intutionistic fuzzy valued function and £[h(§)] = 5 (p). Then
ge*> 0 A (&) = A (p—a)
where % is real valued Sfunction and p—a > 0.

Theorem 6. [9] Let h'(€) be an integrable fuzzy valued function, and h(&) is the primitive of ' (&) on [0,00). Then LW (&) =p©
Lh(&) —gr h(0) ie. LI ()] = p® Lh(E) — o h(0), when h is (i)-gH differentiable and £ (£)] = (—h(0)) —grr (—p © L[h(&)]), when h
is (ii)-gH differentiable

Theorem 7. Let h(&) and W (E) are two differentiable intuitionistic fuzzy-valued functions. We set [h(&)]q = [y (), ha(E)] and
WP = (1 ()7 (&) where 0 < @+ <1
o If i and D®h are (i)-differentiable then

e(D%h(s)) = (s2*5£(h(s)) —gslfﬁh’(o)) e 579R(0).

1If D%h is (i)-differentiable and K is (ii)-differentiable then

(D%h(s)) = (slf‘*h'(()) e (—s2752(h(s)))) —esOn(0).

If D% h is (ii)-differentiable and I is (i)-differentiable then
S(D%h(s)) = 5~h(0) —¢ (~ (> L(h(s)) —es' W (0)) ).

o Ifh' and D h are (ii)-differentiable then

S(D°h(s)) = —s~0n(0) —¢ ("W (0) —e (~* P £(h(x))) ).

Proof. Observe that D% = D%1D and use the theorem 6 O
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6. The homotopy method

We apply the homotopy analysis method to the discussed problem. Let us consider the fractional differential equation,
F2u(0,E)=0

Based on the constructed zero-order deformation equation by Liao (2003), we give the following zero-order deformation equation in the
similar way:

(1 —Q)S(H(evéﬂl))—uoevé) :qug(u(evééfmv q€ [071]7 € 7'&0

£ is an auxiliary linear integer order operator and it possesses the property £(C) = 0, u is an unknown function.
Expanding u in Taylor series with respect to g, one has

o

u(6,8:9) =up(6,8)+ Y, wn(6,8)q" 6.1)
m=1

where (6.1)

un(0,8) = szo

Differentiating the equation m times with respect to the embedding parameter g, then setting ¢ = 0, and finally dividing them by m!,we have
the mth-order deformation equation

2(975) — XmUm—1 (evé)} = €Ry (ﬁmfl(evé))
where

m—1 g .
Ron (G 1(6,8)) = — L 9" F7W(8,6:9))

(m—1)! dgm1 la=0
and
o — {0, m<1
"L m>1
Definition 10. [4] The mittag-leffler function is given by
o 5
Ea(;,):k;)m aeC,R(a)>0,3€C (6.2)

and its general form

k

Eqp(s)= ;m @B € C,%R(a) > 0,R(B) >0,z € C ©63)

7. Solution of the problem (1.1)
we consider the following non-homogeneous fractional partial differential equation
gHDgu(evé) +gh Dﬂu(evé) = g(evé)v 0 S 97& <1
u(6,0) = y(6) (7.1)
2u(6,0) =Y(6)
where 0 < 6 < 1, the operator gHD‘S denote the intuitionistic fuzzy Caputo fractional generalized derivative of order &, and v, Y : [0, 1[— T,
4 :0,1[x[0,1[— F and Y(0) —|g|—s0 O-
We choose the linear non-integer order operator

£[0(6,&:q)] =gy DE0(6,&:4)

Let us consider the linear fractional differential equation

F70(0,8:q)] =0.
where 7 70(6,8:49)] =Gy D0(6,8:9) +v6(6.5:9) ~4(6.£)

Based on the constructed zero-order deformation equation by Liao (2003), we give the following zero-order deformation equation in the
similar way:

(1-9)£[v(8,8:9) —uo(8,5)] = qe7 2(6,8:9)].

where g € [0,1] and € # 0
Clearly we have v(6,&;0) =u(0,&) =u(6,0),0(0,&;1) =0(6,§).
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the mth-order deformation equation is giving by :

Ll (6,8) = Zntin—1(8:€)] = hF % (ugn1(8.8))
where

FR(Wm-1)(0.8)) =Sy D§u<m71>+u<mfl>e (1=xm)¥9(8,8).
Now, the solution of (25), for m > 1 becomes

un(8,8) = Lntt(n—1)(8,8) + L7 F R (u(1)(6,8)).

The solution is given by two cases.
* Case i): uis /[(i) — gH]-differentiable by rapport to & and u is [(i) — gH]-differentiable by raport to 8 and &.

D2uq(6,§) +Dgua(6,8) =Zu(6,xi), 0<6.§ <1
uq(6,0) = v/a( )y 0<a<l (1.2)
214 (6,0) =Y (6)

From (19), (24), and (27), we now successively obtain

j=4
(=]
]
=
5
o
N
I
=

0.0) = ya(0)

e g(agum@e—@(e,é))

=¢eD € (‘I’ae Ya)

e+ 1)D;° (Yo — %) + € (D5 °)2(Va gy — Yurg)

34 (8,8) =3 (D% ~Yugge) + €2 (6+1)(D;°) (Vagy —Fp)

u3¢(0, e ) Waggg ~Japge e ) Wagy— oy
+e(e+1)"D;° (Yo — o) +€(e+1)D; ° (Yo gg — Darp)

U'4706(97§) = 84(D56)4(ﬁ999 _%999) +2€3(8+ 1)(D56)3(ﬁ999 _%99)
+282 (e + 1) (D ° 2 (W gy — Gg) + 22 (6 + 1)(D;2)* (Vg — D)
+e(e+1)7°Dg° (Wagy —Yag) +£(e+1)°D;° (Yo, — %a)

and so on .if we substitute h=-1 in the above terms the dominant terms will be remaining and the rest terms vanish because they
include the factor €” (¢ +1)",n,m € N. Define #4(6,&) = Ya ,(0) —Y4(6,&) then we have:

U0 (8,6) = Y (6)
w14(6,6) = —D; ° (H)
4(8,6) = (D°)* (Fay)
ug(0.8) = —(D;°) (Fatgp)
g (6,€) = (D;°)*(Fatggp)

(—1M D) (D a)

s

ug(6,6) = Yu(6) -

~
Il

let consider the falowing equation

Dgﬁa(e.,g)ﬂ)gﬁa(e,g) =Z4(0,€),0<0,E <1
g(0,0) =V, (0); 0<a<l (1.3)
2514(6,0) =T (6)

then the solution is giving by

(=1

53)/{([)/571%)

s

g (60,8) = Va(6) —

~
Il

where @ (0,€) = Wa g (0) —Yu(0,&)

let consider the equation

D2uP(0.8) + DouP (6.8) =P (0.5)0< 0, <1

uP(6,0)=yP(6); 0<p<1 (7.4)
2P (6,0) = 1P (0)
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we have .
WP(0,6) =P (6) - Y (-1 (D) (D ' P)
k=1
where /B(8,£) = y# (8) - 4P (6,£)
DI (0,8) + Dot (0,6) =7 (0,£), 0< 0,E < 1
ﬁﬁ(e 0)=vP(6); 0<p<l (7.5)
71 (0,0 =T ()
the solution of the equation is giving by
WP (0,€) = i (DB

o Case ii): uis °/[(ii) — gH]-differentiable by rapport to & and u is [(ii) — gH]-differentiable by raport to 6 and &.

D§W(9,§)+De@(9,€) =%(6,6),0<0,8 <1
T (0,0) =Va(6): 0<a<l (7.6)

2115(8,0) = Yq(6)

Define 74 (0,&) = Wag(0) —Yu(0,€) then we have

s

w(0.6) = Va(0) — ¥ (~ DD, (D 0

k

1
let consider the falowing equation

DPuq(8.8)+ Dot (6.) = Fa(6.8), 0 < 0,6 < 1
g (6,0) = (6); 0<a<l (1.7)
a%la(e’o) =TYa(6)

then the solution is giving by

ua(6,8) = ya(8) — Y. (~1) (D7) (D' )

where %(67 é) = ﬂe(e) 7%(63 5)
let consider the equation

Dgﬁ'B(97§)+D9ﬁﬁ(9,§) :gﬁ(97§)7 0< 97& <l

#(6,00=vP(6); 0<p<1 (7.8)
55 (0,0)=1P(6)

we have

W (6,8)=yP(6) -

s

(—1)AD ) (D o/ P)

k=1

where ﬁ(@,&) = WQ(O) —~4P(6,&)

DI (0,8)+DouP (6,6) =7 (6,6), 0<0,E <1

uP(0,0)=yP(0): 0<p<1 (7.9)
2uB(0,0)=T" ()
the solution of the equation is giving by

W(0.6) = yP(6) - ¥ (-1 (00D )

where 7P (6,¢) :Lﬁg(é)—iﬁ(evé)
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8. Numerical example

Now, we put 4(0,&) = e’9’5(1,2,3;0,2,4) and u(6,0) = ¢~ 9(1,2,3;0,2,4) then the problem yields

CHD2u(6,8) +4, Dou(6,8) = ¢975(1,2,3;0,2,4), 0< 6,6 < 1
u(6,0) =¢9(1,2,3;0,2,4) 8.1)
2(6,0) =0

* uis °f[(i) — gH|-differentiable by rapport to & and u is [(i) — gH]-differentiable by raport to 6 and &.

D3ua(0,8) +Dgua(6,8) =e 5 (a+1),0<0,5 <1
ug(0,0)=e?(a+1); 0<a<l (8.2)
$5ua(6,0)=0

we have

Ay =—(a+1)(e® +e7075),

Ay =(a+1)(e 0 +e 5,

Ay pg = Ao = (a+1)(e™0+e7075),

D () =D (—(a+1)(e O +e07%))

-0
¢ §, —0p-8 &
r(5+1)£ +e "D %%)

= (a+1)( :

)

(D5 (etag) = D (e 1)(e0 470 4))

= (a+ 1) £ 40D e%),

r(26+1)

(D5°) (agy) = D (~(@t1)(e * +e7° %)
o0
=(a+ 1)(m§35 _679D25675)7

To solve Dg‘s (e_éj ), the Laplace transform can be used:

and with the use of the inverse Laplace transform we have,

D) =2 (1= =)

68
= EE)] —E(E,6+1,-1),

1 1
$26+1 (1- S—I—l))
526

= m—E(é,ZS-ﬁ-l,—l),

1 1
§30+1 (1= s+1 )
535

= 355D —E(E,36+1,-1),

where E(,8,a) = i [ 00 e?é - Ddt

With the use of the above formula the solution 1(6,&) can be obtained; hence, we have:
6., -0, &°

ua(6,)) = (4 (e +2¢ {5 s

1
+%*"'}*Q_G{E@?M1771>+E(é725+1,71)

+EE35+1,—1)+...})
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thus, we get:

ug(6,8) = (a+1)(e?+2¢7° Z

79 o _
k6+1 ];E(é,kS—H, 1))

where for § = 1 we have:

1 ¢
E(é,k‘Fl,—l):m/ Tk€7<€7f)df

- S
767 kT
_r(k+1)/()redr

Finaly the exacte solution will be,
ug(8,8) = (ot +1)e~9 (5 +sinh(&))

let consider the equation

ng(e,gHDe@(e,g) —e 9 %3-),0<06,E<1
1g(0,00=e?B-a+1); 0<a<l (8.3)
£2.114(0,0)=0
So the solution is giving by,
0a(8,8) = (3 —a)e? (e +sinh())

and the solution of the problem

DI (6,8)+Douf (6,8) =2¢7(1-§), 0<6,E <1

uP(6,0)=2e0(1-p); 0<p<1 (8.4)
21P(6,0)=0
is giving by,

P (6,8) =2(1—B)e (e +sinh())

Dgﬁ(e,g)+pgu7(e,§) =2¢05(14+B)),0<0,E<1
uB(0,0)=2e"0(1+B); 0<B<1 (8.5)
2uB(6,0)=0

is giving by, o
uB(6,8) =2(1+B)e (e + sinh(£))

9. Conclusion

In this paper, the homotopy analysis method has been proposed and implemented to derive new approximate analytical solutions for
intuitionistic fuzzy fractional partial differential equations. The efficiency and simplicity of the homotopy analysis transform method
are highlighted. This work contributes to the expanding field of fractional calculus and intuitionistic fuzzy mathematics, offering a new
perspective on solving fractional partial differential equations with intuitionistic fuzzy initial data. The results presented in this paper not
only provide valuable insights into the application of the homotopy analysis method in the context of intuitionistic fuzzy systems but also
pave the way for further exploration and practical applications in this interdisciplinary research area.
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